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Preface

The International Conference on Control and Estimation of Distributed Pa-
ramleter Systems (Nonlinear Phenomena) wais held at the Clmorherrenstift Voran
(Austria), July 18 24, 1993. The meeting formed a platform for the exchang, of
new ideas and recent results in control, identification and optimizationi of nonlinear
infinite dimlensional systems. It. was designed to provide a melting pot. for a broad
variety of viewpoints. including theoretical aspcts like the, Maximumn Principle.

relaxation and stabilizability ais well as numerical algorithmins for optimnizattion and

al)plications to elastic structures, flow ,onitro1 il poplmllatioU (l.Viuaili(s.

About .fh participauts friom 9 countries have attended. We thank lilt of tlemi
for t ieir vomm ribut iou to th, success of this mlevet.ing. O)cee againl we ha'v ('enjo 'yed thte

phII,•sant amid stimulating atmmlospherr of the Bihhl.•mhgslimims Chorlierirenstift Virmai.
Our t haniks go to the very helpful staff and in partic'ular to Director 1'. Rieglhr
who have created 1ll optiimmal emivirounSemt for our coulfetrence,.

We linve received funding for this cotifer'nce from Aint d(fr Stteiermnaiirkisclheu
Lamdesregiermig. Graz. Bumhns,'miistriumm fiir Wi.scnschaft un'l F.rschung. Wivim.
Christian Do pplhr Laboriat.or'ium ffir Parammeter Indenitifikat io d unn h Inverse Pr' lh-
leme. Graz. United Status Air Force E'irowati Oflice of' Aerospac.' lResearch anini
Developument mid U n.IIited Stat.e's Am'iiy Ivesearch l)evelopment amnd St nmhdar'lizat iomm

Group. Lonldon, We greatlI a'v pp'r('vitt.(- tjhe' SIIl)l)ol't frotlm t Imesb insStit lt ioll.S.

We thank in particular Mrs. (.. Krois. whose vtfi'ts hlv(' hecs( ani inli.•pcis-
abih hilp in humldrel dethails of adlllimiistlalionl work. a11d Wh10 h1118 llrI)1I41 t ie

"IX Inaillmseril•t for t Iles, pmo((•ocelings.

CGraz..Junt, 1994
W. I)es.'h. F. Kappel. K. Kuniseih

.!I
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A SEMIGROUP FORMULATION OF A NONLINEAR
SIZE-STRUCTURED DISTRIBUTED RATE POPULATION

MODEL

11. TI. BANKS. V. KAP'lEL.- AND) C. WANG

C-enter for Iksenreli in Scientific Conipi ta~tioji

North C-aroli tin State Un iversity

Ixistittit ffiri Matheniatik

Univermitiit Gray,

IDepn-atienet, ofINIathleimit~ics

lJ1iiv('rsiitv of Sotit htrn Californtia

A ISIIIHAU'. A var~iat-ion of thle Sin ko-Sirei fer mode(ll ill popu~llat~ion d (ynaicIls wlere bv

sidets thek observable chauacteristlics size in add itionl 11 C cm-observable cli racturistjcs

rexpo)IIible for variations in growth rateS Itl ii ( Vidtloak Of the San11 a' iZe is i IVQSt i-
gated. It. is shown that- tile model (can ie formui latedi1. itts L mii asract Catichiv probldem illi
anl appropriate IBuanah space. We proof well posedoiess of the' alisinit Iintie probilem
and also for it nonlintear pert uirbation of the mooclel.

19~91 AMIZUCCIIttU Subjc~t Classification. 92D)25, '17I O3, 1711l20)

Kcy ii'ciils cand phirase~s. Structured populations, Slikko-Struifur muodel. ( 'o-sen igtouijs.
Lunier- I'hlillips theoremo, sutEiili iear ahst~ractt ( at1cly pro ble ils.

1. Introduction

Ill miost oif tlit vaist literatutre oil p)oplatihiton models (so(' [ 1(] for fti overvivw),

each individual (or t'wli indlividulal with thec sailec age or size) is aisslinimd to follow
the samte piatterni of developnimit (e.g., growth, morntality, feemndity). However, it
is well known that inl addition to the observatble chatriactristics suc(h as age or
size of individuals, noio-obscrvahle genetic characteristics many often play at critical
role itt the. developmttent of the individmals. Ill I lie classical mdls~tI proposed byv
F. R. Sharp, A. Lotka, A. G. M~cKcudrick, J1. W. Sinko, and W. Streifer and tixe

Research supported in part(H-.T.B. and C.W.) by tile U.S, National Science Voundation
under the grant NSF' INT-9015007 and in part (F.1<.) by the Fonds zur F6rderung der Wim-
scnSchaftlichen Porschung (Austria) under Grant PH14(J-PIIY and in part by the Commission of
thle Eurcpcan Communities under the SCIENCE Program "Evolutionary Systems, Deterministic
and Stochastic Evolution Equations, Control Theory and Mathen'atlcal 13 ology".
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1111111411,411% 114 41111invafr v')trint iohns tii I lit-sr' n141400%I. 1111' gP )W~t Ii141 P 4' of 1 4') 1hi tl II~i4Iid~i

Nji'.d (-Ami [IJI Iifor 1i14r4' d4t)Iiti It 41 1iN4'I$io-ion). 14'14'fivi)oI4 Ihte Slu it'p-1Lot kit- t-l'K (I vIorick
(1)0) 64 I 4II 4'iod N. is ill conf~lic't will miliust o tilt, f n ield 41(1ita rolevl 4(1' 1I)V %i'Xpur'lii~l64 -

wiuglk modsels (set' 17! for 4'xu11jnp 14') a114 lii) lfI."44'41 i~I(()II vIIivilclg hio logivill i'Xpj1h-

nationtes. (It. wa i 'if l OIlthi l ' jllt.noti in [1 t ohc~l siiiiYi.%t.iotings il ha %. bcl('sliit. juls ut it'(

too'e~ ii i't (1A 111)Sv('( 111('Iltdnils . ilis, 'estigatc Ilon I.%s on (4] th t'iideii )paralwtfli-(' i tW

notivell 011 thf Ins 'ovtiv e a to 1l~~ bi lullill nt.( (O li.'t iofs Ilgl't [ 1 )1.w first lrollIIol )

thar tile rtot(ll ptr ilut ioll sould the ll(tlgeostl propt-ulat onidere to10(1(1 wereil- of~h~eI
ThSiebol ll ides ofr xtiniduls( ihpciieboogcl hi .Iwhreitwa SIO ilethat. ic a ss~ll ig nedI~ tof ai~
operatubors Ol ati Fpcof vietol'-Vapolid lleaSoll of caindh ulse wth forlulate al bIlogt-

ergeichrcteispolatic. th grlowthe Aut-i of heil l~~t (ipel'Vllit 4Xt'ioll culd tIi('Mbe nldlled('i

ranLetes Itl'wacs en1illtrto i6 [Vl(''( throug ll0I''ilhiati~ll iis Igivll th l litv'%o' h

(1.vd2i) f;(: qdubt. li: rj) =/ / (q, q. in)vestigations du a) >

give itil soa~~lund slize tical fonato lllditidllals Wit of C'alIl't'i~tvi pop.latdion prob

)hability distributions (f11 rthe Sparicter of d piarlteriswtjc ihentification (11) (12ivs

frtile gloale distribcofsoutions ofl (1h1 -iwoew (1pul)tion stinshedll [ere usielig t
Theteibdea of r chrateritc nd a ied po 5 weeint ta heorwn Nha ieut svrelatel tof l(iIU-

opertor ona sace f vcto-vatimlinvtsucs ,til beuse toforitilttvit iet

crogecous optiatiol nioul. ASOMM1------------------------------ S - ll- ~ lin



I I I ILos ik.. I- Kap1  I V'm iI

eirigu'14Pli..u ihII I)IIItill I41 I i41411I' Si IeI Hi 4 1e 1 lthat I if 11. h 1 :1) aiel it, ieeaiilitaeili
peli'tirlini11111 wIIIT'ie ii lilt illireaielit v Ie-ple'1 4fil~keule teial. 41 mpnibitilatieII. F411 114 livlt-
41M 1114-1 ia,elel- 'ciisimgrouap .tpipreimh imsh~iihiifli tet that loar hilt Sinipk -St ieifft I t vpv

-i/4.-!.1114)t14.1 iiiiel l.ivieel ii~j.ll ev Ief~ie~t~[ ~iie.t 1111iii1e1l Icca i lkl ii-ie l 41

lrikincwtw~lk Ilia- I 14. lic pi~lileiII! I!.ele',,irejdile* !.,Ill. tIIi1-m.elleaw- - 1j

14'(lli(pjsIfi4 teat eleit iiiiv'' ligve i tat ucPit. it. wuell ik4lipp414eXilleeilil -I cI N11ie's le'ieldiig

Io 111eici ll Pel itt11 it III~c. 't Iie.tiit ce%. ~em' eliie ~ 41. le S c 4

li. 41c.i-i~igll uiii 2 ljel 1441 ed I lie Iilell Ii. piiigIhe'l-wh Ic11ticlll 14,1 laiv.e Ito g1citeli

Mhile ill SvchIeini I wI' fliseis!.4 i ilii'i ci i iitt 114114 eel IiiO l~iI4iIl 11114011l.

2. Thc Solution Spicev

AM we' indclv(ietll ill Sect 1411 1. tlii' t4t Qý len-'ube4'lits thfsleM i (Ifluisibl) Heili gi(141
chi trlc4t clist it' v -v4t Iips It I 1isisiinileI illtis I lj ip'P'' it41 (,,iis ilt illiplpce Iltract 414
w~ith it ieJlhilltY v 144illl'iv.1e MI(- ddltiiiil 'Mi44tlle B411-i-1 lekgl41ie1 44 sill)Sq'tM 144 Q. lIxt
'R = c(q: 0. '(o, I ) ) with lii lecri-ll le'Iiile'el If%

(2. 1 H111i Sill4) !Iu( : 'j)H~ i..i. I -. 1I iil0i : 0)I mjp.

It is not4 diflilljc1It) %vi thik 1141 is it II 14Il4(4 11 404sa. WI~' deliliit' sii MI4pact4 11 if -H
its follocws:

wv~wiv *a,~ )is it givcvliedit i11(111 1,1111 i(ii hll from Q iiitu (D,.I]. lur it xdv4'i q C Q.

.i-1',M (r/) ii'jp'4'M'I~t Ilie' ln lLixiiiiii I Mlllji t(4tiild Si/.C4 f eil 11 iltldiVidlt~l1 With I i t0 lligi(4t1
chrai vritt'ist ic q. It iM i141 liffliuiltf 1() %wIif' v that I/ is 11 ('1)I' sisp l M slpac4icl of .

tlzer('lore I/ is ilsot15 1 4141c l sltileel !l4('with1 Ii JIN iii (2.1 ) 11.1i I11 1144111,. Siiili' Q isN
(10lllj)44t. for vike44( it (- HI. Iw (le' (4 i nu of11el I., filial 14)1 givcll 1) v( jt(-:q) I (Iq
(421 is ii(11 co444('t sihl54t of LI.i(f. I). Till' [lulowill"g l4,11lil1; stav t1( fe tw illpwilli)e t 1

prptl-)'ti('5o ccipl44411ct %llIsts)f4t i 1 j((. I ).

Lemmrxa 2.1. ifJ For 1/9 (1n iE I/ ar,41idfi an I. I11111- rxi.s9's a1 loliistfiiit thn > (I

./ I, t ( + i,: q) - i 4(x; qi)I dxi <f

for all 6 E [0.6( an)itd all q C- Q whcre u( :q~) is~ ejh'midc~ by Zcro odieth.ii of flic

114 t(v(Ii [0, 11.

h) For anyit EI H (171(1 > 0, then' (.1'mts a 6(, > 0) such that

141t(;i; q) jdx < tfor all q E Q

provided A 'is a mneasurable m-ubset of [0, 11 with 1110aM A < it



4
I ~III 1qFVnI.jD ftin III tobdotiunp ' ina tinil ur in p'' uul(III aim mudi

I'loopmf. Stit mn 4 t1IiI (it) is it pito tit K diiii gorin fT f mi c mpil -11Ia'S Crii 14 rioall fr al' 1 ii m( t

mofI ,(0, 1 ) fiaci.% fori ilitiaam 1ui 111. 'lliThcren IV.S.2t)). Tom t-tabhlislmi (ba). iiotr flutt. fronti
thme coulmiiitiiiitv of1 Ii iii q iind fit co14 Vminu(iJIi(thiSi of till Q1 jC . vk-C ('111 filld It fauaailv%
of vitlut-s. I'.: c Q suchI I lint for1 till q Cz Q. thoi4'n( vxists qj' wit It

2

Let hoa iiiiii1<. I , ' }.livii we' bve thlit for till q E Q

lit O)rder to estabishil clissipntit iitVN of operators oini HI. it is IIM('ti1 to deorive it
mlore e'xplicit. rvncImr(54'it.ti~lJ Of tlICl( It'-SidVdl (Iil-('t. ouxl olVriVat~iV' 7T_ Of theItV~ 11.1

* I-.Recall dthat for ally i. I, E Nt.

Lemma 2.2. Let rL, denote Hte left-/iunr dir(choflal do'rviative (if the noorl. ill
L' (0, 1) and for any ii E Ht, Iet 12(11) C Q2 Ie defiltd as

Thtwe hatic

r.- (ut. In) = luf1f r LI (it(-: q), I'(.: q)). , it, 1 E t

I'rtof. We first show

(2.2) -r- (it, I) <ý ilf 7! (1, (-; q). v(.; q)).

Conasider a 4equencec F,, of nlegative real auu111ers stich thant ciu1 . ,,~ 0. Let qt)
and {q,,} be arbitrarily chosen such that q0 E fQ(i.), q,, E Q2(u + E,1v). As at result,

1 Ol + aVIli- - 1111.0.( 1 -(flu(.; q,.) +~ Ea(0 ; qn)110f.a ~) 1111n('; q0)lILI(o,l))

ý- (Iiu('; 17o) + (,,V('; 170)I L1I (0,1) -IIU'(; qO) 11 L o (0. 1)).

Taking the limit as 71 -~ oo, we obtain (2.2). On thc other hand, for any sequence of
negative real numbers c,, with fit,.~ 0, lct q, E f2(u+e,,v). By compactness

N o- oooo_ _ - - -t



11. T. H1ankr F. Kahppd (% \Vitng 5
of Qs, Itherve xist. it nlihsc 1lvlvie. tganii h'Icnoted bY' q,, smud int.u linif, _x til = (it)
for sonliv ip, E Q. For tiny q E£Q WV iiwt'

BlY taking thev limit its it ~-- rx. we obtaini

Thv right. side of divl ahlov(' iiie~juli&it. is ('(jli to

uice it q(e,, m tid 4 vC. q,, ) e'oi ivergi - te (iit(. til ). 1. (1(1) ni I (0, 1), .4 esp ect i vdl.%
WS CI X. WC V(.'11 fill(]ii MJ 1VI iI)4(ji(T'. ttgkkIil (41110t(11 JbY fil sitch t hiat u(1 ) 1

( p( q,a)} conzvvrte to n(-:q~j), u'(-: 'pi) iihiiiet %'vriYwklu'rv. Iet a (:' nd))iu

iu ( u( o))) bu two sbsvt-ts (if t lie nitervid 11). 11 .thl('hue( b.%

E 101 'J'))= i 1. 11 it (x c(.ifc 1) i4 0

!o(i (it q()) = {.x E (1). 1i (xa: ti) ý- 01~

Theni we can arguta that

ainoiust everywhere oit) EZ C (.;q'l)). Hvnce byV dnltiiiilated clLiiVergenice. we 1ave

J ((;q))sign (us(.; q0)) tp(.r; 'jO) cix.

I (li(x; q,,) + f ,v(x; q,,)l - lu(x; q,,)l) Ž Iv~x; q,,)f.



C .1~~~~ st??l tr?1DI fto71i igbttot fif it liontli j1#fI poipuliml I titi mnd

As remsilt. we t-init

3. Well-Posedness of the Linear Model

IIiI this seet IitIi. "'V I'Mewi'tvi c(jiiit jiis ( 1.1) ( 1.2) ms fill evtdIlIit'l pult( 1 iia ll ill

.4u(I). I > 0.

'luI , his vild. we maiiii sonica stanin~jig assumiiiiifjuls ')u t lit'c it~ Ii. iut alitY. anid
tIlVimiiCitY h'iciieoins ili (1.1) ( 1.2). WC 4iSNIli1c:

(AUI The' grow. 11 P1111vI'l liiiit 1(11 sltixtiesl 4 (- C(q 11,1-~ ((U. 1)) Miid fur eucli (I c Q
We lidvv q(.r q) - Ii uiiIl.x ,u (qj)) laid !I(.i: q) =) 0 for x3 .i: 1, 11a(q. I!.

(A2) F~or vitci q u If(-: q,) c 1, (. u,1'i with p( .q) 1 0 ax. oll 10. 11 mid
p.q) Uoh i ,.() 11. For 'z aiy ' (0. .I1_trI)). W4, d'fiiie p, b.%

/ 1 ( .? -: 11( U . T x C ( 0

0olit i-wiWs5('

(A:1) 'I'lie tuatIc iuui K is ill C('(Q x Q2: L.'-(0, 1)) wit li K(q. (j. 0) f~ix . oil

~Wt.l i1i11 I Ieh lie fUi iiICI ii olicldv I IitivarL (.) )(ri~ttor A mxidi show tha m. A is t lit ill-

tiiiitt'siuiiil geuitmtt il a (11 it U-seuuuigrotij) of' )omiiiiId Iiititica opI)(tltt)I oh Ilf. TlIvi
ib nutiiu P( A) of A is tliv set. of all functtionis if E If satisfyinig the folloiwing coilid-

t iuuis:

(i) For fill q E Q, it(.; qj) is locally abslnoiutwly colit inilols oil [0. x~ii (q))
(Hi) The function tkefinvd b~y q ,. d(g(x: q)lu(.;qc) ) + p(x; q)na(x':q) forx' .E

p.. X1111%X (q)), q E Qis fill elciemit ill H;

. ........
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(iii) Fo- aniy qj E Q2.

y (0: q) it (0; qj) 1;// q (q, 41,x*ri (xr: (1) dx din ((q);

(iv) Fox- aniy q G Q.ly~t,,~.(x)q.; q)-u(x q) = 0.

Full* it c- P( A). we( dvi'iii'

(Anx)(x: qj) = -0.1 (g(.r-; q)ux(:r;q)) - ji(.r q)ii(;r-; q). 0) < .x < .MX'~(t). q E Q2.

ri1w mai .'sxilt. of thi Ils ('tolxi is IStittat.%i follows.

Theoremn 3.1. Uiur dcv Ls.imp~jtiofls (Al) (A3), thr opt-rator A difinvd. abovc ius
the infivtuttc.siuxed gcncrlitor of a1 C(,-s i.wmjoitip { S(t). IF > Oj of boundcd latrat
opciTIIfors mil H.

The1w~poof oft Ihis t~iio'oxo'il xis bit~ilx'( f)11 the' of' ct the biAli'i.-Philli)X the-il(i1Cl
which rvq(itir('s thaxt. Hith jinfinit esimaxl gexieat ox A satisfies t liv followiing:

(1) rw i(' eaxixi, of A must he dense~ in H:
(2) Thun vx xists e it I xixi munhi- wr suxchI tha t A4 - ,)I is lfl-( issij xxii e, ix.e.. the

ninxge' of A - of is 11 andl A - "d is ilissiIpativ('.

3.1. Density of the domain P(A). (oxxsidvr ttli' followinxg sublscl (if If:

II, =(it (_ 111 x(x;qc) = 0 foix Cr~ (xt,1u5x(q) 1-. ) few- till q c 2
I v t H(] ,~,1 F'r xxi L'x xx im 2. 1. we' conclue xile that /it) is d'ixse' ill H. Wec first
waxxt to( Siho w thiat it s xih se oI(lf, 11o tlllt ciixitxix is fixncxt ionxs dIifiexe xit~ill ill xi'ii. is also
deletse ill I/. cAxlsidhex 11it qix('xlii' (IALkeot iiexiiii linivIaxxr operxxlxxis Lk. f (O. 1)I

(0'(. 1) dvfixxee lxv

w~livive

'rixe (i-xxst liii f)o is hiOilI stioei thait

AA. (x) dxc f k' A(X) dXI~ 1

'I'll( folloxwixng pri-x)~'tie's of Lk iaxe ise'f ili.

Lemm~a 3. 1. (i) For any f E L 1 (0, 1) x acl that f (x) 0I for all .x > (S uith a

h < 1, we hati (Lkf)(J') = 0 for aIII X > h + I/k 'wheciu'cer c6 + I/k < 1.

(ii)lill&. ., 1f LkfIII. (j.I)=.0



Pmo~f. (i) is obiviouis. It is siitIiciilit. to Show t hat (ii) holds1 for Jill coilil 10)11 ftiiw-

l ions. IIn fixtt(

I1f - LkAOf MA.(l~) =(f (.1) - f Oi) AAL. -. I/) dy (/.I.

- / if (f (X) -- f (0) Ak (X- I dYiI (/X.

It is ('4Ly to sce t-hat

(f.r -fjj) k("- ) l• Soill)" fq 2 silil) r)I
X-Ilk/. I/k- t3 i/L) a Ii

1111( t.Iivrntoi('. sincev f is cuiI~inlliolis.

hillc. 1 i/ ) - f (Mk)A& 0 i) rij 0 d " 0 o [' ii 1.xE (0. U~.

Biy th din'(()niii t~edc I (.( )iIVgEIi( thelriV( re we. WI dt~ai ill' the (si re Iv1(5Lilt (ii). [I

Let Vt hu t~iii sub1s4(. ti 11, definedI by

V. { c H', I i C ((Q: Cl((i. 1))~

andu l0 V'in = U, >0V',. T'i'hii we' lnve

Lemma 3.2. V.O ix (Ia dviisc su.'wt of H.

Proof. It. is sullicEnit to sho(w that. every eleenict it E 11u(ii can hv pproxiiiiattd by
hnix'itionis ill 1i. ('oisidvi. ani eli('iII4'it. E Ho~ Jind (lehuceIlk ms follows,

lIt .(: qJ) = Lk uov : q). for Jill q E Q.

We WHi~t. to SiloW thatt Ilk* E V1, for Jill A' S1ifiCiVILOY largc and lIfinuk. ., II 'IA-uIh

Since it E Ho1~. thlere' exists t > 0) sucoh t hat t E I/, . Fo ii nl A- > 2/r. uA (z 11 Onh

thel otliI(r handlc, for Jill q1 G Q. itk(. q) c>( (0(I 1) Nii' vtii't C A- In. it ((lIstlulIt

Then,

Sill(-( i E C(Q, Lft (0. 1)). we ounluviHin'tha

d;ti(rj~) -0(,) -

whlere (I is the nic(tric for Q2.
As it rusult, for k mufficiently iarg('. WV lIae Ilk E V. Using Lventna ~1.1, w('

* hutIII 1 k(.; q) u(-; ri)II L. (),1) = , for all qj E Q~.



Oil theit othecr liand. by ('oml I laetlss oif Q and t Ilie ]III iforiilfl hotIIlided IIIless of' oprlll)(IL-(
Lk : L' (0. 1) -* L'1 (0, 1), we conc!lude that,

himSpIIISil11Ilk (': (1) - it(:q)I 0.(i.
A. ejF

Or' Ilk - 1 ili H, whtich csi tblsl~ies the dlensity oif l/O in . l.

Fintilly. for it givv'ii elviiieiit. it E: I I, wv xhald'c~s eoixt-rit aseqilellee, of futiifons
#I, hi D( A) such'l that it, (,oliverges to it ini H. T~liv hitsc ciden is to~ llndhy the,
fuiiut-i niii I(. q) inl thet lIE ighbo( l-hoi 1( ofx =i ) So thatt. d ic re Xl lt~intg fiIlict- ol sit isfij s
the In oulliday ('0111it-ioi fiat I- 0. Let r > () he it sint il IIrnIval ithic. We (l( fin lie v E

Illoifi(iC( fiunctionl if,.l

f(I- x/f)v '(q) + (/rt( q) for 0<I) < ti

it u(.I-; q) for ( < xt < 1.

shiould satisy

g (0: q) it, (0: q) .....1 . (q) .. ),(.~irm()

I sl iig t he (le0i lit-ioll (I of, i,. We' I I II st lIe kbtil- to ('hloose t Ilie filt IIItioil I I IO Iosit I MY
T I' I where teIliuihmapping T, :('(Q) ('(Q) is ddi(xeih~ its

('T v)(q) = ( - I -q.)I((j) dx~i dlIi (j)
. k !1(0: q)

-4 , I g(0 q) . ( j ll(~lq

+ ./1 1110 K(ql y .x0: it u(x,: j(xIIII(j,

Toi see tha~t Ilhis is piossibile Wv 111give:

Lemmnta 3.3. I'br # hwitinif,,dl ximill.i Hic, uappimr 'T Is (I con truclieni frillt ( (Q)
ihdo C('().

Proo0f. Tthe (tOl utilllityN of T, I, I'mI, ' E ('(() and0 it E 1[) It1ihhiws immiiiedbitehv N fi-oin
ItNSI1klIi01iji S (M:) andi ( A ). On thle "I her hlua(. for any I,. i- E C('(). We lIaIV(

(T. E, ij ii'(q) ( - -')I f f (j ±() Ii ( /., di, a) )
(7;,~ - 7 i')(q) qeCJ qt)J1  (.

As it esult
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it ' t- ib (bit 1j)

T1114I'4I WIf . Col. till $lithiv('It Iv MiliiUII. tl.il(i( ('Xists ), < I Mulch t lint

wvilichi prowsV till' Ivitlitini. 11

l" 1) tor i~l(, )IpiIng 7' ill C((( ). Siiluvt I, E 10. it is 1141 4!iffiIillt 14) s(v thit it I, is

pit''v~ist ((flit fiIIU)iMIVs 4lfeciti('Ilt.i~II' and34 t Iivi' vxisis hl > 0I such t hat it, (x;: q) = 0I

ot' P~(A). MortI'e4)''. we'( call lillsi show~ t huti ('ICiv4'ig(' t. it ii ll ti 134I-topt)p.lIg its

Lemmna 3.4. Lct it, hc thliiiirI fix (ibiovr. Dicuit

.44,

l'riif. Co4nsidering th It(, in it, (.:41) -. i(.: q), we lilt%-(, t It(, vmit inialte

Sil I3 it ji(x: (j) Idx+ -Sl Si ll) Mi jIu(.'':q4)1-4- sill) Ir, (q)I.
it, Q* i 2 fit QJ1 W-xIIqf

*1 y(): q~)

= 11* "~K(q. q,.)t- - r)Il 1

,p il Qi.r y()I q) ~)

q( Q O q

Tlivrufor

Sill)...ll...(............or.... t- >... -* .ufviil s-.
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As at t(esult . wv (()lI(ide h thait.

-- 01 'IEQ

('0oznhiliing. t lic nd~ove svcplence of Iviiiilnus and~ re'sults, we' calii (()iilulll i( [ilit.

VD(A) is ([('lie ill HI.

3.2. Dissipativity of the operator A. Let us recidlflinht the operator A - AL.
A E R, is (lissil)klt~iv( if alal only if

T.. (ii.Au) :5 AIliiIlit for till it E D(A).

* ~Ushig Lcinitia 2.2. we litlv('

r- (it. An) i 11f 7l' (u(. q). ( Ai) (; q)) . it - D( A).
qIES2(, i)

wwiUI' Q ( a) = (J E Q II u(-:q)j I,,' co,) =1tIIH1 BI , } v the sailie colipjaitilliollsIt.

(u. j.(Ait)(. q)) < (O: q) it(. 'i)1 = I' 1(eq. *r~)1/;(1: ) d1xdiin (')j

Kkolltll-

for- q E Q. t E P( A), whlere A'( = A'(q, j,)cq*)K~qý . Tlius A4 - A-(l is
Ilixsij)kative oi1 II.

3.3. The range of the operator A - AI. Shice thei ralige of tfll( ojwnlit or Ai-
Al (I t id lie ntaig( of a wif linitit l wilpet~iirlat.aiii of' A (-tll 1Phe fai 1(1Iis-itig shiii Iiii
aIlgi i ijexits, we will try t.o ) stal lis il it ilMII It. t~n U. is 1usvfti ill 1~~ caiuse11ss. We fir-st.
dldhici a coiwex hwevtiowia 1) oil HI 1y

1)(1) = 1111IH .
Ftittliernwiv. 1.''( (10hic tOle( llohIjll(ilvil iiilJal)illg F1 It -- HI 1y

(Fi)(.: q) = -'O(.': )P( a)ii(i: q).

wherev ito C (Qý L ' (0. 1)), po~r. q) 0 (oi b all x c, (01. 1) awl1( q E Q2 illiI

P( i1) / / t(:q Id rl()

We would like to shiow the following result.

Theorem 3.2. Lct flu, .ubso (1(r) of H bi' defiucid by C(() = (i E 11 III (ui) :K r
Thenu. under? a~ssyliptirnIs (Al) (MI) urn! thows ahoi'e on. j,. 00.1' cwlt hutd 0.

constantLU a > (0 such thait the follo-wing holds:
Given r > 0, fliirexists a 11tolm-bfr AO = At)(r) E (0, 1/a) such that to varh

it E C(r) and cach A E (0, A(,), there, eMr'sponds ?I,\ E D(A) satisfying~
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(Ai) 11A A(A1 + I")"A U

(b) l)(uiA) : (I - cI A) 'p4,,)

Wc observe th~at. wliei /I,, -= 0. Stiltvt it ieit. (n) ili ij) pSlint. th II' rlige of(' the
ol)(riittor A - AI is 1 for till A > a. Oil t.Iiv other 111111,(1. () is '(ll~iVakli~t. to)

IIIA(.r': () + d),.(.q(x: q)o,\(.'; q)) + (pi(.: q) + qo,.:() P( U).)) qi,(r;c,) = Iu(r.r cj)

Ibor Ir E (0-i...... (cj)), q E Qc. (Conibihiig this With tHi boundarflIy conitioi~ni (iii) hii
tle cluhinitioti c)I l(A), wve find that. IIA moi1st. Sltisfy

u(.:q) qr:) / I(q. ij, y)u¶ (yi. (;)fly dIm (11(j)

___ I I
+A q(.:) .1(i1 ,:q )d

wlicio'

E~x, : q. t,\) xp I/A + It((: q) + jiu(C(q)P(uA\)

The proof* of' t.o In aInow t. I ri l conPIiieis ists of e'st-ahiisliing thve xist-enrev of the
solli tioll of, (3. 1) With, 2ro )J 'rIy (b~) fo ita certaiilli 111)111giit~ive (01 istil It (1 I idel(ed.
we will e'stabl~ishl (b) With thev colistiant. (I giveii ill the following IvIIIIIIII.

Lemma 3.5. If It,\ C HI is (I solution of ilic iiiicycjei c~qatcitui (3.1). Ilici

(I Sill) K/ I(q. ti-. *) it (x; (1) dlr (;III (o))
jj!a,11 lf ': I .,(

Prioof. Friuil (3. 1). We hlavc

If' WI' hit'gratt( bo~thl sides' of' t hv ahboy, iiiv(jiilitYv, We ,ihtaii,

"It, (x; (j) I(.I < h'(.i. 0I: c. i.,\) 1/ (11 ItA1-

< /'jxi q) (I( .:A(;q ~*<A
Butt
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and

q)1 E ( , z;q. j A ) L(t(z; q) h (d r

Ay~: r) I~.i z:'~ i~I u q) q)f (I.? z : q. it\ dxIeh-.

A gui(as. vv.
j• I ' E (t, -:r ,: q q,/j\ d <,)dx .d.-

q) iy,,(; q)- ju A!/.1

Theret'€•re.

III

I'o A 1a.

g(.,-; q) IJ -X

+ AE(.: q) E (.r. •(:: vq)t d d)r< ) (k.

E(x. z q. v') - x~p( /41/A + it((: qj) + p.((; q)I() P c,)

, i A!/(!1((: iq -

'') q)II - I (Ix drn (q).

Lemma 3.6. !VVFoiij anqiven r > (0 and Ii E C((r1, therc vvisqts AO~ (0. 1/a) sill-i
that. for a/l A < A0. the ?mappirtg T is a cmalurtion on C (r/( Aja))

Tile ab ve ~lnllllllltlvlll,• lll I. rior i,•l~lllile 'll" tll•,S~iltilllof (l. ). |'I



14 A se'l-ntyp fo)nin ulattzorn of a tnonhurlh7 populationt model

Proof. For an, ly v, E II tt from1 di, t ('fiiition of Tv, it. is not. ditficu!t to sv P t•11.

(Tv)(.; q) E L' (0. 1 ) for all q E Q. Moirover, using t.he coRit.inility )Iropt'ri('s of t]li

fun(tions v,, KA p and y, one ican establish t ii "tht e H.
Now (consi('r two ehnients v, b. E II. We wAsIunic without. loss of glicrali.y

that P(u,) < P(,). Tihi, w, hayv,

(T ' q) - ('7))(.,-; q)l

< , E(.,. ) ; q. v) .( . (j. z I v ,:.:(. ) 1 <z ,hn

I0)
gr,)(q)

4 (I(r :q )- (i :q ) / I(q <7. :)1 r(.z:q) , v),: ,'o:,(z)

+ n (::q) (E(.u,' . ,') - E(.,. :: q. i,)) d:.

By inttegratin.g )otI h sides we, obihnin

.r ,,,,, (q)

'(T,,)(.,; q)- (Ti,)(.x: q)1 (1.
(1

(q)()

!4' (/( , E(.r, 0: q, v) K(. , q. )lv - v-, d.z (In.))((I)d,

X',,,,(q) j.,,,,,, W )

+(E(., 0:q,v) - E(.,', ); q. *, K(q. ,j. q)li( ::)l (1:duu(ij) dr
q) Ii

. (q)

+ tI(;:; q)I(E(.r. z: q. ') - E(.r..v q. i dr

=I + 12 + 1:3.

The, 1-crl'in 11 can bie ~st~inated biy

Jt , .. q) .,,, q
.i' 4/(.r

S koll - i'j4 ( l(-/( )d AA~'-i(q)

VX dxr ko ll•.A-0 q)(•;, q < ¢,) /
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4 ~~The t.Ci'l 1-2 vall be usti lll3t.( lky

(E(x 0; q. v) - E(;r% 0: q, K) (q Ij'F )Id I o /I.1gj(x: q)1 .1K, .)( :)(z

kq)

k311~Il Iq~:q)(XJ)( p A (J) )(e~~/ (v(4 ) 1)d()

- XI)-[p ~( P(') d(I) dir
.1) g((; ;q)

\!I((:~ Xq ) " ti(: )4',

!1 ((: q) q). -0)

, !) . (3 (:2 fl) I14
( Ip3(4(( q) /p(:q). \\

+ P(11) 3k.p ~P(',) ci( - XI) P iJ)) dIj ) I.?.

The first. tvrm) inl tILL above cxXjressionI is equl~l to /31(3 (tissmnpt-ion (Al) iinplics

LI =~q .x) Oil tilL otlivi, I1)3ld(. W(' how~(

(~p-./ P0)(/) Xp (- /'( i,) d(1) < 01 I,(")- Ii)I

For1 s3inIIL constan~it 0. As a) rwl'Mt . wI' ha3ve

A!(14 q) !I)(.3: q) ~ ( ('/334 q)

+ X -ilA(:q UX pi(( q' ) P(( d(3' P(I "P*I (c ) t' PlC)

+ N ) C1 g3((; q) Ig )- 'p((; q) ( ))
A!I((:q) A!/.,-. q

(q)

+ A201"1 - Iiq~) f 131;e) ('XI)( d( d'r
\g~(;r-; q) A3 A1 q)
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NMoreover, if p/t E C(Q, L' (0, 1)), we have

/t ( ; q ) ,x p ( - d x ' < Ib , ,IIp o = -.(, o. 1)) .
Ag(.r; q) o A:((; q) )

The term I., can be esttinmted in ai similar imumer by

SAy(x,: q) JI.(z; q)I (E,(x, z: qj, v) - E(x, : q, )) d. dx
x ...(q) ......, .( ) ex - ,, l

SJ [u(z; q)j .1. A�.(.t.) (- q Ag((•: q))
(0 z

X (exp(- fj!12P(lv) d( ('XI)(- j ~ (hr1 'o~) (I.)~. d-

Froin the estimiate of 12, we have

nx (q)

(;.; q) . Ag((; ))

X Ito • ((; q) p (;q
X•i-r"'HIO C/ lP('V! ) < exp(- P(P d€(b

g(t(•' q) g((: ,(; q) )dr

As i result, we havm

()

JA¼(I;) Jý. Ag((: q)

!5 Allit - 'il1( 1 + O)IlujjIjjtoIIou

Combining these ustiinatcs, we find

ITt, - T II- < (k,,A + A'(1 + OP(b)) IolI + A(I + O)11u!I 1I. ,lu)Il,'- l II' l

= A(ko + IlLoll(Al(1 + OP(f)) + (1 + O)llullt)11,- i'll- .

Thus, we conclude that on every bounded subset Al of H and for every
it E H, there exists AO such that T is a contraction in A! for all A _< Ao. Using

*1
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the argunients and results of Lemma 3.5, we have that, if-u C C((r) 11id 11 E
('(r/(1 - Awl)), then

IIIrTvjt <5- o-'-A- +Ir < - 1 A--a(-

for all A <_ A,. Therefore, there exists a A0 , such that For all A < Ao, the mmlaplping
T is a contraction on C(r/(1 - Aoa)). rl

Proof of Theorem 3.2. Using Lenimmia 3.6, there exists a uniqume fixed point u,\ of
T inl H. It is not difficult to verify that u. E V)(A) anud u,\ is a solhtion of (a). C

We return to Theorem 3.1. Combining the results of subsectionls :3.1, 3.2 and
3.3, we find that the olxrator A has the following properties: (i) V(A) is dense
in H: (ii) A - AI is rn-dissipative for all A > kmm, Thus, by the Lumer-Phillips
theorem (see [91). A is the imfinitesimnal generator of a COo-smigroup of bomided
linear operators in H and we have established the results of Theoreim .1. 1

4. A nonlinear perturbation of the model

A nonlinear version of the model (1.1) (1.2) in Section I is given by

(4.1) atu(t,., q) = - (g(.r; q)u(t fx; q)) - ji(x: q)u(tx: q)

- /,(•r; q)P(u(t)) ,(t,.r; q). 0 < x < .r,.,.q),

(4.2) rfiO q)l.(t, 0; q) =/./K(ql', ())u t';l)dx d'im(I). t > 0, q E Q,
, /• q)

where P(u(t)) = J• , 1... " ,t(t, x; 1) d.,. d,(4),
The new model cai bxe viewed as a mionlimnear pertiril )tiolm of the linear model

in the forim
• t)= (A + F) u(t)

(it
where the operators A and F are defined in the previous section. Let 1) h(, tOe
functional defined in Section 3 and the set C(r) is (lefinei'd as beforc. It is lint

difficult to sec that the nonlinear operator F + kol : H , H is locally Lipschiz
commtinmmomms in the sense defined inl [8] and the linear operator A - A'1 generates a

CO-semigromll of contractions. We nmay conclude the following.

Theorem 4.1. Their, exists a conltinulons nofl1fhifftc scyigyoup of operators { S(M).
t > 0} on 0H satisfying

(a) S(t)is = CAtX + fl CA( -4) FS(ý)u d(,
(b) ISdISN~ul _<- c"'llUll

for all u E H. Moreover, A + F is the infinitcsimal generator of the scmiuroup
{S(t), t >

i*
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Proof. Usinig theC relstilts ill Se'ct~ion 3 (iior(' prec~isely Thoorciii 3.2), we niay appel~lv
to) Theorems I anid 2 of' [S] with tilt (.olVe.x fiuuet-ioiial 1)(11) 1111 )

5. Concluding remarks
Ill the alboV( l)VCs(litifltioll, we linve given it de(veIlopmenft. of ii. lilear selmigrol1l)

forniuulttioii for ritev distribuitionI hetcrogveoluli popu)llationl 31103 l('. This presentil-

tioli is st-ructtlltCd soi flinlt e'xtenision to) it llrnllillva version of the nliol('l hil which
tit( mortalit~y rtite depenids oiii the total popiilatioli is rviodily obhtaUined~. This is

achivveti by tr('at~ilg tfhi' ionlineiu lhodl(l ats it pelitllhrbutioii o) tlil linvaer minodel. If
we hihilldea, itioidiiiiarity iii thit' birith process, tite smystviii (-kll 1n0 loiigt'r he( viewed
11 ot' ()I(lefined( by flit' pertuirbaitioni of it Ijitea operittor by ail additive locallY Lips-
c-hiit.,z (oltillntiX ii nolinvtar pertiuri'it.ioii. fHoweVer, it iliut still he3 poss5ible t.o 11hiptj
the( idea's of [8J to olitaili at l~oilinvlar sellligrolip. This would ix'chthil( oill(, to cosderi~~l
tIme two sourlces of nouliniterity U'parttely. 1'lm(se amiI other. 1d'hlit~ed i(lcias an1, tih
suhbp'ct. of ('11lT4'lt. effoth s.
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DAMAGE DETECTION AND CHARACTERIZATION IN SMART
MATERIAL STRUCTURES

HI. TF. BANKS AND) Y, WAN(,

C~enter for Rtsvarchliti Scientific Cumpiptatioii
North Citrolnat State University

ABSi-i11iACT'. Wt rem priM(ivttIIor4'iC1, ('0111onI;itftloin1111 n ex pen imitl find ings m li ig t iiii-
tia l nvid II Cigat~iotim rvlawtd to inwthu dm for detection and geomeltric cIIinrarterizadtionI of

dl InII l plieZOcurnahhik hiWad mina~rt material mtruict. urem. 'I'll( feamihility of timi ng mvi f-
L'xit&ItioI/se! f-menmisi, wit )I IiezoerainctlI s' lit vIIibalinlol iiiiclest-rictlve testinig is (lelloll

KcY *Ivords and phr mscx.sI IIVI'Imt,1111(1 (olvist disiil i~t('I paraflu-ct.(' mystv(i IIN, MiIIIrt. II I&I-

tevrinis. daninge dlefect-ln.

1. Introduction

It. hins been' known for someu titme that. daitiag such'l its cracks, corrosionis, and
dlclaminaut~ioiis ill ia strluctulre' procluues cliatigt's ill 1111t5, stiflhlet*1, dlampinig ti~ld
othevr (lirnt teristi('s mid nititerial pirmhi('ters ill clytittiiiic ropt'(ijX1m(' m~odl( for the

st ructure(. Our focus iii thilslfht' 15pv tis flv dvlopnivitct. of vihiratiot rvsC'ns)v1( ideats
for' lnuAnevritilic bile )S('l snmrt. imliaterial st ruct-iii'e ill Which st'It-tvsting liotidestru c-
t lye evaintiit ol (NDE) tP('llni(ptt(' Illay tin, ('inih~vl(iV . nirht' are svevtral waYs to
formudatte and1 anilayz'.( 'oncep~ts andc quesVt-i0115 1'('llt.(' to this (Itit'st.. Oile could luse
t.lu', (o-calhled "illefthod-ofi-l1a 1 )s" its (olC)v( ill tihe theirinal lhase(l toiiiograply tvcil-
Iuiques of [3K 1. 13K2. 13KW] wheri'ni thuc lanlingue pllysi('i doumujitl (the' damilagvd
Iwtiiii, plate, ('lat.ti(' sti'uc.tllr(,) is mappe)jd intoi it regular diomiain oil which dynamuic
equationis with 1 aimiago ep(lilden~lt, coeffcicints imist hiold. All altevrnat~ive' t echiiqie
illVOIVt15 direct estimation of t~hc irregular dlamaged domtajin (ilu., stnuctures with
holes, ('racks, corrosions~, et~c.) oil Which the( luslal dynlitmnlic equaltionls hold.

Itemcarch supported ill part by the Alr' Force 0111cc of Suientific Rcscarch mnder gritnts Alt )SI
F406J20-93-1-0108 and A FOSR F'49020-93i-1-0280. Part of this research wam car'riedI out whlei both
authors wure visiting tiecntistm at Oithe tInttute for Computer Application ill Science and 1Eigi-
mieering (W(ASP~), NASA tanigly fluscarch Center, which im mkipportedI by NASA uinder- Coi'truc't
Nos, NASI-18605 aid NASI-194N0.
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The approach we take liere is, strictly speaking, neither of the abloV(, but
it. is Ilior( ill the spirit. oif thei latte'r oil(' we IttCIiIlpt to e'stiiliit.,(' C laiiigei'-lt'ehitd
chanlges inl actual p~hyica(~l Iparan1let('rs (st'iffnless, (lalli1pilig) hIas('( oil ciaiigi's ill
phymicail geollietry and( ('liaract.erist~i(s.

M-ost of thei previous efforts ill the stbtal)tlitiai litu('ltultv oil vibraitiont rehiittedl
damiage d(letct-ion are ibmsed il(1 modalh m~ethodsh (e.g. [ABB, AC, A( PS. CR.. IC.
S]). Thev baisi~ fori such1 miethtods is that (damage prodtices Ft (h(vcrelL' ill (hyntIulic
stiffness El. This decreatsv inl turn prodl(('5e (h('crelts(s inl ionaUda freqjuencies for atil
midanlwhlll)( simplhie ilenil (recaill thev (igellvahttes are giveniiby A , l/11pA where
A is t-he cross sectional area of the( beatiil Mlid p is thev uitass density). While nalaloII
hased niethiods lmay have (ertaili aoivatltages (e.g., they' are siniple if they. udo worIk.
they ('1ii hue useud ill developunent. of nank-orderhig of fractionial eigenlfrveq'ntiy shift
s(ielivies t hat, arc reiportedhhy iiis('lhivii''' i t.o hl(' nilglit tllilof dic h (l111tl1ge'[ABf131 ).
illodlO~ limLed inetllodM posess a iitinumer of int~iJCo ulistulvantages. First. of aill. somia'(
oft the( WibtIda based tiict~lioul inivestigaitionls (e.g. [CR.1) provide( it st~roig iliguni let

for inludhl~ing geometry of the( hiimiage ill aniy NUE testing schien~iv. sonctiihiiig
which is not. easily done inl frequency haied invt~llto(s, lIndeed( , modn n d e11( frequevncy
clittrat-eriz.at.ioiis aire inot. so Simle~h ill VariIailh( 5trlct~ul1'( systellis: t-liei'e is alliple
evidenice (e.g. see [IS) that. onev shouild not, uise Itiudal llet~hlo(1 based onl Itilihumil
lldtlallpedl Simiple lbettlls 01. plates itS 1is ofvlte liv ( ile dii tlit 'lgiiieelilig itm till In

addressing datinage isvsessnielit. itiethod ologies. sil~ litemterial paranieteis Il*'ire 11sf.

prot-fely considered its spatially dlep('Iuvlnt. qlunlat-ities withl (huliage Inaxiie.st e IbY
clialiges ill geollietry (anid hlelcev ill thiu' Spat~ial (cle)ell1lelice oIf t liese h plrail('t.('t), it
is tllihkely tdit. aniy rigorouts theioretical basis for nkodxal batsed nioiehouls for varial) e
lInlturilil str-lictilr('s will elillger. Butt perhaps the most. serious ob)jectloll to mtodiul
lbaused melthodls residles in thev faict, that. Iliodall hilsed l iiietuus hatve uev'l shiowil toc
be highly tinreliable (indeed iinadl((jtate! - see [BI] amid dthe refetemiCeS tHere-in) fol.
estiimationi of variable, witerial lpiulu-iticturs such ats dallipilg ill (0111 uusitc tinatcrial
struictuires.

In: light, of thev ahbuw coml111ilntits, a1 quest ion of imithir great. inttere'st. thenl is:
c'ati onle levelol) alkialyticalfly sounid, iioti-tiiodlal I a5'd Si-XiltiJI51-elil
lint(lodls for detection atnd chmaractetizattioii (geoilnetrival andu (jutallit~itat-ive) of1 (m11ll-
age inl siltart mtaterial structures? Hevre WE, address this qtuestio lll dii thcolitexi. oh

IFor aill citihved(ledl Iie'/mcrm11inis sma-rt. material dalluagei (letctiont anid et
acterizatioti methuodohogy, there tire several ulimthict reqtirelinentms. Thlew include:

(a1) Onev 1m111st. be aile to (.shmtci~i rclabII/ (repeatal de across eXperilneitis) Hthe
varwablc *'tritciuny nateri-rti paainwtri-m of at piezoevrainic loalde Istrlctimle,
This muttst beu doneW itsilg piezo( actitatiot atnd setisilig withr itVcllrWvy con-

parable to that achivvable with Standcardl actutatinig (inilpiumle hmmllmuersi
solenmoidal actutators) and seaming (accelerometers, strain ganiges, laser vi-
bronueters) devices inl mion-smuart titaterial testing schemiles,

(b) Onle Imust be able to Its(e the actuationi atiul Hemming iprolertiem of thev piezo-



('eritllli('5 to trxiife the' NthritetiLfc and anal(yze thE Y . i.I (ilk it sitigle eXpe(r-
ililliit.) for 11 ieliiiil Ill' oeliodohlogy that is thle lbitiJs of self-excit.11tizil/SvIf-
Sil~silig.

(c) Oneiilvi.St, he ahbvLo tIdect'rt and chararfer-iv' danutge vina viU/HYahW .Iclf-
v'xcitialioa/ svi'f-e'scimiri t-jat relies only oil the itipiit./oattpiit. signails for
tIt(' jpi('?AeeitilicM.

liti thIls paper~ we nddlli'(5 ('11(1 of these( requirvieiitelts ill the coi~t(W~ of at piezo-
('(rimlitc loaded hveam. This ptarticiiltr stritetlitr( is sufficiently reirvstilt~ativ to( I

Illilko' it coiiipellting vi15(' for fettsibilit ' of the idens wVe'propose. lit Section 2 below,
we, siul1111iiu ize i ,i igrous thle irctical wiel- pose Iiiss ailli a; )jroximi ttion fit 11 ida-
tioli for the, (istrihiite( Ilarailileter idvetitihcit~ioik Iliiet.Illdflo~gy thalt is thev focits of
otil reeent. efforts. rhis is folowed by Section~ 3 ill whichi we, oletail rvsuilts fromi
eXpvril titilts flitld I o nj tiptat-iol is thiat jpt V ide at hilvI 1ilb~ o' cipivs Col p10511 1I z I "" t(-

iiiat~iiig/sviisillg with1 stflhltidX( I ii le.h(15od (requil-iieieit (a1) iIowI). We Ow h rell il'lt.

e~xleriiiieiltaIt/eoiil~ihit~atitoitlahl HildlhigH Oil sefeelitii/eIstsigvitpnlfllit.i('s of

pl2(7oevi-Ililiii loadedl vitluils. 'Thewe findings suggest, that. recjiiiei-enicut. (b) above (-ilt)
illdled I he satisfied.

FiIIIIhhV, ill Stc.t~ inl 4 we oflei' peir'111lli larys silliin It.iol find(a inigs oill tile' Itse of

se'verall lypi's of, (Ijll ii ge ill it Iwal us111Iing p i('/oi atotuat ion1 midio sviisilg, Ex; )(vi iviaidii

v'('ifi jatiol I of, tlites po sit ive findIinlgs Wi Ilth '-gair toi reqi wetilivl t (c) is e~i' t

2. Distributed parameter identification methodology

The( sys tell i we consida er hutre is it eillit i I~elvd'eolti( ail wit lii jezcl 0hect lie ('('taIt lic

paitclheos for 1a(tiiat~ioll flld1( s('lisitg. 0111. (hoioe (of stti-ict.iii'e is tIlot~ivitveil by its
simtplicit~y nitd its reliresvlhit-ative lnat irv. TIbis (colfigtrtht~ionim h also 1 (vileit well
still eo ic by clitVetiltit tliii apriiitIiIIil('Is siuch I 1its fiitc ('vivinont itiviii't 10 s mid( providv hs

chifficoiilt ie5 atd po jlssib ilit~ies iihrifl'l't. ill ( evolt pl hg till it ts 11ted till .1t as foii. it a
('(itt1J)eX stri ti d11Cl it co ald Itii ig diiit iiiges,

Wev clisidolei1 vii Cit itIv.ileveI' Eliihi'-hBet'wthh tilli bemOF leiigtht I fixedl titx = )
and fiee lit Xi T'. 1 v trltisvi - v 5 i bPIrait~ions 1y =j ! (f. ) aie d esrii lethI bY I Il

2 Oy 02 A1

(2.1) W ij )t 0 I.

J(t. 0) = ~L9(t, 0) =0, AI(I, e) = 1)11-(f, C) = 0
Ox O

where /)(.I) is the litiearil.imi~ss dhensity, -y is the coefficienit. ot'viscoits (nir) damhtl)iig,
AI( t.;) is theiit(, ititv-a mfomienlt and f(t, r) relireseilts the e(vXeiiial loads. For av
shuiijI Eullel-13(i'iiotilli I )viii wit~h K(,lviii-Vc)igt or' stritili rate dhitinpilig, the ititei'iii
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IiloliviClit isI composedt't of two' como nen)hlts~ i j'vinsuitiig r 'sistfli(c tO1xo hvii jag (wVilhi

covfficentIEIr)-)(an damin (wt cefcnivi ) (It)

(2.2) AI(t. x) = ;-) i P2

If piezoe'lectric ('1('ilc'lt.M art' 1)0111CC to thelbi('lClliii iit confligulrat~ion to prodil ce

(or senlse) onlly buldz~ing, we have anl actuator (clt~ribl it-ion !,( , in thec foriII

of afi iliplit, Iiioilivit't (or voltagep ou~tpu~t. propoCrtion~al to tht, aciWVthiIat.(C straini ill

tlit ('vivlinet). For ft paIir of piz(leti ctmat~ors Iocatuvd 1 )metnC'i .r l 1( -r'2i

op)posit.V sidits of the bvitio ('Xcit.Cel by a1 Voltage a(l) ill kill (]lit-of-phlumt l1iaiiii~ll

(2.3) AI,,(l. .) = K~jjf (x - .ri) - 1I0' - "12)1 11(t)

wlhere H (.r) is t.1 e Hvixvisid('or in it. step finit io. and1 KtitiIA1 is ~i pi('z( Co 'tvi(oi iinwrate l

Whomi the miomecnt inl (2.3) is addvIC' to that of (2.2) mid~ stibstitifted into (2.1). wt,
o1)tajll thel( Iiiodel

a~~l/ ~ + Yil +12 EI ( c)I
d 1(2.A) =Kit -h(. - x-2) - +-~. - aj o(I -4

j(f.O 0 ~~) = OU(f AIgt. 1) = -(t.) C)

wlivrl h~ is tliv Dirici (I lLit, finict. id lk. Thi is forma1luly cIl liival( lt 1)to flic ~p lat-ion ill

wvak or vlariatioiial formi (we rephlaev pakt-i~ld tlerivat ireS ill t into by slib script. f and
St''by supIc'5¶i-1)it. ')

(y5 y(t, U) ijy'(t. 0) = 0,

for sufficientlyv siiiooth i hoot aulis (' satisvin'ug rp((1) = (1'((J) (. Herev II, is thev
shifted Heaivisidli ftiniition ii H(.) = l-(.r - xi~). i 1.2 anld (. is tiv i1slal~ L.,

Fr the san a' comnfigulratio n, wlii 'i thi a' ucl is udiii a erIfor ilt ti ioi (I u'(.1iali g).
the, gencrated ehiarges ill tvrins of voltage across tb'v pivziovleetric sv usors hal,, thev

Aýpvso Nsv ] [D(. ;IIv Q. 2

where K,, is it sensor colnstanit which is also()ia piez'oevect.ric. illatrial properties anl
geomnetry relatedi quant~ity.
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TI'Iie, s.3'tvin (2.4) is a1 fori'iil I('esiWi'i ti3t ion3 (f1 the. dynaicsIii1 31 it (buiiIIXM
1 i~liI with1 pi('Z(3uhct.1i( 3utnint(3rs. To dcvvUIIof (ouiptit~atiollid t.('(ilii( j13(I (c.g., ii-
ilit.( 'l('inil(tN) lba.W(I 013t rigorouis coivergecice arguniiia'it it. isi iicI'(1Xtiry 10 first

hatvt' ai 1)1cis( forniiilation (if' tlik, systLiii.

Wit starut withi tiini ahst~rnt. frinif~lat~ion. Let. V mid 11 be 31'o(31p1'x Hilb(Irt.
spacesM satisfyinlg V - 1 H* - - V' (xivI [IA) fr fiv the (truilct 103 of* Othis (4-l11111
tripl),1) WII(In' W' we vliotI t.13(ir t~opologicaldu(Ititi by I"' itti( H%~ , i('XfWt~iv(y. Let
Q b hiv thU ilhisiii blel( 1)fli'31131ut.I' set., Thit' g('iIral MQvconi or1(1e syst.(ii Wv (con1sider

(20 (0) tA0)

It.311 e72 (q) arv parinvui ite 1,01-111t.s 'opi i iarbt i oil V siltmry ' iig t/-vlhipticit, %
33ld11(l-(3ilt iiiiit.V cond3(it~ionis. rhint. is, we'I itsmiunt,( that. (7l (q) liiid eT2(qe) switsixf

(2.7) Re a,~ (q) (0. 6P) >k1051

['or k, vi > 0, c/), i/' (- V. t131(1(1 wvaik nss51itip1t.103i oil ,f. tli' systeiii (2.6i) 1111s 31

I iliq3( p lc'i4()titl.ii

Trheoremn 2.1. If Mhc sesquiinii-iuu fo':uins ey and eT2 *"Lli-NI!I (OIlditiofls (2,7) (lild
(2,8) nu'th. (71 mytIi~l3.('tJric nd f, E L2~ ((, 7'), V*) . ai/u. for (cii(/ wn (yu. qIl) E
Rt = V x H. the, i'nitial' value' probie-o'u (2,6) htax a(11 imiqw, soluion iJOI (l ) =(~) )
E L 2 ((0. T'). V xV). Alorcom-re. this ol~iltt-l(31 eh'pevdsm c()11113iwitlsly on J, n II()13 1

in'i tit( .(fsc' that. the' -tuit pj~ij ill!(. f I I IS' V= It. ti) III MISu fs It? Rn X

L,2(nU T). V*) to L-2 ((0. T). V x V).

For it (IItnlh'( pro0of 4 this tflivorciiti3 XII [131W].
Pet 11113 lg to our I )Ciliil p rob3131(i 3, we' 3 Ifin lt' i. l( M'csquiiii har f'rn b1yj~1C

(2. 10) 72 (q) (!), ,'))- (DI) +/ ~') (j!). cl) ,

with1 the splices defijid by V =H 2 ((), I' 1)EH (.1 Ie() ('0 1 31(

H = L21(O. ) with weAgigtvd hiiiir product (I -)It = (p, )) , , W('ensl3i('tIni(31iogh011t
t hu1t. 1) E L ,. (0, C') wit I p(ri) > ( for oi 5(3111 > 0. The tvrini f (t) = f ( Ir) is givein
b~y

p (.3
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where f(t.) belongs to the iial mSpte( (see [W]) V° - H2 ((,)) (we) fLSul(

that. (t, .) E V* whic'h is ft weak flu•,sllltimi oi 1). If both II()I, > ea itild
1'I('*)IL. - na for some a > 0, te aell rIt lid a,2 are V-elliptic' amid ('clntinuous

with erl symmnetrie; hence I)y Theorem 2.1 our )eaitn equation is well posedi for
f(t,.) given by (2.11).

The parameter estimation probIlemls Call Ibe stated in ternls of filtlii•ig lraiil-
telrs which give the hest fit of the paramneter deel)denlilt so)lutions of tilt, prltial

differentiftl tquations to tilt' oi)bservation dnital for rvspollsc of the syst.vii to vari-

ol15 excitittions. Ilt (11". 51(', the l)parl'all'tv'ls to i)be ('st-ill lilteCI 1l1(1ICdt' i u 'aill InItsS

density p(x), stiffness coefl'icielt EI( r) is well its ditinping pImultCtl(,5• vi (.r),
"y atrd 1piezoelvetric iatMel' l alr'niet(rs K11, K. Let. the 'olit'ttioii oCf ulnknlowni
Iaritinters h~e deno~ted by q = (p(,x), Eit~x), ,'It), I7).-, K11, K.). For giveýn ohservit-

tions { zj } corresponding to l l'clt'is lliellt's fit tihl('S t t1s oibt.Ciiiid ill miost pirlat i(cal
cases, we conlsider the leitst squatrs (estimliat.ionl pol em)l)'l of minimizinig overi' q E Q
the It('11t sqluiar(es fiunetionil

(2.12) J y. ; ,q) = 1 C2( C (t ,. .; ), } -I }) -

where { y(ti, ; q) } are the patrameter' deii('tident weik sohit iotns of (2.1) or (2.i)

evaluated at etchl tille t, i = 1,2,... ,- N u(d I s' I illt tlppl'roplriately chotse'nt
Euclidiia normil, The set Q is soile , lhiissillh, pilul i't.. set.. The )]urtll,0to1 ('1

inay iave several foiriis dlepending on the type oCf sensors being uSed, Wheu tmhi
collected data are disphit)ieelli(t, velocity, or ftecclerfltioll it a lilt ,po )It thie IQCv(llil.
we mlinlljimize

(2.13) (.Jq) = -: 'q) - ,

for v = 0, 1.2, resli),('tivwly. Ili , .i cs Iith' op)erator Of i ivvs diiVt'C 'rt ,till t ioi
(either v = 0. I or 2 timles. respct,('tively) wi t 'l 't 1.11)t iit, )l Iv followedl by 1)oi 1Wis,

('Vallulft.itu ini t i ll f r X . W hen I t. pliezo( ,lctric sel1Solf is lis , tClt l c lict 11) 1) to I u,

millimized is

N 1 )C2

(2.14) *4,(q) = E I - --(tjxl~q) :,)
=1a

for the piezoeltctric" elellts being lociltti 01 the o i etll Ithtet, etw i .een x lmd ."x2. Here
z, } atre the nileaCrIed Voltages tt'loss the lpiezo.uh(tric d'emelt'llts.

Thie operator 0 .a may bxe the idtelntity (eorresomnding tC time domailln idieitifi-
cation procedures in (2.13) and (2,14)) or the Fourier t.ransformli (eorrespoxndiilg
to idelitihcatioll ill the frequency doullinil). If tile idlenitificft.io is c'arried olt. ill

tile frequency dolimaill anid the operator C 2 is a Fourier tlransform op'erartor. titi,

.1
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v()rrmpotIilidiig cost. fuiticional is givvn by

(2. 15) J Nq)= f,., (q) -1k:. 2 ± JU(A-' +J i )JI - 17,(kp- +J .111

wl'ivrvt 1(I (,;q) itici Z(Ak) arc' the Fourier s('rivs ('()Cf~titiet~s of (7l {y( ,, .':q)) m idc
izi I wspjc~t~wiV ,CA,, Ci h r the (0~~)"' vib rationl frpi'jleiicy (f the solution

17(1-; q) andI the (4--)f 1 freue(lt'liy of the obserivat tion (hitta 7,(k), (- MiV'Weighit iiig

(ir tht, support) of the 0" spikes. Ili obtaining (2.15), WC liuve assli~tin that thit'iv
IivCI hiut finitv in (isthiuct. nuimcber IVAI (< IV) of' "spikes", ix(. v'ibut-ictni fre( Itueneies.
nititolg tli(' Z( I') atid the llliiiil)CI ofM;)ikvs of tite sotlutioni U1(1-:qc) is the sai itic s

"\VAI We'K refer to j11W] foI a dcut~ilech th'ivilttiitii 11id ihistitssit mu of thc 'ost. hilicct-oilial
(2. 15).

The( m 111 inimiztio i( l our paI rli ll lieiitt. er ('st. li 11t~io pii lvit i hes i nyc dyes tmi iiifit itt'

fun ction s) . We t hi is cona sid er 0 alorkin i Iy pe ~~ Jc iippr t tn ii is ill till co nitext of' t~lc

variuba nwil fc iii am ihitiOti O f (2.6). Let. 10 Int it st 'tviic'I ofC fI inii li 'iite di n imil sill)-
spaee.(S of 11 ,l~ QA1 l)e 11 set jtvileu of' fimitc thiliviiesiomititl sets lippioxiltinfitiig t lie
pimirlnivtor se't Q. Nv eit' l'ii the (cdit.ldgtolid prjeioj'tiois I' : HI -- HI' of 11 ontot

N 11 Tiv'i int fa ily of ttppr)xhii iiitIig extilliaiitio ii problemtis wit 11 i liiitA' (ii lliviiol mu

stalte Sjlatcd' ant lid pariilett.' set~s cani In mu hrimiihlawl by sucvkhig q C qA1 whlich

(2.6i) gveni ilY

(2.17) yNj) =_)

For the parai'iiiitui sets Q? Midc W1A, a tI stat .4 11N's , we iiiukc' thle fcd-
lcowinig hyjtotlu1'sc's:

(1-) Thev set~s Q2ni (2 Alhit' ill 11 iii'ti.ii 5jIltlC(2 QWilit uijtric' d Whil Q2. Q"A
copclthmt i.ll t his lii('tl-it! lild tliet'rq is. a1 iiiappiuig iAl (. 4 AI So thati
4 ? AI = 1A1 (Q). Fitirtht'rimrc', for each q E 4?. AI(q) qj inl Will w ith ,

cc tnvergi cue uni ftr ilaii q E (Q;



(112) 'rit ltinitci (lilli'isioniifll jl)Ii( ', Si) sit~isly IIN~ C V, &us Wcll IS ji(
api W( )oXiI lkii l tIi n pei'(t it S: F1( - h~ VaII V. &1!- ox N ,.~ .I

(28) he lit t'(llihii('n flu-Iims 7I- ((I) Mtid r2(q) mvtit usimiciit' o 1(1 Ia'v'iuud (III2 Qmid

t,,, E' V - miu Iqit (I E Q2 wherec I Iv' coiixt atiits S 11 1-2 (lepeliltI oiul ol Q2.
Solvinig t he lipproXiliiimt.(v v-4-inwiit ioni jpioblI(,is imuvolviiig (2.1(6) midl (2.17). wi,

At11 Iin sul i tt cpictieo' td c'tiilint Cs j q } '1(1.T (11 tI nii piranici it vi, ('stili mu oi livol-g( lic

atld I e ait. hii iitois Idcwildvicm ' ( Wit 11 i-VSjWit -l to 0. Ii'i t 1W vm A Vlit iOiI ;is { ) reCSt mts, it. 1i11S
htmli Shiown ill [131. [13K(3] andi [M1W1J thatl it is sufficcS. liiiiltr thle asstiiimpltioilI tutut
Q is it Coilipijct SO. t.t) ailglt, t hit. fin. il~l-it Ill-Y qN.AI Q wit h i ý ~1X - q E Q2.

Theorem 2.2. Supo lttat Q2. (2"' sautisfyi (1i) rinid /I,' smatis/its (112). .lssattic
that thc .wspuitincui foions (TI (q) and 4 r2 (q) sailisfY (2.7). (2.8). (2. 1S). Futher'.l-
110107V, uss81ione thoi

q - f(t: q) flsI Qatiuo I"~ 2t .2 (t.T

bIi qN.AI bc (irbiftfi''ti ito (2 much Mhi q~'v'\ 1 - ' in (2 : the',, flit f > tIIas N. M~ -

011 -

wllen' yN'. !/' ell-e i/ lu s tions io (2. 17) rind ij. or the' so/utions io (2(6).

Corollary 2.3. Un~dit'r the- oissoripi ionis of J/mowree 2.2. a', from' (IS N. ..AI1t

WA V ,I~~ (VA I ) A.;, 1  +(2+J q'.I. 0)..

mo/nrc [I N (k; q N.AI) und (J(k-;qe) ane' the Foltyrictr coc.fjic'ci rs for. 0 1 jyi, (t: ,,N.A1

and O1 {j (t; qj)}. i-e'spe'rtciivj.



1'llecoVt li li r f- 1Ii IwS frn Tlivor1'iie i 2.2. For iii ICtdvtl6( prol 'hii C21 W Q3 ' is I I34' Fi i33 r
t rai33forll see [3W1j. For t lic pnlmlf of 'l'u' cin 2.2, we' ieC'r Ilc he'11(IC'i to 113W1SI
for the (1354sc i) = . 1 midI [l3I] fm-U t-lit case v = 2.

\\' halve ol It. hile I it frailllew irk for inetill to 1 carr(ly' o13 liltlint par r iic(l. it vi lific
tio ll for dl 15.111)4lited pa rali ict'ei Syst.c 1 Mii ll C i ho t.1 I ii t-hi ( ((311.1 dol ia i ii and 4. 3(1 i (l' ' 3-y i , \

do(iC l 1313113 , VeIil14 tiviltil for1h~ ilitrlCI Ilicilig a1 fre hud i(y (1413Illit 11 techliq i ~is~ d4int I 11 .IC
ti114' 1I13llimi t echiliqIvjis give, ptoor re'sultsM whe(i1 thle obi)('rtiftioiis (031t.11ii several
vii lii-toi )Ii lde a31((4 t 11vtlc iliti .13 gtliesses rot i)1113110 IQI S (' rc not4 c14)1 ('C 4 .( I tii' lle ptil 33313

OIIVS ([\V~'AI). Ili such it sijtmitto lo tsll WI 151 yb1irid (of the(se' two Iiiet.Ii Ils: we it'vi11t(' ill

a 1ec Iless lcy 1 I oS t(ii' t fle-I 'ed1 1 31 116 l Cit nut ý i R in~ 11.o il1 of laliliale pa ill tactcl til(' liii C

For tiltgt llttt'('tM ait' (orl\'11i( i~llIiol3l whichis Ownt 115ii tC'IMof coliiiiigte Ole idltIf' MVSIlli

ll1 ' ('I'Miori 2.2. 13M prs utI c1113(1ll~ I.slsIfo i-g a po illi

ofl1i~l( the ~ l 01rait~i st, h is ol~ent.0 of .the t1eivon-ityiiith c'hilida 'tif ('3 113111 iti'll('(

fle lT ssl Y bi i si tV01 i t he ii )U' cl i ol a(154 l' II 114'1114 W c t-iio 't ol'Ct('iiI11.1131 ill s i- k ii ll kI s S itc

allint' ill)~affets theis fl('illichtv ill 03'ivint.iof dt(11 it, ahii('M o3 , cli ltClilgsillt ill, iItiviiSli

Il111' l t. (11111 ilig Ihi:; .((t~io31Ii 'lii wv Iim~(iii further)1'14 co inivt hii d iitoi'13i ill( 111131 iirim

11.1111MClvable ftrll of tiic' M pt ' rl( t ol , 131'. le iiiy il i locvo'el.11 1l

3. Quantitative and Experimental Results

33111111( splitisi 'S Owj 11as.is eivMies (112) fin'iIltaite siiini om i'[3!sp .hcv H-f isi l('351tlinc itslt

,11 sikgn a111 1r xillaol s1pace115jil( is N -+ 1 . For oi urI caiitlt' 311ii Ill WIc(hoM( N = 1 0.

its5 NT
hicri'i4.MQ 1ltyoild 11).
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Metric' 45.7:1c', 2.03cru, 0,1c 1W,,(i37c-m 2,03cin 0.0254cm,
English 18" 0.8 .0625" 2.5" ().8" 0.(Ji /

in Fia x'e 3.2..hcs Clarad ipticls wofe siu biiea pi itlyvil h I t -cal Inic i smtch as

IIIit', ic the ('howcae o puitilet('rs qv pre(plx), EI(.i, ojl 1(i). y age. Ivil) . with tw

ictlisc'itd Ii 4,iit.ies t. nitst patclc (P'T itd sho f w n t itios Figure :1.llt wasi uiS I C itte it it.s

tilat tmeto Niec'tloiw distercits Lalant-41 Mid, S.Ikt' lteIg aklt. tia'Sit.t TO liiv'rs itV If
New odv k at. ltuffidcy (of al tt.urw VngiasscltcIimit' Iithat Hie~t 111as1 dlSty att'i flici-
and ) Thlit'ai-Voire Itt d tamp ing cffi t ic'i- are plcei st conset c'anc' fuiction its Tat pie . a a
illi'i Fiiii It) )k.2 Those mssumpa tt cp1iys wo cirac tbt'~i'vistic' c d t his to am ii an (s) I-TI)ol
ab'Ile.i''A (F-I the 5 choic of C'paramie) ters til~t qrt =ie ii) Table, 3x.2-. 1. Ki .1), tc Inke('

tilh'f Silly)(iI bounde coilt i ecthion of pit erias: coftii'1 ta'tU 11 11(1 i ton va' hi caving lit1. t 1i

ditIt'ngt. Iit'iPs idth. Mos fist X[ 1111d X2 If is ý ttic' V Ycmiig n1111ioc ihi ndvIs tloin'ýIi .ma.,

a.the int h podisit H)i icl. ifi

at fict.Vcclia 2Scni. mytid x2 =aoaoy theini (or "and :1.t tc'st(Slte'tnivv('tY) of

Now Yorkilat. Biffai o (no Pe tit. Airintyzt' (modl 26(1(1), Ftn Ilksitit) and t~aitec des'i'ptecai

sif) 'FIt' experiiuiti dima et sion oft tite partiaet' ideti'licatiol a~rc ivet'hill(Table' [.WISnd
Ihndbo e vaill for the a pmhiysoicar cleharacltoeristics if'thi tarlinimt('r r(ti02y 1-TI('-

tleln/icil (Gf ti 11p5 ohT exeitaioi stuc 8eitiigdvi a sdrtoseae eivi itThe.2 l'i it'Iivt als



de'viet anid jpi(zoet'rahIiCllcptclit' we're uisedI as it(1151)1. Iiitll' Sthusvolll expellii'lt..
Hti, ('XCitatioll Wits obtaUined viafl l iliplit vt)Itagv to) t~lvt patc'hes anlt( observat jion
daiita wits recortded fonti~ll n11acCeivro~luctcl. At. at samplinig freuent'cy of 256 Hz forl
16 stcctildls, two miodes (lit 6.625 Hz and 38.375 Hz) wt'l't obIservedt ill thet response

Figure 3.3.
Ill this ('xUII1plt the) baitii Was ('X(it.C( by anl ilipimplsu force applied (Vitt till('

hipiiplsv hanmuliet') to the hvitin along the miwn tral axis at.t 2.54rm (1") nway, fromui t he
('chhlh)('( m'id. Thll'I the forcinig funcltltion in (2.11) becozinvs (since it - 0)

fM. .r = h'..")

wi tht f givel in 1by theit impul)se'. T1'it' rt'(orct' IC Iigmmal t'Xibni it-t4I I.1 41 1r~Iii iii I' SHI1W

Tlu' voltnagis acrossfl Ow pt icic Ifh. II(H hit to theIwi(' iiUl v'ibra&t~ions weI't 'ollected( as
ob serva~tioni daital.

Ill tfl1( si'colidi expeimenill't, Ii narroi w t~rianigulari s~hapedC voltages (iippr Ixilmiit -

jug til i1111)lllse) was appliedc to) tict j)It.(iits to e'xcite( t.11( h)Clll. Fil'ii('plzo('t1'lli(
put-cic(' wereC ('Xitcdt olit.-of-jpham( so) as to pr1oduce'( jpllit bend1(ing momenl('1ts. Hetite
tfhic inpu~lt. t'iiict~ioiu is

Ali accluronict'tr weighing (0.5 graini. 1ocatud atit = 2. 4I-Icm(0.84.") was tst'd ats
tiesn'. 5'I50. T11w ;)aralmet~em lident~iftUict)io r('silt~s nirc shot wn il Figuire 3.4 where t~imt(

A smm. 11 ary ofI t.I'evstinii jted parmell ters is giveni ill TablIt 3 .3. wlivlre th i Cliiiit s
arc for El iii A' m2i' 1 inl kg/to. vI) I ill x - N - ~ m'2 * l N/iu'2. 1. ill 1.. 1iiit1

K11 inl N -i / '. The 'linciasure andC handbooiiiiilItk (II laititiv tit(' l ('istedt ill tilt' talb c Iiks

"giVelln vahlies: t.Ill'sc Wert' calt'ililat td 11(('U1'iilg to t.1it Folloiwing c(pul1t-ll)11

(3.1) EI(x) = pI,111,u', + +pt,', ,x

123 22

(3.3) 0~' ={( othi'i-wist'.

Wie iitmt sought to dlemnonstrat~e tiht capabliity of1 pieoll"t~tItrit m~aterialds inl
smart struictulres1 (specifically ill the arvt' of self-evalitatioti of st~ructure's). Wu de'-
signed and perforlncd an experiment on the same beani ill which tine Ipit'ztva mi~lc.
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Rviponv of r icam/PIZ1 tru.ture to i hummiiiier hil

Model resp.

tit t ( l•'

I 'V\Iv[,
-21

3 3.0)1 3.1 3.15 3.2 325 3.3 3.3.5 3.4 A.45 .1.3

lttleU (%cc)

(i) ii hsoyh 13 3 ,5 E•.p..•Iad a

141X),

12(W)

" 4 I(XX

i ;.-= 6(1(11

21X)

0 40 50 60o

(b): Frequenicy cont-ilt.,

FIGURE 3.3. ID rvmult for Exporiment I (actuator impule unin-
met, mntior PZT).
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2 ~~~RespoI1% oft a hL2aiin/PZT to imnpulse vol~tage (to Pz.T)

1'.3

2 2.0)5 2.1 2.1.1 2.2 2.25 2.3 2.35 2.4 2.45 2.5

(it) IThiv hist i 3 3.5] seconds.I

250

MOLdCl resp.

2WKl

Iio

.ioi

(h): Pr-ilencu y coiltvut.

Fiouiuii :3.4. ID rumult for Experiment. 2 (actuator PZT; sQ11ust accvhvru1inav.r).



Fu I' nctioxnicY

1'Z l,4lI

I F)1'tClillTia tl 3.5. Circwiti for the it. exper imen usingi P1$ itsI(I( gc~iveli f w ns . .

FiN ilili II : 1. Iur :.
nit mcull itc s)'o)C~dtraini ik'thC lll frct f11v lltag kicro .ilx). *r1 tiv "-t recr .i ded

FrXI)u11uti4 , u vw t is 3.5IN: tht.(Itis l 31 is iiilupmat ly the scoid viraX~tion illod (ii t'~ the~

repori~tedill Tabl 3AC 1C in~ wh1( ich j4t.it ''Nit WIlIi glt'Nt1(' 1114.5 (Iii m thoseidii givnfo 11 33

I111tic cliditiig CIIJ(v fbeve oha dil. iiaiurslsfo 2 nfl

thrv eampes iddvihic tht ae sbstlltilllylarer ial te gvel olu. lA

exlaatonfr hi ta .euaio -3.1 is Simpl 11 su,. . . . . . ..o jflna il
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Exp. IWtuator 1.,11 p (.I/ ( x 10-r') I K, Kit

No. / ) beItI

mellnor Ibeatmn +- + IpCi1Ilu +

given 1 0.495 1.051 .(1 0.168 -- -. - -

Exp, I hammer

/PZT 0.4,)1 0.793 0.093 0.433 0.6419 1.255 0.013 46.,823

Exp. 2 PZ'r/

aWcCl. 0.505 0.798 0.{096 0.441 (0.6137 1 2 75 0.013 0.D175

TABL'E 3.3. Given and estiuniAted structural plranite•rs for Ex-

perinients 1 and 2.

Exp. kutu.tnir I .l P rIl (x 10 -) K K., Khi

No. / elIn bImam

elZlIMU Iihmtull + I -I -+ hi) ll II-4- !

v/I' I'T . I'ZIT.

given (0.495 1,151 (0.089 (0.108
Exl,. 3 PZT I ..

/PZT (,505I 0.7911 1.095 I 0.4i83 (17 1275 0.013 1(;.S2:1 0.01906

TABLiE 3.4. Given and (estimlallted structural paralelt'trs for Ex-

perimentt 3.

In all our parameter cstiuiatioii proce(hlmrs, wv adlopted it sao-caletld hyburid

nIethod (mentioned previoulsly) , wherein wc started with thl cost function (2.15)
(the cost function corresponding to fre(liuency doinahi data) mild then swit(hed I

to (2.13) or (2.14) (tinv( dolnain data). Our experhiece oii thest, and imuncrouls

other inverse p)rob)len•s reveal that parameter idinitihieation iii time doilinhi is more

sensitive and accurate if the initial giicsses of l)arilllet('rs are com, 1.io the optinial

ones. Oil the other hand, parnmeter idenitification in the frequeciiy dlonain will

yield quick and rough estimates with the resulting parameters In a neighborhood
of the optinal values.

From the above reported results, we can conclude that the methodology out-
lined in the previous section yields theoretical, conmputational and experimental
findings that are consistent, Moreover, it is feasible to use smlart mnaterials in non-
destructive self-evaluation schemes such as presented in the next section.

'I

............................--.-.----
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PIT atuninuaisgeninjl at modxe 2

- F~xp. dnaw

Model re~p.
6

4
22

-2

0. .5 0.6 0.65 0.7 o.1 o.K oxi 0.9 0.9)5 1

lime ote

(n): Tinit, history in [0.5, 1.0 SVC0I1dM.

12MX ..... . .

Exp. CliliC

Model rcp,p

6(X)

4(X)

2(X)

(I 20 40 (1 M0 1(XI 1201 140

hz

(b): Frequeuicy c~oltenit.

FIGURE 3.6. ID romunlt for Experiment 3 (actuatur-PZT; snsnor--PZ).
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4. Detection and Characterization of Damage

Iii our pre'liminaiiry invivftignt jail of Cilillitgu(' tltttctitii enpjillbilit its wv haw
c'iuriC'( aout sinuitlititiu stuitces. The struturtie uisudi lt the( shiultthi-tion lim hta. hv sante
(hiiesioltit Rtld lphiysicil cliai'avtr'tst ivs ats tit lwiv uii iii Sect ion 3. The diII hrv'ivie is
that. thte bl~ttit is ILSltiIl(t'Ch thillitagedt by it huh. Suitec the( heitil ititadu is liisecl all

Euler-Berttiihhi theorty, We' Lssluiile that thit( (,''ltvt'L of the liot ut'oilicidet(' With It 11
ttetitt-t'il axis (of thwbit' atil. Fliithleititre, We' lissulitt thait. t~whoeith is eit~hcr it cil-cle
('eltet.re( ait 'dd, With dclwitttisiait r or' it rctmiigle (,arittAPCiat. ;id With dhillItIlsioti of

2r x to's. With t~hiCs(' tsstittjpt~ions, theo funtionbs )(.I) amidi EI(r) can lit e'xpresseol

(4.1) p(~r) = pbthW,(, + 2~pt 1 ,O'j \-,,(x) - i41i'(1.,, T ~

(4.2) EI(x) =

wVhere tilt, chtat'ttctet-ist-. fC ilictic'Ii ll \ 1, tis It' w slii le (3.3) 1111(1 \d, is give( 'itN.

Hviv d, =.-, i' I, 111I -rd,, = rd 4 -, midat1

2 VT- - (x -1,/ for it' acirculilitr holt'.

Flit Kelviiit-vtigt. thattpitig funtion~ti tj(t hias thet snittiC foriniias (4.2) with E'
rep laced b y r',). III liC tli t'xltll in's . t-hit C lit tagt' is paati iterivw b.'iZ'IIy piariuntet 'i
r aitld .t,,d With Ii i, hold fI ixedC ilttl it''1w t case of, it rctthug il Fit I t(ulit itt vt Viv Ir t i,I

t Ill tht silt, tOiiit(' l il )s('t- i tl.it t c l li t tille icth iiitt l we 11 it' i till t ierast, It 'sui a I )C cira ttt

Thu tilpt.at' (b isig Th trintgeilar (tiolc (i catioi n luldc size of' tiy hlt. tlo)its

carried tit (throughtC 4.1 tinsiettti.t id itifica jtion vt fittjingll.. T olut'(ion~ of the I i'ait-

tothe shititithitet "bser-v at-iandtil data"c il WOthe ei'tt~'I1 sahvt 11ilirIsd'ciitg tiot. titiit

diThv i pitiaxtato (2.ti is) it it' tiiiti thne ofunition) v oltaget Will itt at. N =ior) wthn

oCuthiv splin itc li~m eheiiieits. hT'i titit jitterval wias [0. 8] sec~ionds With 5iiitthihiit, L-ate
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u1(t) (Volt.)

10

0.005

lRmum.W .1.1 . Iniput. voluage.

512 Iliz. Pajaninters ('stim~at('( fromi experimein~tal dataf midi given) inl Table 3.1 wet('
li5('( for tite shiulated test. ~tri(ire.

III the following two vXal~llplt", onle with n rectuingiiiar hole andi one( with at
(ircular hole. two ('ites Wv1Q inivestigated. III (,aIse I. thle sniliiilt (' observat~ioni
(limtl witsl g('lci('lt-e( with at damagedp~ heamul (it link' ill thei beami) anild ill ('Itse I
tIt' (hitta Wit.; gelIeIVt.(( With a1 Imidalmagved heazim (wit-hout ho(11(). Ill t~h('5 SiIIIplv
11(1 imi jlliry te.('St, thet(Se Si II litt teth (hlt.ai mse Swere used'c wit hout it. in It lit l man1oise.

III tli( parame~ter~' ('st~iiInt~iou proet'ciliis. we atlso( se 10'( I(finite eleniei'it-S (clihiv
splhines) ill solvinig time, iiivtVsv prolblemI~s.

E:XA MPLE 1. NWe a$ssiieiC t.Iiri( was ii'et ri:mciigmlih' liode ii. t it( heai.l Tlme
pariVtIinlt-els dliii ihg tihe hioh' ill time' Si 1111lat.(( I (hil wurte

r= 0.508vtn(0)2"), .r,, 10.41 4cm,(4.1I").

The initial guessvs andt convveigetI paraimetvrs are shouwn in Table .1. 1
EXAMPLE 2, 1n thins exanuple. tin', dtlamage is cthmniact erizud by it jirclililr hiole

inl the beam. Thc paramneters for time hole were'

r = 0.5(18rrn(0.2"). ~ = 10.4141cm (.1.1").

The( itiltial guesses andl coniverged paraimmeters ale shmown in Taible 41.2.

As was not~ed, iii tlICse simuiilationm ('xamlels wt, used noise five simintiat-ed
Olbseviat~ion danta inl the lpara~irlet(r estimmation prohiemim, We ar me eliaitly studlyinlg
thme etfects of iloimc. ill tlim danta OIL the twcuiiacy of thu estimlatedl parame~iiter.t



Cam, 1. tUnit Parmtzu(ters4 Initial Fiianl IL'4gu

Metric X1I(cla) 31.048 10.414 10.111.1

______ r(em)) 0.152 0.508 0,5084

i'(ii) 006 0.2 0.2

(1,1v 11. Unit. Paraitilet-urs Initial Finil Pl.1rnSsigilvd

IE~tric :fc) 3.1)48 10.751] 1.1

r(cm,) 0.152 0.592 0.510

Englkhi .:~u 1.2 ()1 4.1

__________ ,(in ) (0.06 6.27 0.10-

Cnase 1I. Uniiit. Paini iet1erx lii Iitial F'imi ul I remsxigi ied

Metric. ,~ 1(1(c1?) 3.048 3.15 10.1

________ (cm) 0.152 0.5508 10 - 08

Einglish X,I(iu) 1.2 1. 305 (

__________ r( iu,) 0.0(6 1.79)1 x 10 0

Case 1. diiniagv inl shape of it circle;' Camv 11. no daitiagv

...11. 4..--- . .2. Dmae.etcio...i



lIn IIIUIly siliiiihtioii st~ilIies olinicl ill the' literature, the inipiiilsc fuinction ill-

p~uts are alpproxiiilatedl by at sino(1th funiction, for exaiiipic', Sin12 (evt). Our choice of
it triangular shape for thl('5 hiliut. functions is i11 p~ractice equlivalenit to the( chicei
of at siiiootli iuiictioii sinice d1iscrete( input dlata ile-( usedl and1 lieiiee sillocthlil( 1 of
the tinii rec(ords dloes ihot playity rolv iii the samlpling p~rocess or tile trajectories

The results reportedl ill this sectioni are very encouraging. Thevse initial calcti-
latioiis suggest that our nitithodls for paramieter identification cal reveal whether
there is it dhiiinag( or not.. Our3 current. efforts involve eliminiiatinig thet assumied pre-
knowleuige (if tile shape of the dlamiage. We also are investigating issues rhinted to
t~he detection and characterization of cracks inl strucetutres.

5. Concluding remarks

As we lhave nlotedl ili the iiitroduiction of this paper, the idea of using Oiwr-
tion testing am at basis for daniage detection inl structures is not. new. However.
iliost. methods to date are based ol03 modal tvdchniquos. Ill this paper We hanve pre-
svilted at theoretical and comiputational oiio-inodail framework for tile Hi etificationl
of sp~atially (l~elhldleilt dclyiauiii piarameters ill p)iezoevramUIic embieddced struluturem
using nond~estructive vib~rationi tests, This rigorouis fouiiclat~ioii permiits onle to use
thejl(' p )(ie '1eaiuiic5 to blothi excite' andi sense viburations ill it selt-mainlysis framework
that is itana~tural mnajor feature of smnart, material st~ructuIres.

Using (lata fromt biti Jea (xpuriiimleit's, We hiave ck'iiioiistrtei~it the feasibiliity of'
ou11 app~roachl ill ob~tainling reliable phlysically meianinigfull dyiiailici lptarnlmlt.('Is 511(1
ats stiffnless4, dailnpiiig, a111( imiass density. Ill prelimmiiiary Oilmlillant oll stud~ies oil tile
possibliity of dletectiing and geonmetrically charaterizinig ulaiiage such1 it., holes, we
have lpreseiitedl examtples Which suggest. that.u suich mtethiods offer great. promise.
While lillielm rilllailis to he doiie ill dlevelop)ing these ideas inito general algorithuis.
we are mosC)t encouraged b y our initial findcings and~ are curreiitly dlesigniiig mid
carrying (jut. phiysicad experiments t(o support. further effort~s oil geolinetric dathiriii
terizatioli of damnage sutch ats corrosion~s, cracks, andc dehimlliinltion s ill compCosite
ma11terial strulctue.ilt5
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OPTIMALITY CONDITIONS FOR NON-QUALIFIED
PARABOLIC CONTROL 2'ROBLEMS

Ni. 1W1MCOUIlOUiX, '. NIANNIKK6, AND 1). T1IIIA

Departmen('t. of Nathemtiintus
tCiii v('niitv of *1yviiskylii

Itistimtvt of Naheatliiittis of the Romaniaiini Acadleiuy

tlie usual ShaerM condlit~ionl is 1101 1CVINI i( illll MtttiSilui. 1SI-ViiiLd, It WV;Lkvr iiteiflorit

all1 uippliclitol We)1 prsen ~PMll (1lltJl(t Im tg ini LIgitpraninnh ailgorit hm. NIMIti~i~iil h-St. rsltSIs

alte iiuchiidlcul

1991I Alathenwafns Haitbr'u (Chm.s i iau-Wm. MK1201. 491t,120f

Kcy w(rdi (UInL~d p/urams.s Opt iIIIalI (tlit rII. opt iiilahft'6cni vidjl s. Lagninlgt. 11111 ipliclrs.

1. Introduction

LA',t. li ott C n ui Qev ( fol tlowinig cotrol ptrd)I lvill Wit. consi xIItrinlt s:

(p') Miliiiin't { (y - -,/) 2 (d.r (it + 2,- 1 (h (it}

subi ject tot

(1.) 0yx) = +I Q.

(1.2) 0) oit E

(1.4 y il



16 ~ Optimai dty coalditW7on forT u fn-qutilijird pabir IT) nb ci trrl problI m,.q

w'll(r(' IZ I cR" is at boilnlltel reguilar doniin.(21, Q '[,TxQ, 7' > 0, E (u. TI xMI
anin NV > 0. Morcover. ý ,fj E i2(Q), .111 E 11`, (Q2) nl 1I2 (S). 11111 1!-,/. c1 ll*' Isv

\X'' shal (Xalfiii 11111 vt~li' ses Whlere bo~thiU,, and KO A1 Iinve wni k intcioit y fI)j

properties of'f Slaiter) tyl)C, or IlflY( (v('I void interior inl L'"(9). We' give I)Jt~imilid t.

cond11 itions with i a LagillilgI liikiilti ji U whic 1 n~ be1 11Wlt' a iiict.ion ir ni' t 'ausi ire andil

which appears illi a synilinut~ric florini with rvslpeet to thev two 'onsrin~~ii~ts. As an
applicat~ioni we preseuit anl aiigniviirite Lagrangilul algorit.Iiii fi .1'O tesohlit ion (f*

(P), aild two 1iiiiul('rivill ('Xaliples are jinclud~ed.

rathier tfbani If thet con)istrainitsi. Ani esseiitial role is played by niew ('st-iiilatws of, till'

iip)Jroxilultv( Lagrange muultiplier whichclll 'i he iii1fiiily 'omipanredl with Ii tn' eiuili'i.

toimid iitin louinians mid C111 sas [51, 16]

The iimain novllWtty of' t Iiis paipiwl consiisits ill th I ra'. liti il'ilit of' the stalte( (-oiI-

st'ratli ts whivi AuKS t Imsi vid interlioa' evei inl L, (Q), thamt is wit. toit Sil-st isfiN'I ig tile

SI itetT ('Inltit ioni. It. is shoi n HWi tint. it w 'ak in teriornity j rI 1)1 rty, v of' U,,,s is -stiff iciit il'l I

I l~i. t to ('ii1l r(' te 11 eXistclice f it he jut'I graligel'iliftip itt )Ii..

2. Optiniality conditions

Ill whant, fillows. We I'Inisidl'u' the eaist Wilui' t ill' coiist raiiit. (1.5) is of' thell foiin

bel giv,' - I (

yI(.I-.0) = ml,(x) l1.1. ill Q~

{ lli .1(v 1 (11 - ~~2(b. (it + N'2 it2 th. (It

(++ / (t/ - -f - 'I) Idx(tl

sil)bjc(t to ft C U(L11, yj E K.
We1k tieiote b)y [V, 111 J t(lt lul~iqjl(' oitbil~lil pair forl (P) (whlichi exists5 illidoIC

theit standalrdI niiliiisibiihility coIll(Iitimii) tllid by [Yj,, It,.] till' ojitil~lal pair foi- ('P,). Wt,



also dl(l~otve- -

ihwovr.o let. Plý 1w flt, .S)lut inn of the adjoli~lt. ('( It1ntioli

(2.4) 01- p = 11 ill Q(.

(2.6) 1) (x,. T) = 0) ill 12.

aud pt* the' solut io of (2.4) (2.6) with y,- replawed by jvy.
W~e 11W(Ila ai lY prov tV'~he( h)I1( Wil ig IW( lm' sit h ins (5('(' Ber goutiu J2 1 1 , 1X 1 [I:

(2.7) yý- yq .diollu ill 1 ;.j. 1 ((2).
(2.8) 11,- U* stronly/J ill L(Q).

(2.9) p. -~ p .(Iiviij!y Ill 11~(2)1

(2. 1.a) { q5- Iboatided il L`(Q).

Proposition 2.2. 77i u uppwximal uiitOpliumlijt coniditions int(11 hi, i'ijtttu illi14c

rdc'tllpdd foril

(2.11) Vy E K /(pý + q,-) (0 b - kj.) - AO/1 - drl.rr(h > a.

(2.12) ViG ,,,j (NVit, q,) rj(it - it.) Jr (It > 0.

(2.11). (2.12). we studYh scvvernl cawes fintvi ersl.

Example 1
Let itI,"= 4' bill Q and UTa =I 'I E 1,2 (Q) I (• <~ t) < (Iia. i9

NWc StrI IieigthI IvI It I IclmIIIIiiisi ih i lit. col vI it io I Ito th hI k olowitI Ig S It(vI. ty1w H' I 115I 1)tioI:

(2. 13) 3/I > 0. 3oil E U"', Suchi thait.
fi= T(it) Sittisties (I + r6 < t'x ) S - 6 ill Q.

w'vhre T is the affhH(' bolfllli1I( operator it :- y cletincd by (1. 1) ( 1.3). We nlot-ice
that. (U,,, c L" (Q) ill t his exampiile, 1111( the irClat~iohI (2.7) (2.9) itre valid iii L"(Q),

12.()for, ally ) > 1



48 Optitnvzlii conditions. for'in 7n7-quai~fird pam~botir ce~niro pmbTlrii..

Let u1s ('011idlt' the paiit [yb,,6 = [7'( i. - pH), it], where bi is giveii by (2. 1:).
p > 0) will be precised later and H E L"(Q), 1H111.((J) = I is airbitrary. BYv the

conitintuity with reslwect to tli' (data of 7T, we get

W i- I t-,., '-(Q) !ý cp

withl (7 dvnle(Idilig oflly (il1 ) 11ild Q. If 1) > (it + 2)/2, tlie aIiiXoti-oI)ic Sobolev

elllhed(Iilg theoreii gives

W- YICsk(cJ) • CIO)
withi (7 iimdeeml~endt. of K', p. Taking 1) = eh/(2CI C), (2.13) gives y, E K hal aill K.

Proposition 2.3. Let p and p be (vt abo,'e. Dicit {q~j is botaid'd M. L"'(Q). w'herc
i/11 + 1/p', = 1.

Proof. We use thme pair [!I,, fi] inl (2,11), (2.12) an1d( We add1 the two relantionis to
olbtainl

(1,+ qe(Uj(t-pH - eq - it, ) (b-1 (it ±+ (Nu - q,) )(h -- itj da (it > 0.

This gives

jiý (Fi - pK- Eq7- I,,) dL (It + N it, (rt - it,) dri (it - E q 2(b (Ii t > f) H dxr (1,

which imliel(s thalt 1 q(0 is botnided ill L's'(Q). El

So q, - q* weakly inl L"' (9), and we call Iias to thme hltiit ill the iiecessar.'v
cond(iticiiis since thev weak coilvergeiice i-i Ll" (Q) will hu (oull)Iel witli thme sti-olig
colivergeimee inl L"(Q). Thmnis we hawe

(2.14) Vy E K /(r) + q) 0(0)(~ - Y*) - A y- u)) da'dt > 0).

(2.15t) Vit E UJ,,,, /Q(Nu* - q*)(ua - it) d1i- ri >- 0.

Remarks. (1) Theuse (oii(1itio115 nte also slifcit'icit for- optilialdity.
(2) We also notice the cotulpl('tely deccoupleld character of (2.14), (2.U1i) tulid

the fact that the Lagrange multiplier q* Is inl Ll"'(Q).

Example 2
We c'ousidler the immure dlifhficult case where thme statev constraint set haus a void

inter-ior evCUi inl L'(Q). Inl the gener-al problemi (P) we intay take

(2.16) ~(Px, t) '(;I, t) = 0 oilE

which iniplies that K has a void interior inl r(Q).



?v IA011it li T OUOI 1. Nliinikikkui 1). TIIii mI

We imipose a wvry wvak ai*suipti oiluu A7 iixl 11"'j, WhichI doesI hiot r(NiIIIi'-

3f, 9 E L2 (Q), 3p > 0), 3ii E t Jrid sich that
(2. 17i) f (r, t) + P <ý fi(.r t) <5 g(x, t) - f) itc. ill Q
(2.17Hi) ýP(x, S) Yf Gjp.r t) •ý Y!/(;, 0) K iý ( t) illQ

wwrery. =j~ T(f) mtid j., = T(g). Wev IotiV(' that the pa&ir [F.ii = [7(ti), ih] is
hihhilitssibl)( for (PI), by ('oiupris~oui.

Weu defiiie UK, = T(iia - pi.), Vh E L' (9), Ij -jjQ 1. 4Sincev it holds

f (x, 1) 5 rt (x, t) - ()H (;.1 t) (.,t)a.ii

by (2.17i), wve get itgaini by compiiiriswi.

that is yh E K by (2. l7ii). As it cuhisequeiceir, the' palir [y' . ri1 is aiissibixihe fol. the

Proposition 2.4. The' *xciuc-twc jq.} is botaidrd in L' (9) (11( q6 - q* witkiy iii,
LM() l(9) on a gctc'raiized mubscquctice.

1The( proof is id'hitietld wAithi the lmoor oa Propusit~iou 2.3 by ushiig thlt, abIove'

the i~tnssagt! to the hiliiit ill theit ai1)oXiililtie Ujpt~iliahity (oii(Iit~ioliX is4 110 1il)I' ti

We ohixervc' thait dip /U - A,= Fq + it, +.f. We uise thisi ill (2.11), mid t~hicn
we adld (2.11), (2.12) to obtaini

( ± q') Ay - Fq1. - i,- f) (h. (1 + j(N ii, - q,) (it - it,) d(Ix (It > 0.

Theii we have

(2.18) [1O, + q,-) At;- - Irci fisq + It) (h. (It

Ot / ,f

Proposition 2.5. (i) For na y it E U,,(, fL'(Q). yj C- s eitc that LF,/d~t - All -

L' 2 (Q), wie htave the first order nwc c'sa?yj covi~it~ion for ('P):

(2. 19) f(1* + q*) ( -Au - f) (3. (it - p ii. id- (it

*+ IqNu* (it - W) dx fit - jQ qit > (0.



*~~~~ 0( Oplinnetu~iaOly robi 7m. for mii i D-qcuuidied pfavibohr (OrlD~ plipi ~bhi~mi

(ii) If flu, mv/ of e(uhisibiuthl r~iduru pairm dcfinre'e in. (i) ix~ drumv~ in the xr't of fill
adidmj.ibbl piairs,. thf-n (2.1If) Ii. also a s.ufjicir'nJ oplintalif t condition.

Proof. 11' rhe tvst funcitionsx y anid it ar regilarti, tOen (2. 19) is it cons~ixequev~ ()F
(2. 18) itud( of Pi-opoxition 2.4.

C cii verxey, l10. [1/, Ii]ll be liy kdlini ibl p itil fi~r (p') aiti [Yl -, 1,111 11 vgiIn il
1Clidilisibilll( 1D('II1Cic( fm (,p) tiili tht. !/, _ I/ ill 112 1 (Q), Ill' - nil L' (2). Tlici,

lk' (2. 19) midl dhe fnct that. it, = Oy,,/10t - A,- f. we 1111v('

/ ) All fJ' -11 fit\ eb /)*t fix (It +l± Nc6u, i -* (tl dxr dl > I).

1Q 01 ~ 1(4 ./
I~1Siliig 1.0 the liliiit. It - CY,. WV' get.

).* (l -Al f) 1) d- ,~ 11 ~* (h ±i / Nvit* (it - ) lx ill > (

b* ( bH~ /) (~! - W 1 1did N4 Vit* (it - W ci: Ill > 0),

luiic ilitcgl-lt~ii~g by piIC-tx, wC obt~iljli thali. the( pail jy% . ii is DDIt tilUIn. [j

Remonarksi. (I ) Thex opt inlin~t MYconilt iciixi (2. 19) ide il it c IC eiiiC~venipldIct 1,611i Sillcv
only thev (cilCttIi-i Iit~i *'s 1(lCv dutllplC'C. If' Ii* (Iand consc(CIu1CitIV I') is regulbi. (11 q is
ill 1,2(Q). l(i thel C'Cll i)Ct.'~((' cill c Cy ~ lijphCI CJt~iIllinlity 51istv'iillY 11, e Cbill liiell.

(2) I'Ibe aitbv( zextilt. c'iniiict. b iii f,61.eCI bly ft li' vilutxxind lip-lc sC)C iClicf xII lie

Examiple 3
\\( gJivc lililt ICt(i-lnt~iv( 1pl-cl)hCCil toC E.xioihijIC 2, IIic mimic1 iiilibe dmic' I~ ill

TExniiiphe I its well.
Assumi~e tlitt. X is liltiv xhlsliDCCD 14, Ow lie l CCCI O pic xlIC' I'. picmxi , v IiCoi dlle'ic.

Suijposc thact tllliei'c(Xist. if E V' (1nut iievcxcsllilY ill IMI 111 1)ic > (I 1lit'i (111111
eNýI aw It i11 1 pvc: U"I.' fir n. imY A'E . --x I.

fh lie - [jNI5(. ý ii ± nv'' IC ad~iniiiScI( fin- (P. mid.l bY (2.11). (2.12). we n'i

+ q )(U Ci )di + /(N~ w~ )( + pi, -- it.) cliIll 0.I

-p /q.*i l vdi _ - N it, ( 11 + pi, - ii, ) fix dl1 + / p. (ýi - fq -y u- it) eli (it

fin' 11I.Yie, E~ X, 11-1.% 1, thatd is {q, ) is bouniuld ill X.
11' X ((juids L"(Q), thiiC we' get. that. r, I is londoiiCCC ill IP' (Q) eveni i t Ilie

'list, whiv Kt i tt hxvo ICIid intit( '1( ill L`~((2). TI IC CinC II Ii(vil tit. y p1111W c )11 IC C~ illx thle

pl-twiCili i ('Xliti lijlp .



3. An augmented Lagrangian algorithm

gluhigini Algoritlinit for slt.(' anid conitrol (Uhistlrhilt'C control pol))lInis. 'Wc niiiki'

whiich is saiti~fied in it vtriut~y of iutlISNICUS IV iSCUMd inci~u i Extuniipsu 1 atuI 3. Theni
I lit re'gulalrity condcitionis for I/ and it. ha' nto loniger nece'ssary and tw l pin i~t~i~liity
coudiht.iots an' valid infii dthhcouiplcd forni (2.14), (2.15).

Lt. .1(11. -it) detnote' the cos~t funictioni ini (P). We' (tonsi(Ir tHk pblrO)v~ininI the
ah)Mt.ricf(t. foini

(3.2) Min .Jyit) E.y K, i E Ufj.~ 1 = T(ii).

whvrv 'T is dfined by (1.1) (1.3). Let. [1 . V. Ibe tIt'% hiiiiqttt'c opjt itual p~air for (P')
(Whiid ('Xi~t4t MONid t lit IIUN11 t~diiiiMsiil)it~y lhypodwseis) . Thvre is q* C L (Q) sucli
flint. Hie opt hidfiity conldit~ionsH (2.14), (2.15) hiold, and p* is, ws hufore. thit soluitioni
(if (2.4) (2.6) with!r tjli 9, 't'~cd bly j* . Let. its (h('itic tlhi( 1iiigliciieitvd La1grilxigiati

(3. 3) P.(1/ it, q) = 21 , N

w~~~~ huq All -- f -)~ti( 11 (~llYn ~)ii' 1.1O il (i t~ + i 2 0t Ay -- f(1h'.:

Algorithm.
1. Iinit~ialize q C L2 (Q) and it L (
2. Uvrt.(iitvg qj, huti It, 11 1 wi ig givull

&ai. filidyj,, C K. soliution of'

NMiuily E{ K ( - Z'02 (1.,lit + q , j~ I

4- Ay f it, I dy(Iiit}

2bi. findh It,, E U,,,t, soluition of

I I N 2~ -(I (It1) (X t

",'I if ayn/Ot -A"- f - It,= 01, thien STOP, else
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4. asslign q,.i+i q,, + p(f)j,,/dt - A11,, f - Whevr( 0 < pu) !ý 1) < I" 101

go to stop) 2.

Theorem 3.1. Undcr the above a.mutitption, viwetv

(31.4) it, it- shungflyJ ini L2 (Q),

(3.5) Y11 -- 1' ,jtj.Oqlj.y il H2.1 (q)
(31.6) qy+I- q'ha- 0 .stroniqy in L2 (Q).

Proof. hiwtgrating by parts in (2.14) and nioticinig tHim Oyj( lt - A1,- f - =0.

(3.7) W - --,)(01 - Y*) dIr dt + q- - u - A(y - j )) dI.I (It

for e'very y E: K. Siniitiialy. fruiii (2.15) we gvt

(3.8) N 11* 1 -- u* ) fix (It - q* (it - a ) dx (it

for (vevry it E U,,,i. Stveps 2a and 21) of thev nlgorithmn givu

(:u.)) / (y,, -)(y - (,I') (I it -4 /1, (-L ( - 117) - AO/ - !J)) did!(i

+ 1411 1

(3. 10) N u(hu f 17 bit - / j v 7 (it - 1,, d.).d(t

14JC:; - A1111 f -U)(11 - It,,) dx il > 0

for 'vvery y E K andl a G (ln,, r('Kj)('t~ivey. Lvt us subsl~.t~itulte =j y,, to (3.7),
It =It,, to(3),j to (3.9) anid -i u* to (3.10), 11i1(d themvi il thed (dicotaiii((
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ilI'(pllalities. In t hiis wiy we gr,.
+ 2

Il;,, -. v'l•. (+,• + NI.,,1 - '~m,

+ (qh - (J) (•(.j, - Y*) - A(y,, - y:) - (, )) elr nt
(',,., ) 2o I

+1 f( I,, - *) - A(0,, - u(,, - Un (Ix (i < 0.

Let us denote' for it whie1fill = I/,, - .y and ,, - u,, , - . Then we himv

l 0 - Y ") - A01", - !/) ) (i ,, -1 (,, .__ d,,'.

(3.12) 5r d

Let us write (3.1l0) first. with it - t and 'n - ,,, then with n ail U -- -, anl
n(hl tht two ineqlfitievs. Theln. Ilsil•g[ ti .1 of•5itht 1igoitl with 11 - 1, we
get.

"L (f" -il)1 ()
i) > (N + i) Fill -ii,,

Cmombininug (3.12) anid (3.13), nid nmot icing agaill that U•l' -t - - ./ - , = ),
wv obltanin

2 (Q
" (A ,, - IL) - Ait,, -I ' l (c .,, - 1,.,) It,, - X (i t,

+ (in- /) 
1 1 y,)-• Aj],,,:.1 -- f -tu-i) (a.,, - ?,..i) ~rt.i n

I'
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Sillev r p Ž! 0. this is ('quinividet. to

Pw 1. - aw* dJJ,1
I. 2 f - V) ? - - n.1)d1

suIldcl oiwc, (3,11) IWcoic(

of -U II(q) + NI ~ (Q)

Let.O 115(iiw.(

2 ()j(ý _9J

(N~ + 2j +,'Q 2 ru,- ~~;
+ I r I pý am' <,0.

Al --- P I, -I - +u, - .-r 1(34)2 (Q) f t il (Q

2 Ot /q

+ 2

-Aq, -, \' I; (q, (1'C

Wid Ilse lirvc agnint th stl) m4u ii ot lie aigorij hin.i Thcuz (3. 1-1) Iu'v'uics

4- lu , -2l*1

2 Of2 "

+ L~i /ni ft - 111, -f- til,,



Tlhis itipl~it's

2 Of (Q)

2j ( (j 21

thitt. is. 1jI,, 14 is 1 I C let I tCl frlii 1 eI 1 l 'l itheit'it fl',Iit seq c eI (It''{ ,, Ij Cis Iovergvi i

4. Numerical experiments

CII ta l I wit'( W t.ii ( athe iglleI( tct( LligraiugiauIlli 111go-t1.111.1 'I'lt( d is' criza/lt.iC n of III I' d ivi-

Njl~ 111 1d ~l thi t' fili it.C C ifit'IC i- '1C'inoICt-hod, (iiI j licit 1Di 1(1) wi th nI pc'jC lIt 1- t-i . NIC'

it E Un~d { i E L 2(q) 1l (qx. t) < t(' ) 1 (,t) llt.I'(

Example 1
Inol(111 first. C'XlInliIIC we 111mC Ql =]O, 1 [x , 1[c R 2 . 7' =: 1. N- I in

/( f ) = (27r *+ 1) si11(7tr1 ) siii(ir.1'2 Pt  siii(:Ir~i I) sCin(31nt.I2  I I

sI(I i11(r I I) siII(7tl 2 )

MrcI'vC'. tit Cl~~I lvcn Ilat. 1111inCtios till

16(.1. 1~ X 1.),

The "tIIIvs-d st/', IUICIst N i-lv-io,1 ~lISVl- ls t h 1l

boun il Ilid liv coilciv il tW P 111 (X)-1') ( -5- -5) Fl~fl--iolS 111 I,

V -..... ~a.- Oil, Hine I. I. ar------------- ----- ----- _______4.1



Fi i 1;, A C0 I I I V Ii CIItI'II eI Ct iOj I fIS Il (Il 911( Ii i vl t 0~I UI Wn to~ i IoIIf'

0. 04 0 04

II,

I'l (ll-ti (4i tc 11ttli s ilId lisbt ii y d h r

*li ~~)=si(1rtist(3ri2( - / ) hc .h w vii ittc piilptr

III 4,l'Saedsrfzl-inw aeN)=9x! ýS o I .) i

ill licthm dicra zat-ollwe ille K = 1 tiliclv~lS ,At 0.). hus th
dieso ftlvunnw uc*si 10.

As till inta l(s(sw t( 0=- iii. .n tviio

stu 2ao0h loi~i ed ls ililfl] lvsfry o hc vh - ~otl

t he('lo n part, is' (habic 1. 1. fii a til fou t liet' S t Ill aIII i 111 0 olil a, go )d4, lti

all-uly ll ole ivrntioll IIIIllvcasur = . th i n imizu usin ill stvp 2a1 fi e to
f001i'i(i, It)owI valt foII(:till,~ cot fin(37rx2 ) Ilfv t /2.woih 1itt'rati. nis tilt t ill, opt itil, cases.

ill he itie (isvci/,U.io w.2 havero it at 10w tutiei levels; ( ampi 1). os h

(ltt~ 1 o f t. 0 he tii 0io oIht111 isi n

As the inital guesses e lose q~i 0 ad~. I.Tetttiiiiit lelIIt

stp2 ftiI loittt xecsilo 0 1 iti0ius o j (1 hc ( tieoi sl
~jr 1 Iu.u t 1, ] 'h ale iith'((S h~('ilt tiu ht'jitI~l I(il i

t.I tSliith p i otat g etit teii t I r mt.o Tolde4
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TABIiI,I. 1. 1. Reslts'..S of thet' EXUIXphl I

• *(, .) 4 - Ai - f - ull,(Q
ilitfiý valls - 0.11 49) 9.9(177

Ao o .f
11 0. 18275, 10- 11.44888. 10:

2 0.18237 10" 0.77093 10'
10 1 0.18337 1O 0.90683. -IT)

10 (18:,14.1 1'0- 0.28708 10
"1000 1 0.183,3 O-' 0.57937 - 10 7

TAB1,, .1.2, Results (it' tht ExaniviC 2

D . No. ofh 10

te 1(1,. 1) I'- All-- f1- III it v.(.J,(j. 11) 1!AJ -- Ay "
.172(5 0.5858 (1 S 0 .1720.1 0.5850S

1 0.21115 0.27934 1 0.2757.1 (.11 1628
2 0.21037 0.27651 2 0.27666 ().1129)1
3 (0.2090(6 0.271148 3 0.27875 0.10O585 i
•1 0.20854 (.26942 1 0.27687 0.1105:3
5 0.20(808 (1.2(1751 5 0.2787:1 01.1041(6
(6 0.208844 0.26911) (1 0.27755 0,.1095.1
7 (1.208:18 0.26876 7 0.27932 0. 10377
8 0.20802 (0.26721 8 0.27953: 0..1011.5
S 0(91.2(1 0.2669),: 9 0.27851 (0.101538

V 10.20828 0.2(6:S:3 11 0.27S93. -1.1-(3:3:1

No. (r 100 No. ol I.1-1o )
it.Cr. J (!/., ") 1Z2 - A -- f- "I iter. .(.y. ,) '"-- AY - . -

(0 (1.17204 0.58508 (0 0.17201 0(.58508
1 1.28,151 110. ()S) 1 0.285.1(1 (I. 1(1855
2 (0.28618 0,10491 2 0.28703 0. 104-53
S (0.29196 0.09399 3 0.28S(W(1 0. 10539

4 0.28772 0.10127 ,1 ).286S 7 0.1(1575
5 0.29129 0.09479 5 0.28670 0.10754

(6 (1.288:7 0.1(1(1(6s (6 (.28721 0. (0687
7 0.28726 (1.104:18 7 0.2876-1 01.10709
8 0.29(146 0.0197901 8 0.28795) (1.107(6(
9 (1.29063 (0(09829 9 (1.288(1 (0. 101730
10 (1.291(11 (0,0979S 1(1 0.2899(1 0. (10645



58 ptinli n it cou 7ditimv,. ffin' mmi- quarliJed phruin br~,Ipctmnnidti proYbirlix.

thisx liapplkediQ( CIIICCUd.y aittei (11 itCeflt~fli.
As c~oulid be It (xpc(t.('( , thet largvi' t-114 paliii itete.r isi, flt.l je(tu I 1h' .l1c iost rinlit-

0y~dt--A!= f + 11 is skit ifivul. Oil tlit other hanid, wit i xzinI ll(r r tflic' value Of' I I he

11 oblt.aili(t(l ill the cam,' I.' 1.

Example 2

.12

Our seconild ma'Xii 11 iii x ti Vil-linlit. Of tHIV fit OIe. ThP'Jll IWOM I (11041 ix t Ii
Sx11ltI, VC Xept thec foillowIing han hilicatmixn iiive Ieeii iladch:

Now we lhave :,1 = 1/2, anid

lp(x. f ) =16(x, - .1(x.2 *~

h-.'cium: .1. 1. (Xoitioh l Ciit two lime1 le'vels: h;xi0100Ilh 2.

4=0 

t= 1 ^
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III Oli s (.list,. -., d1 (' cs not 1 tloiig to Ki. I le (cCl ist rilf i. Ia 11(- i ions ~11 and U 11 III.( )5( 'ii

slich Quiat. t Ite sot K' is Very 'sitaoll :' svv Fi' "gim ir'1.3. N It eovii tI (1i('ie is Ito hiitt 'lior

The' pair [[I, til. wlivi'v j eulan i(x. t) =siii(3irxI') siii(37r-l'2 )(I -- 1/2) is
l1(1 liiSsibI Cl F1- th~is IW'e1 dini. The' e iscei t izat-ie ii is t.1( sii as114 b15 lie . as( Ct 5wvIl n s

tite' iniit- iei giuvsses for q and i( t. The in'i jt.iall gil(54t( Ci for 1 ioc C(V(', ISeis I('i''ivit., siiw(v

Yj(x. 1) = Yee(.r-) V1 E1t). 1 doe's Ilet. belong to K; ill t-his caise we' have iisvde I/=,;

Again, we' have t estu'e tite aigorlithi liii isitig (hifft-r('ii viltit's f'Cr r. hIt'l( stvp

(Wit'l the' iteint-ie m '0, we' ii ieal th le' vah ie s lit th e initial po in t..)

Ill this c'xituilple. the algoi'ithli (fill noet stelj) ill tilt' e'ai'y it-v'rlit~ieois. aIs Wits
th e' ease' iii the' pre'vieouls ('xaI mphul. 11ow'ei'., (11li i't.o Hic l'lar.ge' col i jli -ltioltl Cl t.i11'

sloiw Clfter' Olet Iii'st. it('i'lt~iC ci. If' we' look tit. (lie coeiistriahiii. )11/a, - Ay ' + u,
(-lie' parillvi ie'.(r = 100( see 'nis t.o give' the "'bet st." conlve'rgen' e'e. (ihi'a hgeciit.hiln wits

Ill Figiuni' -1.4 is pre'sviltvee Olet collt-reI a1 eolt.Cilit'I ill th clie'es' r = 1(10.
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CONVERGENCE OF TRAJECTORIES FOR A CONTROLLED
VISCOUS BURGERS' EQUATION

('11111S'I'DPII :1i~ 1. IHY1NES. 1)AVI I) S. ( ;LIIANI, ANDI VICTO " 1 .IS111,1ll(V

Depinutminut of Systvite s Sciecie andic INflt-l~l~ie tic(N

\\ashluigt~oi 131aiversity

I)vpIa-ýl'tbnet of MaItlicinlat-ics
Tvxns "Iuch IUuiivt'i'xitvN

olit i nt 14rv l. h r1(rs1111-CIl~''II I2kll k m , I'i t s' L. gaill plivlk l ecl-kSt ill thei I)koll~lhlkitv mili(It ilns

iLi inI [I. 21.11iii' lick t -okk~[It( lled proble is 011 illim' 1)1, v('11 1 tig tl) ikt( cntrl (Nkrakikkt('1s

to Zero whjile tlic e)' W il aikl~lIc sIvHN4Ntilk is ohlailtiik'dlk IW '4(1lkLiig (Ilk' Olltl-ol (kakmlkilt ('Is

to infiinity, or (litkilitivelv) kIN t-it(' "hligh gikilk Iiliiit- f 1 v %-tlt' yt ll;I I IS t alt iiis 1j)Ilkmick(I

plus iiifiliuity.1hit' illaiklk isilth. of I It(- plipo is it k lltil~illulkl. 11'l11ki(4llivllt. of, t~t hi si' k I'(kl

toot locuis rtsuilt whichd stt' tha (lt. t.I'Irajixt oriM Id III( ('(IN)') loop syst iiIl colml-gc~(

to thle t-lklj((htlieks of thtu /ilt IyllmiktIs sysI lk It.s II) gukils )krk increnslNud to iniilit '4.

19911 Alzit (I?) cm .t jUM .Sitb.1rc (.70%ijiurdimt.. 9':113(05.931:1(2, 9311352

/sr' woold,% mid phirrlse. Bolildoitr con~trol. noltinclar (is ribtlilvdl ('4I jlaititlc' r 551 ullis,

licko tlVyk~llilS.l)ics overigence l, I t Iljcj-tI till'.ý

1. Introduction

)Il'd1 itiecl' iytI (ti.iedot effor('li i t'. t.1ie it' t ihe ' ti lk'lit~~l or I at itdyxit of'I ( m list' rh'e 11

hoamt er stute-xpflc Fod f ~Ilepit'ec the elliI1toicetI1(5 Wli I( t.itt'si (l'I'('liC(' ,~' vl fedbc

contro vli Iw l hit. t i tiv s.abte-s casset 1111i~~ s of, ututll' di hI '((ti i(\' 411)11v10 aytvn ('11 ePs

them tswo Irk wdls op( l'tt'k arel (s ert il y r ikt i f04 kN 8",A d )83ill 1(1 d1trhl'XL cI4tk('( p ill'kklit('I

I r'l gratol.
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reitissalice ill ionliit(ati contro fioithory, Yie'~lding 5ysutIint-i(' litet.hodioiogics for I he
decsign of fevdiniek laws whiile, retaining impjort ant int-Iitive aspjects oif chissicii I
state-space and frequenicy dlesign Iiiethiicls.

Onec of the( importanit feedbacink design tiitdiodIs of classical auttomiat ic cI( ii il

is root 10(115 theory, b)ased onl the ob~servat~ioni that. inl the frequency cloiniioi ouit-put

the closed tool) pole's of at system vary fromn the open 1001) poles to th oen loopi 1)1

zeros ats the gaini is increased froml zero to inifinlity. Suece-(sfu lly exploitedi for vi(1 levs
for fiiite dimeneisionlal systems, this fiundaliciietal nllet.1i1d lois beieli ('XteUldd ti tin'
iioliihiiiar hiiit.e dinlit'isioiial eatse ( [41), where it. is known t hat. ats certain gunki pa1-
ramieters are touned the' closed-loop trajec-tories approach thev t.ridect-c)ii(s of, tile

ext.('li(I~ t~o the illfillitct diimeinsional case inl [4] where it faiirI.N complete mittilog of'
finlite (inillsioiial loot. locus theory is develt'oped for1 at (11155 of prlbit olic bolindi(l , %
cotolt piJroblemi s ill wh ichi till' i llptilt. and oiulitpu1ts oeccuri t hro itgi cer-titam bound1(-
ary oplerators aond I1 a losedtool)i( systemIi is 01)10 Iti('tI I Iy ei Iilo viynmg at prooi ioltil aii
error fuedback law. n = -A-u. Inl this case,. ill [4] it is sholwn tiat thli illiitiii it.l
mnany closed 1001) polo's viary from the (11)1 tool1) poles t~o tuei o11p1iti oop /Alols its

the( gaull is inlcreasedi fronil zen) t~o putIS or' liilsl infinlity, diep~endinig oiii the sign

of the( inistantanetitous gain. Definitng till' zvrio (lyialiics to 1w dic~t sv,%,stein oiht aiuccd
by cV onstrain inig tio ie 1 tpl~it. y t.o zeo oi r equ'0 fivavieitl .iy.ts tilie sys~t iii oh ait ii nc ill
the hligh igail n hii t., it. is po ssib le toI1e viliialcev Iii iaiy orf tdii chsici lS' resutlts oil St i-

hihizationl of liiiiiiitiiiII pi~l5I' svstl(,llls (i.e., SYSt-eiiis with1 expoiieiit~ialiy stahi le '/11(

lii ami lics). Ill ipartici hal. ili [4] it. is showni that. tue oile Iliiniil lter f ii i ly of'i clse

too))1 sllatial1 Ilp('at-ois Ak. tile anialog of' (A + BAk0) ill (huissicili finlite dfileliv-
siolial tllheol'y fooon anl 11iialvtfic faiiily, ill time gnili pirli-il'etv.e A% of' Illiil)Otiiii('I

opeMralt~ors, iiilli 1 iebrt. slte~ tSplice111. ill t.hle senlse (of' n lll 1 rI(sol v(v u cot verp'm'gei (cf'.

AA , colivel-ge ili tuhe tlilifotlI ollerlu ori t~opology t o t iii 5t'itiigrotip gellellit ed hY timw

Thfe inaintt iesutdt of the presenit. paper' is to provide at iiotillilil iea luiil~ii'I'li

(if thle troot fous1(11 rstlt.s obilitnliled for linearl (list ritilted prlIcn'aie r vstvi'ils illIll
for at iboundiary conitroiiedi. viscous Buirgers' equtat ion. Explicit] ly\, we shlow t hilt t 1ie
0105011-1001) tl'iiject~ol'is apprimc tili t.I II'tnljec (tories o f t.lie zeoo dyliki ic iti s cc~ Io iii

gain paramelli(terts 1110 t Ii110. S ince I' . e Zero dfynam11 ics( is eXpc a iii ltiiIly stibll l. t iiis (tie
sign tilmutlod aiso provides at class of stabiilizing feedback laws. Thefi lmtst- impliortanti

oiperaltor' forwmi a lloiii orpi i i1(11)1 U iiy i ll ii iv tue is o11 (f' lioinliilsii ves l vit coiiiveig'i (1

alill that. the loiitnllal' Untl'i is at Lipschit~z ollerwtor with resipect. to the H ilbeirt
scaie noioni guiiei'ated biy the squa ire loot of the l tiieai parti-t Thiis iupelwr r pit slift~s

With a iloiiztero ext~eriial forciing terin J'(x, t). Inl this catse wt- (tio not. tdbt.tlil exitct Ih'
the saeu trestult. Namely we (to iotit olt.aili exponeniai(ltd staiibilit~y. Furiitier ill [1i1 we
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shlow thlat f )1 lilivotI( fo~rcin~g turitls which ICv til(1'j('I(vt~v of tiniv11, the(re' vxists.

for1 every Iloiazt() valti(' of the g.aivin fitramet-er, n O(O loc lt l'llth-1to. It. is 11lso shIown

thait. as the gaills tenid t~o phis1 hitiiiit. ' vh 1Ow lod Iii ttators (-olivelg(, to tl iii Sngh(

ghlobl as ~'lvllp)t4)t.Wahy stal vc1'eiiilihwtitii for thw er d.i)(yllulnics symt.(lll. InI [71 we
(111151(1( tli pClrobivin'I (of ('oIIvrgvevlc of t~ritjectoli('M using ii priori vst.iinuttvs mand

(iduikin approximiatdons for si~tuah LV initial dantai. This, of (10se1, l1pepsve t'ts it
ilnarked improl(veniht. overt Ithi rustihts for SIItIlhI 11I iniitial data i. We(' ale not. able to
('xteI( I our' stiInigroipj lInet.hl(X 1N ll(I( for HI itiit-inIl dalnit to this, 111011 g('Ilrlid (115'.
On tilt, ot-hie hand1( we' ()ht~ail st-t'oilgtr ivsIII.s inl 16] Whichis~l to 1)4 1'Xp)('tC( fot

s111001hl(' initial Ii.

2. The Burgers' System and Zero Dynamics

C'onsider tILL unotrlo(l~lt 'vd VIScohilt-i ugvrs' systunil

(2.1) wI, (x, t) + FAull(xl, t) = P( u'Gi. f)), x C- (01. 1), f > I)

whevII' .41) Iis tlivt un111 ( i dlt(IC o1w~rat-l' A - -- ~ it ilIiio ( (llS(, i inll ,((), 1)

1J(A11 ) = if E 112 I f'(0) -f'(t) 01)

The' CotioltO Bi1'i 3ur gers' sylitvli is d(ine 'I tC II

t', (.r. 1) + tA,.. u'(;. f.) = 1( '(x. t)), xr C (0. 1). 1 > I)

Where AAk A v% itli doitinI 'D( AA.) = { I E ff2 (0. 1) P'(O) -- kf8) .f( )+
k ýf 1 0} awi A-' (A,, A-,). Note t hatýo. t A-,1 = 0, . tilt, llcwtl((lhltO1I( 5Vste(ilI

bo(0tud ary conltrols or gain illtralilt('rs,

'rilv fAI I(yIlaaici-i for tilu ou~l rl~ledI lButg('l5 HvNStcill is the1 sYs t ('I oh toiile
for I 1 inhi V~te valu oft tOlw go it parnm1 eteis . Thiis c' ~orrspond11Is It) t~hIL s~stellI

(2.3 w(x, t) + FA, iv(., t) = (ii~r, t)), xr E (0, 1), t > (
(1f, f) =0, wu'(0 t) =0. a'(,, 0) =(ix

where A, A wit hi (onatin 'D( A, i f E H.2 ((1, 1) f(0) 0, f (1) 01
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3. The Linearization about Zero

'nH' lincitrizltt~iun ithout zuro of (2.2) is thV cuii1trulludN IR-W, ('(111111I(4I1

w,' (xr. t) + fAk11u (J, 0), X r (0, 1), 1 > 0)

(3.1) -w.r(0, 1) + A- k)i'(. f) =-

u(,f) + t)(1 = )
lL'(d' 0) = OkGx).

Fox A,( = A-, = 0, nvitht-v (2.2) liux tlix Ijixuakriziltioxi (31.1) is iItsyImltoticahIV
xt-t.Llhh buIt. for A.0 + A., > o the init r ieiznltiUoi (3. 1) is itsm'xxl iv.i.Wly st nbIic. Il fact,
AA. is it xt-it.Iy p)osit~ive self&i(~juillt. o)~1wrtcA) for k11 + A- > 0, so intht. b~y theLx Imnuri-
Phillips Tiveuxein ( -(AA. ) gvnviute ite co tnxt~rct~ioii xcI iigr'utij SA. (t) sat isfying

IISA.(t)H < ,-A(kI

whewre A1 (A) I,, the hiixt. t'igenvixivaix of AA.. hII this caxc'. it. is cIaxY to show that

0 > A I(k) - 7r 2 , Ab. A' x

Thusx thev systein (3, 1) hits sohxxtfiui uw(t) sat-isfyixxg

whvvle( 11 is i the normxx inl L 2((. 1) il(Incedhiiulv tlit filivie jiiodihit

The spectrumxi of' AA. is giveni by Iiuxit-ive niixxumber A jIt- lix tli( root-s of the

2) ± (A.1 + A)ii(i )
it

rhxis v(pllittiuii hxa ixifiixitelv xxxnitt /.irxox {Ji, I- I sitxt~ixving

(j -)iT < pj tj < r. j=1, 2..

C wurt('xo )ui( ig t .o ithe vigen vI ithics A, 112 wv invv t. he 0' (01ipl )I -th4 4lt Ii aanix ii
xyxt-ciu of vigveiiciInt iois

21i(k ++4

is the iioriiiahi'izatioxi (ohlxta~lt.

L-
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ln, topurators AA. tlthivt itoilnihliitv( '4(IlI(' of Hilhurt spIcv'ts 7V' (n '1Z). If
(I > then'i 'H" conlsists oft vC'CtoO' E 1V = L' (0) 1) much thatt

(3.2) IH r(h 1 )) <

r Iv IcsliW(' N" is t. lit'I doiiliitil oftitt .l(, 1))vnittot A"' midtt thei. ll1W I imier pr (h.ii I i tis
Spic i gieli 1 I

which is ii w snitnit it (3.2) For ti' =f (p. TIill, operIcator AA.2 is d15 e oI'lii ili R" hY ty .i vt

tiý 1

Uinig tit hc ht that )( AA. ) is it cort' ill V( A~ it. is tummy to show thatliii theIolli

hel 1- al1'writ~t-'il tilt

*I 3) II, 1M2 (1.,. A.,) 1U12 + /1 1-( 2)'.

is dlcuse ill 1-HO.
2. rheiiino~itiilig H., c 'H, is collmpat.

hi'Il( scliiiiglohlI SAk(I) is givil 1).

fr III IIidi W Ih it I5 tis 5 (,I I S. IosIlow I IIt Ik(t <~ jA(I

4. Global Existence for Small Initial Data

t'X)Xli('itil tllh taility,\ of' 5thiltit)115 for smallt ittit iall d11itt ill 11' (0. 1 ) follows t'xatcl ,lv

5.6.7. page 159) of' [12). A more11 gc'lieto sitilt ttotli is cotts"itlrctl ill Owi' paper Ji

t i h is t.S l W V ( 10 110t .)1h t i tIill(I x t 1 j tat Cx ie t i a l. o n v v i-g1(1 ii o f Ui l u t ul' iig te r iv tf ( i . r t) ,

its f goes to hithuity. Ncv('it Ii wless. (velii ill t his 0111(11c 1110W ge'iit'ritl sit Ilitttioli we linc
hl('l tto htiltut (olwi-eg('lleof (II ltra' iti'iit.ofi'is for small1 forcing t-t''iis. Furt-hcivi-iuo'e.

at-tractorm iii HjI for' chil positive valueiwo the gaiti parmiucterstiud pr'ow( Hint.. ill till
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alpprolpriti~te s('K1s(, tit( local tittrac-tors conlVergC to the Sinlgle, global U.%y111l)tOt~ieahlY
su11ib(' (quililbriIulm for the zero dlyniamics.

Theorem 4. 1. Aor A- (k0j. k I ), k0 , k1 I A.%) + k I > 0 and any !11s *~lLfyisifil
() <"I1< A1 (k) < ir. thery, exis~ts 2, . .) .- ich that for (/) E H 1 (0, 1) lith.

th-cie isq aI -uiptif soltutionll z(t.) e 11' for all t > (0 of

-1(t) ± (Ak--(t) =Fzt) () '

altd, inlom-1.iw, the soltioin sa-tisfics

With. v = \/2(l + AI (A- ) j c ant hr taken. to br vaiy oumbcr' suchi thut

(4.2) A~A() I (A.k)1/2 + I(A,\ ) 1)1/2 ) <

The following simple vstinimatevs are usxed in ('stldblishing time! tlienrmia mid~ also
iii thw e 5(Iu(. We Antet( thvi'ii without. proof0 andi~ refcr to Ili].

Lemma 4.1. For each. p G R we havr

WII12 < \JA.()'I11'0112

whre ) <~(k)< r2 -is tit_( filrst viej'nvaio-t of Ak: Fflathl'fnoty, fi/ n Porm. (3.3)

is equriiah'nt to tht( If' (0, 1) Sohoic-ii nortit and, therrf our R( T/ (0. 1).

Lemima 4.2. For z E 11' (0, 1) vir havc the cstimuf~rs

(c3 = v/2-(1 + A I(A-) 1)1/2.

With these estimlates it is easv to see (cf. [11)]) thut. F is hwcallY Lipschmit z,
i.c., for 11z i11m, liz2 jjl < AL. there exists aLcolistalit, C' dependinig onlly onl Al. anid A-
but1 otherwise' i~lidejlwi(ldit (of z 1. --2 Such1 that

IIF(zi) - F(:2)11 :5 CljZi - Z2111.

Thim allows usx to apply tit( basic local existenice resilt foundic iik [101] And [12].
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Lemma 4.3. For z E1RtI andi P'(-) = w~uc havwe'

(4.4) 11F(:)II !S e (lizII'

w ei is dI(!illcd in (4.3).

Lemma 4.4. The' folair-ing r'sinilites hold

I. If y E H" Own'u for all t > 0. -we have

IISA.(tgelk <5 1WA ,

2. For y E L2 (.11i al~l I. > ()

(4.5) 11SkM(t)l11 (- (-) + A, (kY/')" /2 1W1

5. Convergence of T~rajectories for Burgers' Equation

Thv 11100t'inrsult, of this paperl is4 the( follo)wing th('or('i1 wII('v( throu(Ighoult th114
rciuainldti of tlit pilpt'I' Wv si' ii d$ t1w( the'lypot~he'ses of rlU'01'('l 2. 1,

Theorem 5.1. Lct zý, and z;, denote' flie' *%otltionsJ of (2.2) and (2.:3). .-- lrlv/
for the' samet initiol ddah ý') e wiflh

11,P11 < p12.

Thrin for arh-iti-aryi 6 > 0. their e'xst~s a N > (I so that fin' A-(). A- > K' we'it V

for (1-11 t > 0.,

Ill or(lh'r to, tst~ilbhishl b othi ('4) VvCgv 11(4' ill t Iilt' sp)tt~t ill ' tin i he fora i ueriicsi iig

All anid A'] its We'll it,; ('XX)1(llet~ia 'onIvergence'( ititifoiih ilY ill t.111( we' illt.1o(L1('( it

shifiitlt scin igrc up and1 infin iteshindut guiiifl 'rt.c ' For 0'I < ;I < A (A') le't

SA 0=(A;l sA.(t) = (, - 11)--i. l jA(f) 4 A, A =(C)

With cori'e ) oi''M 0cldii g ini iiiIit-e'shill A getIlivrt. 11' gi ~v'il I),%

-AA= r(-.Ah. ± 131). -tA,., = c(-A-, + 31i).

The faiiuily of operators AkaI gC~i~t'l&tV 1111 ihifiitt' scale of' Hjlhett lspacu's wli'hic iti
1 '11iltv(d to, jilt IeeI lpd v(11 h It, functions1 to, the' Hilberlt. scid R11'H geicri'tti b'1 y.' Ah

NluiI(ly, with
A I(A') - ,'I

AI (k)

We' IliIVI

c'12 IIA" /2ýl S IIA~~blI n/IA~2~

k k,1011 ý Jj~ 011
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Thel p)roof is straightforward: F'irst. note that.

IIJfl120112 = II(AA. _ /fl)rv/'2II2 =~ E (\ - ily' 1I,, 12 < 1 K 2 = IlA 12,;,I12

fu11( withI the de~finit~ioi of Co> above' we' have' (A - /1) > Q1 Aj for till j, so thalt

J1= I

Now recall that it ('ldksictl sohlution of (2.2) Mlt~ish('M t~he( vitriflt.io of pariuml-

ters formulan for () < k0 + k, <

Zk(~~~) 8k (t.th ±/"A - r)F(ZA. (r)) (fr,

its does the siolutioni of tHit, '/Ar() dlyn~amics (2.3)

S~) - ,_ (f)ý) + S, (t - T) F(., ,(r)) (fr.

Also from Lenin LI 4.2, wv have till poilt.wise e'stimhate

140'x, t) 01 z <'* t "114i (t) - --%)M111

with c defined in (4.3).
So to compllute at joinltwis(' mthillttv fo' tht i ftl' ( ihlvEl'( of thel soluitionis we livedC

only con~sideLr the V 110111 of the diffterence.

+ e'f 1 J jAj1.' 2 [Sk(t -r)F(:A.(-r)) - S-,(.t - r)I'(zý(r))Jjj dr

< JY"IIk'~[Sk,101- ,,AU) -S0 11(.)I + ~11A .1 2 i (t ~

A-UAJjS,,4(t - r)c"'rF(z,(Tr))dTIIj
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+ -- I/ f[A .'; / , r)[AA.',;' eli-It

+ I + 11+ 1II.

For the term II we hlave the estiumates

I ' I/
C,,I'll <_ IIA ,,l 7,)(j- "~'r(F (zA,(r)) - F(-'()I dr1

+1 - -F(z (,r)) driI

la + bIb.

For the teriu Ilfa we neeld the vstittuafes

CfjI'jlY (zA,) - F(z ,,)Il = ,""I'llZkZ,.,,- z z :l

= lZk..,:(Z, - Z.) + . - z..)ll
<- - (l!• 'k.,ll•. Z -. 41< + I: I )1 , - " l,

< " (l114-111614z• - -',Illl + Z',--I )1•.- -•111l)

_< vc.,"•'(!lz,.lll + I:,ll lz-- •• l

where we have used (0.1). Now uising (4.5) we olblntain

Ma :5 -.1)' +( I A(k)'I ') eX, (•A• U-' I. -0 IT (r

< (1/2) sup c 1"" IIZk -Z-I

where the last inequality follows from our choice of ) ill (4.2). Now defining

W(t) = slip r"'t.lzk. - ZlI1.1
II.•'*<

As ill the proof of Theorem 4.1 it has bevei shown that

(5.1) ' 1 lZk(. t) - Z,(, 0t) 11  1 + fib + fII +w(t)

I

I ___ _______



70 Covvr itre -urr of fral-c I ortrm fat' U MI co?Oltif-ld 71.4'04lir' lt 'ftT- Ihqqit ('i~tLit) n

1111d we nicel only sho0w that. thle irmt three teril11 oil the right catll( be 11011' less8
thait. h~ > 0) for k' tilfflicielltY large, uniformily ill t. Then we will hanve

2

Th le termii I is (()lsi(Ier('( fiI cet-aiil ill Lemmasill 5.1 to 54 rue n tiI b is consido(ei'dl
ill Leiiina 5.6 and tlia last. terni III is exitinin('( ill Leiimia 5.5.

As at conlscqenclU eI of the main t~henieii of [41 (svv also [11], Tlivorvin 1. .14 and
Extnlple 1,15, patge 374) we hanve that. the negat~ive selftidjonut operIat.ors ( -A
form11 it hloi~l~il)IpiiV Iaiiiuly ill A.(,. A', c, 0.Jwithl A.( + A.[ > (I ill the sense( of,
Kato ([1ll, Theoremn 2.25, pige 206i nn1(i nvrhVl(ii I .3 and1( Exan i~pl I.A. page 367).
Theivrefoe. dlefinin~g

Fe.(A) = (Al I± A)

for1 aiy A jg (-rx 0) wI' have

I1IR4(A) - R, (A)I~- 0. k -

where A, -. )o mieais A,(). k2 , 3c. Ill onil fn'iii or aijotlie. mosnt. of, t lwieolowinwig
rc's~i lts i-cp)1 oi' l thlis s trong st~at~vlen (t. cl('1 meeii ig the filet. tha t tile re 811 \vv~ilt-

cIII Vv1igv ill tilie tiiiii oriii n )(1wO tIr .o)1 t ulo gv ats A'() and( A-, tends1(1 to( inliiitivY.

Let- us no(w 14('nII 11 umv faict~s cnvnii er ng t. n ex ii elvvits.

Lemmura 5.1. 1. Pbfi ci'u'; f c L'.

It al.so followls Moll.'

jj,2 ?A.(, 2 , __ .fI11 __ 0 .4 _.

3. Fl'b (ill I > o anid H4 > 0)

.1. For oll t > (1 and s. > 0

[ S4 (1) _ 'S, (t)] R2 s I (t + 2), -'A'("1jAuI?. (.) - ?,(.(s) I!
vii-hvcr reciall that A1I (k) < A1(re),
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Proof: Part I is at well known conleqielncc (of th, fact that -Ak gt•;erat-e, ii

contraction Sueligroup (cf. [12]). Part 2 canl be found in [11] (page 501, Tlheo'cin
2.14). Part 3 is siple( algebrai obtailled by aldding and Suhbra clring c(,Itaill t.,rlM11.

Part .4 follows from puarts I through 3. E-

Again we, recall that the stuilning hypothescs are those of Theorem 2.1.

Lemma 5.2. For (vrCrJ / > 0 -wc can find a K for -vhirch A),, A. > N impli•s

IlSA.(t) - S,ý (t0)l < bc , vt > 0.

Proof: Take g E L2 sluch that HIgIl s 1, then

H1 [SM.(t) - S,,,,(t)0191
_ý Ill[S, (t) _ S-•(t)](!, _, .,"'(.,)2:g) I + .11l[S.S,(t) _.S'-(t)1]2 :Ic !--1 -+/•

Now' fromn Lenin, a 5.1, lirt I tOhe, exists .so) > 0 s5) that . > .11 imllplies

"hums by Leiniia 5.1 part. 2 we hav,

I-<_ (llk-Mi.t l + IIS '(0)ll 2 .,,> '

No)w bY b,(,nna 5.1 piurt -1

< .,(2 A(A l/,) 12 <_

wher,
C I I ax(I +• 2)(- k /2•! <IMX(22cA0.-I

aM Ill fohr('1, 'l .• fixe( as ao)'.'(' we lumI chose n •" so thalt l'()1 'i, A, A- > K We liii ye

<

Lemma 5.3. For •'v:cr! i'! E L2 (0, 1), hi blo-IdItI'd ,qi(.-dorx.

(5.2) lA. = A..,

(oil vcry fo the idntif•! in L 2 in tih strongq (Jpcfilnfo topology. Fulrthu- if (C c
L 2 ((), ) . tis a ' 'ottvrly (0mpact .cf iin L 2 , th.i'

sulp II[Bk - - , (k),' -A

0JI
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Proof: BA. is l)omlide by the close~d graph theorem amd the first. part. of' the proolf
follow.s froum norm resolvent. •onvergenice. S('', for example,, th' proof of Theoreili
3.13 page 45!) of [11]. The secoid part, is a sinIi)le general fact which (all bl fl IIid
for example in [9], Thleoremn 3.2 piage' 124. E

Lemma 6.4. For 4f C- H1 and h > 0 lhcve c(ri.sts a A .K-Suh thaf for A,, A- > 1K

I = C3•11-•A.,j, [Sk. 3 (t) - S,._.(•)} (/)11 <

fyL ill/ I > 0.

Proof: For each fixed t > 0 a sinil' Baiach algebra argimiluent cani i)' c'nployvd
to est.ablish this result (cf. [131 Theoremi VIII.20. pag' 286 ). But t,) toobtai tlin ,
rsult. niioimnily ill t > 0 v bit ioore w, wk is required.

-l A 
2
!] • I/2 = ' 1( -- 1/2+11,.•..•~ ~~ -I[ AA.< ... -{)] 1 II& .() x A,., - S, _.( )A ,,

1/i1lj 3 . 01,54I ,1( )~[ (Is,' 2 ' -0 16112
1/2[A# 1/2 - 1/2 A1/'12),

o=li' H, ,.( i 1 ' t fst. t W' 1AXe

(5.3) I .< .1 'flI''<'-IV • /2

+ArA,." Aor I]Atb' 5(C-;())[ A 1'.
(11..) '. IIA .'

-- I + F-/+ ill.

Now ,define 4'- A i'2.,/). For dich fir~st, itrni wc' have,

(5[.3) < .4 , 1 • I < Cl ' " /1

lI'M A.i, AI > K I. For th,,,i ('')i I.,'1"11

f;i 4:0 A-;. > N2 IbV Lcminaiii 5.2. Aind tiiill:y lOr t.(i thirdl htriii we iote th l ht li • S

is a -r.::• iively co'liip)•.t. set ili L 2 ((I. I ) for c, C L2(0). 1). Heneei v IAinimin 5.A. we,
liavo

(5.5) Ii _ .up A•..A ., -SSil.-l_.(),', _ . I/ /:i.

(Comnbininhg (5.3). (".4) aini (5.5) tho result. follows.

We ]avo' le't to consider the two rleminning trlrlis .Ib and III in (5.1),

I. .---. ~-
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llh- II] IAmS.. i;(t - r)- A~j~~t r)]";TF(z (r))(irII
I'tfAII2 1/2

II1 H - A_ 2,IS,.(t -r

Lemma 5.5. For ani, h• > 0) th'rc cx:rist. 1, K > 0 So that for A-0 , A-] > K 1r' h(ni

C!1I21 <h

for ci.i t > 0.

Proof: First. note that with 3A. defined in (5.2)

C11 2 II! I ][DA. 1 I /2 A.S,.,j(t - r)f"rF(Z ,(r))drjj.

NowV we show that. the set

S=U { A %L...•/ •.(t - r)"7)'(-F(.(r)) dr}

is a re lativelv (1 co11pact. set in L"(0, 1) and h111'1 , the v r ult will tifflow fl'oll! LuiUll
5.3. Take nt I + ' where (1 -4- )/2 < 1. Now recall from (.1.4) and (4.1) that

I"'11I"(z--(r'))11 .• ' "" ld lTII .1

\W r )('( (1 tio .Show thai theit set S is houdled in 7-(H "anI han'd ' it is a irclativel"
(')II at. 5(,t il L 2 (u. 1). W\' hav(

1/2 7) "1 -)r~Jr.F(: 7(-)) r

A" r )T) ) dr

(.11,,,11 2  1A .p.• S' .;I(/ - )II /-r

0' +d At/ (k)2 f. A(A-) J.-. \•2&.t/ +j•I." - t,•) ) ,.

<(f
< C' < '.



741Ci (~~I?'villce (of fra~errics for cofo jijlhtedis umcous Iiuiryc. cqI/INON C

VI11.20. pag(' 286 ).

Lernma 5.6. For (Luty 6C > 0 Ow~n, cxs a K > () so tha for A"). A-[ > K tor( boav

fIII <

for all I > 0.

(41T )11,

i'i~eII j - A j~S,.1())]17111

I 11 [Aý'ijSA.,l (7) -- A /2 - , .4(T)]j H dr

< ~ 1/ (h 1/2

for t( Millhl (11a iug11.
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Fo1- thle list. terin abo\ve

j /IIIA2.... (r) - A 2 S•.,,(r)]I! dr

< iiA... .(T)II + IIAji.S..;,d)jj) r

S (A (k) ,

< • d.x<vT()•.-O••:

for I i large 'vin)1ih.

Finally, with ito ain IF I chosen abo ve,, We( Wied oll1y (ilitid'i. thu ilt.('-egral over

the fixed reg1iot ['a, Ifo which is campalct.. Thus wc cous. Ihi'r thi teeirIi

/ I[~$~S.,r- A• ., ,r)III Jr".

Let
i __I = " (A -- H)l/2-'(.\i), A > j•t O A< /I.

The f'unc'tion !h, is a unifo(rmly colotlimlloos fillictioll oil R. x Itu I) 1111 vallish•,.• at

infinity in A. Furthermore lby the spec)(tral ihi)-Ivit
11.2 .1/2 ,A

!/,(.4A.. t) = ,AA.. AS•,(.), y:dA,,. t) = A,. .
411i .si,.u [I,,. 111 i tLiml {.',.) t. i,, diiS iti htiti'I s { I, }oSuc ,

N

tI "I

111141

sill) I911(A. ) - ,q(A. •.) 5-
\(-_R, c1, 9(f1 - tI )

f, j -- ..1. , N which imtplies by tlh spctrnd thdioreull

A/ ( R,' , (-1 W osfor) IA,.A ,m•a.r )- Ae,..irsv..,(. )d f k ( it-

totll j --- 1,,. , N. A sinmilar eTxpressiont holds1 for k: =o.



(Y l11- t~~r, (If lpi-#ijeC/nimn's fnif (I ,nn h7O/lctd VIisol.i liq4 (1( iJI.

F ilially. and a iiciga in as a c nli sepIc lice of t Iii' Spectral fivhon vin (cf. 1131
Terem ~ICIi V111. 20. pige 286) and iillt lioi' i Il re '1 )VeI1I. Cc illvrie V II(('15as got to1
itifiiiity, that therv exist~s it K > 0) so that. fow A-(,, A-, > A7 and for j .*. N

1I /-2~.'~.) ~ '' 9 t H

Sil IIIAk.,K.SvA-,j~) - A~S cr)I T

A 1/2 I[~(s.!t/ AjS.c(-r)]I d-r

j=I' I -1 
,.

+ / 1 1 ;]A~ ~ k.,~. ) A1 1- j!. S, )1 11 (17-

4- f [A I 2 ,S,.j(r - A 2 .'~. 1 s)I, (Ir}
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OPTIMALITY CONDITIONS FOR BOUNDARY CONTROL
PROBLEMS OF PARABOLIC TYPE
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varioms data. Here. we just wish to meneition the fitc! that. th( runlnting cost L is
ifflowcd to l)be unbl)ounded, I)rovidcd th.it a. co(re.ivity ecnditit lon of' the' forti

DAo > 0).Al E R : L(:,.,x 1) ? AO 1.112 + ,\CV' E [0,7'].i E U.

is satisfied.
The litetrature on oulndliry control is hnig(. Cl('Uily. tlh( Lilost invvstigatttd c(1(s

is the Linear Quadratie problem,, see fio instUnc('e [10], [3]. [1,)]. Aiioig noidinevar
bIouldary .olitrol problemis onii of the first (Xmxtplspe to 1 st tidied Was t he (olivex

C'se,, SV [1], [13], that requires a liltiei' state ecquation and a convex pmyoff. As tor
ge'nral nonlitiitir 1ouiulry control l emihu s, most of the results that. are tinvilaith
in the lit.ernt.irt, are coiiverned with necessary optimality conditions, see v,'g. [9].
[10] and 120]. The Dyiannic Programming approach to) nonliiea, boulild(Iry control

pr'obhle'ms is mnore recent and ii ses vis'cosity solutions, see [61 and [7].
In this paper we focus our attention on hoth necessairy amd sufihcieiint codi-

tiolis for opt.iniality. Necvssary conditions will be stated both iii thi well known
traditional form of the Pontryagin Mkixinmni|| Principle (see Thelorvin (3.1)) mid
in tlhi' Hmniltonian formunlationt

,r'(t) = A.,x(t) + F(.rlt)) -(-A'Ot..().--4i,()

(1.:3)
1 / f =D A p t i. .- t .'( .(

whuer H is the lamnilttonian :isociated with L. As uisunl. sytelim (1.3) is mssig•,d

the i alitle-t1'itnal condition

(1.4) .r(t ) r

I p(I) -Dqw(.r(T)) .

As it. is done in [1] for distributc l cont )i-'lbltImi., the torimultion ot thIe Po'i-
trYagiii Muxiiuin Principle is 'oll)pIivleIit (d with co .'atte inclcisiui.'4 oh the type
derived in [1] fur fin ite dimen sional control hlem!,his. Roughi lv spe~tking. ,uch in-
clusions establish a conim•etioi 1 et.wevil hit' co statve .,uS)c'illt('ed with soin, fix'd
optimnl pair {1.r*. it 1. and sorter g•oem rliz'od gradic 'it. t th vwohue lic jot h n ilhoig

the, optimal trtjectory rW.v We ret'cil that the vithe fu im, tion of poblehm (1.1). (1.2)
is defiie•ed as

JlLh•' ai iii i jc'(t o•' t his pa1per. however. is thc gveiralizatjio f n suftici•int
optiimtlity conditjuion ohbtaiined in [4] for distribute(d control problenii,. Such a resu.lt
is based on tle idea of rcplacing the initial terminal condition (1.4) with an iiithia
(Oiiditioii of the form

(1.6) r(to) = ;ro
p(to) = pu
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where -po is a iiist~er point. for the .r gradienit of the value fxinitiou V at. (tn..r).
More prvcis•e'. ext.ii(ling the riTult of [,4 to bounalry control, we prowe that, for
ally such po. problem (1.3) (1.6) hasI a solition whose I' xvoilipoil('it is all optfimiil
trajectory of (1. 1) (1.2). Other kinds of suffiheiit conditioi•s for bondar'y conitrol
prlhlevius are di.•(c'Kd in [12].

Moreover, ill this paper, we prove tflit. the s iittiou of systevix (1.3) (1.6)
is uniqur. This imipiiuene.s 'suxit. senms to be new evel'Ci for distributed control
i)'ohk,lis. Sinee in s vst-evi (1.3) one equation is forward mid the other one is
backward. a natuiral aplproach to the problem of uniqueness is to use backward
imi(piviRs tecliii(piii). A d(letiled discussion of these tVChnii(iqi(ui. is coit.aliimed ill
[141. In this. paper. however, we adapt (ais in [5]) the method of [171.

We conclude with all olitflic' of the paper. In !j2 we recall basic material
oni bomidary control problems•. including ,iomi properties of the value foitiction of
problve (1.1) (1.2). Ix .h3 we state nece.ssary conlitions for optiuiality through the
Pontryagin Maxinimn Principle (Theorem 3.1). We then formulate its Hamilt-oniai
V(ronioil and We show 111 existeiic( and uniqueness rr,•ult for this systevii. which is
also at ,ulfh'ieimt condition for optimality (Thexremis 3.3 aiid 3.4).

2. Preliminaries

Let. T > 0, t,n E [0, 71 and Ql C R" be opeu mrod bounded with smooth home1d-1
ary. Consider the followinig bIondary value proll ci with N cxiimin condxitions

A~r
-• ( t • = A • /: t , ) + '( ,( , ) ill ( t o . T ) x Q l

it,

O•- = ui(tl) n (to, T ) x S2

whe're .r. . L2 (S!). u L2 (to, T: L'2 (OI)), and :f R -- R is Lipschitz (ithinwiiUs.

(Giveni coilt~ititoits finctions L : (0. T7 x L 2(j5) x L2(M)I) -- - aixnd! 1,2 (s2)
R, let uxs considuer the probhlem of minimizing the fhlictional

'I.

(2.2) .I(fto. Xo It) = L(t..r(t, .). i(t. .))dt + o(X(T, .))

overaill controls a E L2 (t1 , T': L2(012)), wheir .- is the solution of' (2.1).
Problein (2.1) (2.2) mxay be rvwritt.eix il aastract. foril' amt follows.
Let X = L' (5), U = L2 (01) and dett lxle thu uillh)olllxde.,d op(erator A ill A by

D(A) E~ H2(52) - = 0

Axr Ax - x.

Ur



Next, we defk( ine O N('munziu maip N: U -~ X ms~ (s'e [9jI

Formxally, equIat~ioni (2.1) nuiy he. written its

(2.3) { .(t) =Axr(t) ± F(.r(t)) - iN u(t)

I r(to) ro

FGO)(W = f(,r(O)) + .r(C)

is nLot. 'on~t~ainedI inl D(A). However. we' niote thait. N Ilfl2 sonic re'gular'iz.ing (effect,
IndeedV(, N L~ 02 - II (1). which maY he' xpn''ssud ill idist lac. fhim 11siig t~lii

< o) <

A it,

stht.sHn for evve y C) > 0C thcr {. ý2()ist C, > 0 suc I.

V.1) E M --A

TNi11orver vyni n (2.3W. c .I .a wll be W itten its (ila ojincjai~.~ 1]

(2.6) r'-A )'r ' Ari(t.i)L 4 P~('rt. V + !-)-'~i(v) )

wher'e N.
1 

= (-A)' "PJN. Clenfly. cquatioli (2.6) has1 tio hvI undvi-'stl)(ld ill iluild form.
that. is

(2.7) .i(t)

CO( toIA1.o + /Cu" (-A)"c1 "Nwj(.,PI.% I(, f < '1'.
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It is well kniown that (2.7) haus it 111i4q1 sollutiol

.i(1k to, Xo, 11) C_ C([t0 . Tj X)

l111(1evr thle following assliltptiolis:

(i) A : D(A) C .X -* X is at (lelscly dlefined close(IlLI(inva operattor:J(ii) thev incluisioni D(A) C X' is comipact and A =A*

(2.8) (iii) 3u; > (I such that (Axr, r) :s wIr2, Vx E D(A):

(it?) F :' X X is Lipschlitz. contuimons:

Thev valuev function of problem (2.1) (2.2) is de'fined ats

(2.9) V(to- ro)

where L : [0,1'] x X' x U - R and 0 : X -R itre assumledI to sat.sfy t lie followinig

VI? > 0 auid some ('onstatilt. C11 > 0:

<ý CuIxr - Ill. Vt. E [0. TI, it E 1, IxiI 1, 11 1I?

20) (iii) L(t.x. -) is strictly con1vex
o21) (iv) 3Ao > 0, Ai E LR t.x, a) >: Aolul 2 + A1.Vt E [0, T1. 11 c U

() LU .1,x -it) - L (t, o) I.

<_ Cn?(l + +I ± 1)1i-I.Vt E [0.T], it, i -i Hj,~<

A control n*oz L 2(1 1i. 1,: U) at. whlich the ititiinmimi in (2.9) is attainedl. is said

to be io ptiui ai.. Equ1ivall(vii.y lY. is 15optin ial if

V=t /.o L(.m. (s: to .ro. it). u*( (.))d.s + r,5(.m(T: tnro. it))

The flow iniig Leninmia will be isvfulI ill the 5('(luel t~o prove the Pon~tryaglwin

Niaximttum 1Prineiplv. We (eleote b y .1 thme pimyoff finiitioIIal its-i(iat.V( to prblmo ii

(2.9), i.e.
7'I

(2.11) .I o ii:) J, L(t,x*(t; to, xo , it), ii(t))dt + ý)(x(T; to, "o. It)).
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Lemma 2.1. Assunie (2.8).(2.1.0). Thrie,, for any R? > U thcre ti.st's aI. cVltstiatt
Al,1 > 0 stich that, for an~yxi,r E X. with. j.ru, 1: R, (17, ani to/ conthyd 1i E L2 (I. T1: 11).
thbcriv exists Ti E L2 (tuj. T; U) sati.-fyi-tng

U0 T40 !ý(T -~i Vt E [h),T]

Proof [Il the following. wv will nssXiiIII( t~hat hyp)(tic(sis (2.10) hiolds tnite with
C,, = C jildvpundtit. of R?. Theni. the ('olIstillit. All? ill ( i) kll)ov( isaitsti i~lldcp('i1(vl(t
of R?, its we( wvill show beVlow., The proof of tlhe gveneril (.tls(, is siInlibiU. andi is left to
the, rcachr..

Let it E L'(tn,7T: (1) and (leliC, fo- nily it E N.

1 {0I if t e1,.

IN~l-Or~vet.. let lis set.

Thllen. leant.inug 1by 11,1 thei Lel mvsguvi c'ittesuc of'( I /,, we Ivi iv

(2.12)

.1.

In

Now, recoiling (2.7) anid (2.4),

M

(2. 13) Ix,, (s.) - x(s H C1 / [x ( r) - .tdr) +i ± C, I , (r)drl

_ . ........



WIVh(T('\ (l('Iotes thlit chiUarterjst~j( funcetionl of I he miet, I,,. Le't

Then. hite~grat-ing (2.13),

C, rim)(L4 + I, (is LN

.I . I . (S )"

t
n

I,

Hence (.13 hY 1( the (a'stInuulit.y'a V.i.folwtht

(21)'0, .) :- cr~ C1 /u.'Id' +1()It C- / 11 ~(r) dr.

Using (2.14) ini (2. L2) we obtain, aftevr 5011W tedious (oI1jp~tltatioL1s.

(2.15 I,,, I,,1

Euintiliv, we claimi t-114t. the figh t. handn sid ofil (2. 15) is negat.v 1'e ()r si Itilicicutl larhgv
iwh ich will YieldI t.he concluisio n of thl e Lemmau. Ii 1( icc .

IA , I I f I, ! 1 I' d t A I ,, fi 2A ,, I (1

p~rovided( it is large enumgh. siay it > it 1. Similarhly,

(' /I ~)I~ A,/u(rId C' /i) II O (r)Idr (I



86ur '-?i1 run1,~ tiyi )TbIEcr of pamuiyinlc itip

if ii >- n.2. Furt l.icrinore,

rf(7T - 3~ A.n I u1(/.)KJrd < C5 / (T- -);' dr1 - .1 (T-r .y I'

ifit >1):, rTl(v (Ililil fdollows luhir tit 1 pioof is (oIlijll~tc..

We no0w r(canll the ileuinitfiois (it Mille g(IIvral~i/.v(l gi-niui'its flIint wvill Iv a' 1I(I
ijl thet s( (pi(1. Lvt D he acni o1 w s l' 51ii )st. id A . u I' ij er Ii lw-ifi VI-cit jl of' n fril ict is i

v :) -p R at. n. 1ialit. x() E D is the (; ssiblI ('iiil)t~v) set

(2. 16) 1D 1) i'.r ) {p hill supi .) <(41  0 p .

I.,(I lriof~' ImiViso D) s(in) tha.lrO iiVCtI o vie tireestasejeii

M (o ')x, In s It -, +x
(2.17) (ii) 1,i's Fo.("iet. diftz'vivit iahle at. in,,

(iii) i -(., It as al - +X

It ' vis Lip~selit-z illn aia'igliklxuIhood I)() ol *1'. t-heI I. is F1"6clat rhifelecutiýItbli oil 1

Next., we rlecall ai 1ij)s(1iil./ itegiluiritv i'siilt. f(11 thct v'niit'hut fi tioui V diltii'lv
ill (2.9) liovvnl hii 17] (see also 01).

Proposition 2.2. A .suinnr (2.8). (2.1()). Thiris, Illfr wia/. fuictnef Vu dcfli d inl
(2.9) is~ continua asi oni [U.T7' x X. Alnnnt'rr, f~r (my I? > ). (Ind () e [0. 1ý. th/un
rxists C(u.n > (1 much thait

V~,1)- V(t. ii)! j ( jPI(-A) "(.I - l

for all IE [0, 7 (Indl a.// x. y C- X sathsfilmn .1-. y( <i IU. Ill pout -iflr ./n ,(). (lI//i
savh (I and x.

3. Finite Horizon Problem

Ill t his M'(t-joii WC Will deriVC lwert a'Y Iid 0( suiflicitiit rtiiidit ioiis fol t li(' pIonl-

wIIwit .1 is (lefiii( ill (2.11). Ill addhitioun t~o hYpothleses (2.8).(2. 10). we wvill wismiiiis
tha t.

(3.2) Wi F is Fr~lict dift-iel~iit.IbI(
(ii) L is Fr~clwet differcutillhieI wit li respect, Ito x..
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Notice that. the alboV 85511111tnipfios anId (2.8) (2,1(0) ýiiipl ' t flut DF .111d lh L A0,
b)ounded(I on~ al)(l(l bounvd sbset of1 X. Mor4uover wc w~sihi ntW ONO four slfitidiliý '1 "2

(3.:1) D,.L(t. .t. c')J < rc 1 U ., ii) + j

Let T,7= L 2(to. T; U.). .()= .r(: to.x.rc. TO) and pr E5 D' c'( T7) ).

W~e r'call t~lHt thev co State, 'sW.5iaited( to Jut' tripjlet j i. .i.ji I s t li mild
soluion toii ti)f-i probleicn

{p(T)=
Theorem 3.1. Assunic (2.h). (2.10J). (3.2) and (3.3). Let I I N itj/t-a aptirnaii

pair for' p)IYhhlfl (3.1). 107 E ))WOCrT) ). mid Ict Fp bc Mc~ conr.~i-c dtnq ,im rsteit

(3.5) - 73(1 E D'~ V(ITi(t))

for (III t E [to. I'[ alid

fl- (I .(,. tf E [to~. T], inhere1

(3.7) 111..z p =511)V(Nu,pu j) 0-rL,01.cuJ

Proof 11L Vivw of (3.5) and of Proposition 2.2 we CoclCde tha~t. 3TO) E D( ( -A)-~).
Vt G [to, T[. Tlherefore, the left liand side of (3.6) is Well (l(fiill'(. FRoi twD l , Uvnuijir

Prograiumuing P1rinciple and Leiniia (2.1) it follows tHint for J.e0 • I? 11iid for
t( o To < T

(3t.8) V(to, xo)

iiif {/L(10..(.c; u), u(s))d.s + '/('if' ox. a)) : Jill }
Tlfhe we can app)ly the N ax min P im Nincille icontam in ed iii IIl. I ui('Iiin 6. 1 . Ste
('OnMlil0l (3.5) anmd (31.6).

Remark 3.2. From, Imqpofbcs.sc (2.l10)(hi) and (3.2) it fodllowms thiat II i difff I--
cittiable -with ir-spi'ef to (;I-. p). So, by (3.6) aind (:3.7)

for (I.(. t E [to).7TI. Th1c abatc rqisatin filld (:3.5) uIdd thfe ftedhifikt4 lacI,

(:i,~~~~~ I..t.-- () t -- N* pI/A 1) -.-



Theorem 3.3. A.4.i.%nn (2-8.~' (2.110). 13.2) #lilt/ (3.3). SIspjPu.%f IlII' ') 1, FF04/it

1/), 11 ( .\ x. a I) P, I/ ( I. , P. .:,) qA .ft './I

F( 1 I);ffi v s lil. 1't

/lit.,0 NE oiifl I .lI% I 1 1A I 1.1 1 1- fill pi pp. j i 1 111 0jo I i l II... i,11ld i.l I \ .11

%IN) {t fit! itI t tlf , illfi a) f 1 . , 1 l . of -ih ' .11,1ft' Il

It(~il I") /



dliii

11 I if 1 -1 / 111 11 '11 41 p(IT Ii'l 11 1

it I t

Ii ai 11141i'l II1 a

I I' ) # (I4.,) 1 I - ,~ I I

'(1) t T f(t) anid q(t) c=T)t



cviIda y o 1- ily~ rob1#m,. of prflYLbriltr trp,p

11(t 111ii q( t) Samtisfyv till', y tci

-01) V. 1( l.

(3. Ifi)0
q'() -1 ) + 4- (t - ~,

D. I/)(. H(t. A L() DI -A)'q(I A ()

D~l if(t). q( t) ) ,A

(1), ~ j H (, )

+ (D H t, - A ";-(t) (- J" ( t.) (-A 1 1(). q() + (t ), '(f))

lz (jj{l(A -(t), --(t)) + k(t - T)IZ(tj1 2 I k zt1
2 dt 2

Id k1(//)2 ý--Aq(t),q(f.)) + k(t -T)lq(t)l 2} - lfl
2 (. ý2



Piclil!1rco (.axilarsa and Mi aria El isabetta 'IT'ssitCrc

Iit~egrating on [0, TI], r(ecahllg dint z and1( q vanish~ at iiiit ial and termiinal po(inlts,

WC gvt

T

J (I ,(t) 12 + 2

*2.

< + +-q~~ 2 )dtP.
0~Ii

+I

Litlx ll -AI(1l) + If('A) 2)dt +

Ljj~jI(A)' -(tl + (- 40,(011+ LjC,,~z~~j 4I~jlII
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Similarly we have

_< L rT[I(-A) :-(t)I + I(-A)½q(t)I] + L, .f,[ I ý(t) I+ Iq(t)II.

Not-icing that• frinvtu inintiv|•s (3.1.9) ittlld (3,.210). for" somet iposit ive coti.,iIt• C'

it fo~llows

(3.21) I1)Ii(t.(--A)"zU).( -. )",(t))12

amll

(3.22) fll l . -. l : )( .| ,~ )]

N. liti .i hy :(l ) Ihv fierst e'yuuili, m id (3.16i) a11h1 imtivt, jiliug wv,' t(itaiti

I

* I .

I 2

Ii il

I I

I} II

I I

(3 :2 ; .... ,, . ... '-

+ ,• " ( "( )12 + },t(tl ')12 ,/

2)
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N [iult iJ)Iyilg by -q(1 ) thyc w(c~ond vi'1 ioll r of (3.16) anid iiitvgrat~ilg we (4) tiILk

(-A)~ f1 q±t 1-d <1AT+1 q1)1,t

(3.24) - A -(t)I2 + J(-A) 11q(/.)1 2 )(11 + - I,()Idt2 / f.

+CLu(I., +1:( t)1" q 2j)df.

Adding (31.23) and (3.24), choosinig () < ea < CL IWlv('11

(:3.25) IR-'~I ~K )qt~j/

UU

lI(d 12 + j,11 1

(rm3.26) its 3.8 / 11:1Iv +h ()11)dt * (.(li /(,(1I it follows1

w~vv ( (A- (- o iiu flA i lo l i 114 1 - 7Iti;d l te

C10 2-1')

3 2C(,jjri
2(1 -(L1 1a)(k - 2( 'L jpl( 2( I.,j( ,

Fro (3.26;) d~iruct ly uollows.

(31.27) fp~t:I I)' (< ("(A.) kIII (w, (01)+ WIM( (A)

Oti tilt otut.l htIula



C ~ ~~ ~ + -jjjj2,~ 'F)2 (j1('.)j2 + 13,(t.)j2fri

_.(Aj*/,)12 + 13,(t) 2 )(it

(~~~~AU~~~ j. 2  fI/.( H2 ± y/,( )V d

(3.29) I

(1)2 /I4~(~ J 1!/ 1jU) 2)

4 ,,i( )12 )(h EIi A-

weI4I~~q conlch ' thatit Jji(t )I ,)(I)l 0 till11 j(J t-1. lte'raing t hi s I pu IIce4IIIr 44

w o p t-. 
-- . - . . - - - - -

O n 
. . . .- . . - - - - - .
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PONTRYAGIN'S PRINCIPLE FOR OPTIMAL CONTROL
PROBLEMS GOVERNED BY SEMILINEAR ELLIPTIC

EQUATIONS

all' prtamentiis (Iti Nfir t s it i ti. 1wcIa pica dit N i ' p itii himt~ s de If 1-' ompit r -i ICii

Aitsiv .%r ' l itthil.gn paper( we IartV 1111 V~i'~t l Iiy II of P01W I 1 IIfViiil' fiii (1115.F

con Mtro(l 1 edbciiigo wlShjeid (IILmvmli((LiirvC ic- 2) p tr iii dlli'iti l vvltils Tllc von-

tr~Jiol Y tit t ti val ues iicti I'(undtvC~iIN Iii(Ii' vil be.nt eum i~ll- ai c live i or (jil t E~lli c tlitvl space:1

'in ls, r A ar im oe . Tol d Iv Pi ntl1 )('('ii prev ilctIt P ip i W t. cruilic it sli jil li I. pv h i
kus di Itiog fti v iff tetu c o ist I it' tite w thy of )1t- l itil' pr iniple. II fit- l ibslivu ofeqtij hnitt
s 'tate i onls. hreitm wt, estab ish iI~ pei ti ulkiso ii wv cif t itiosi l hit. fici foig fo heuta tltlilt s l(I

opitallt" Theliis lt ittti( Ofis staghill( clsicalt'i~ pikv pelu-it.tiol of( iI.h1t, controse I f tot i

(Keyfirtitis in the aymes Pof hs'trytIgitlý1616)V NuVIttieliess MoViltiC hew 1itltsItuvt Stl)('ttrel-
h U(Iiiigthi)t~ Ei-Ii( i st varit i it: let pitSncitii.i i i' )111 yPitItO i t lFni

1114,1C Li iuc-id Yaifi [15] and Li latd ous [1v] forl Wirt)ittenill thve his( by paxti tti(

optitatlity: oTh mtiv ofit thi ass difernc [4] [5] ati thne ala iletii [(i Casits fin. tidl~ (if

ICivisical (Madr-id)'.canoIlraiyetlddt lflt(ssem.''sngolv



nis mii I'Oais wii i71tragn' prin iple fo ruiie fee--cnsrin control771 II2

ii )l('11 1 g4 v(ro ' 1 )~' , NI JY (' tili ii ii.tuaI. ýlipt 4 v(p[1 1) o~l . 1 Iv pii( 11 ipIc p~roed livI-c is

4trfngi. igel' I. til ' aiv of t he l)l('ViU015 MIC lt' ITCSIIld(i1( lg t lu i~i ('111 t. 1 '(Ilt. io is b I)('uIS5
of the14 gcel ierllit , v f th le Stitt.(' (c) istril ii Iits 411 the4 aLS tlll pticl' oil ) t II'4liv dta1 dii 'II 1g

II114 prolvil l'44. Ii II pat~icIII4I, less leg~li la'it~y of I 1' tl(-41114 111I olal 14'l the c('Ih(ic( 'hts 4 F t Icj

v('(Itil s1.(141 rI 'qi ir('4, all m ol 1coiitillu1 ty with re '4spe(ct. to thle con1 trol oI(f t-114 ft 4144ti( lls.
ilIVOveIV44 ili tlit' polem(11C1 is as5s11111C. NIoI'ov('r someU p~roo4fs' ha~ve' l(eti simplihied 1) v

tIsihig (lifiUI('lt Iluethlods. IIsite of11' I t~h('5 rvilirks. this 111414r ((4441 1-w' vivwc(' its
a) combIIjinationl of, thliv des inlt~rodced('' ill [5]. [91 and1181 [X.

Followinig 15]. w(' will pro'(ve two 1niiiii1lill11 pritiptiJ)Is, caiIlc'c we'ak and stirngi
l'Qspvct.iv'('y. Fhi, tr14 stron11g is (1144 to) the faict. of' lp")ll- iltg l)1 t iiuialilv ((0conditions
ill 14(I Iialitic( form* 4. TI iis stron 1 g v'ersionii of1 Pot)tryilgilln)'s tCj princ'p is III' ( 4Vi' il Y fora
polems1l'44 withlouit ('(IIlhit.,v st-ltit. co(114tralililts andlo it. ehtIe 1 114 il-c ll(addtiona11 , yipol It-
e'sis: it st.&hlilit ," (4 condit ion of1 Hi(' ot~ima1l1 cos5t. with Ii tecJ(4t 14) stiiill l)(I'4't44lutlit 11)145

(of Hth fe'asihhe state sot, 'rhis oni~(miton4 wits lii-S( nsed'1) Iv lBot11i1s [2): scu( ahI$)

[151 atnld [9]. Un11like [5], 14o stab ilil ii 41551141 t~i( 1 is 4 aev led I II(r( 1(4 Ipro ve thle wv 'tk-

4I'4vI44ioisly tlt~ihimed ill [9 and4 118].
As 111('4ti414144 aboI~ve, the1( 1)1oof (f 1114' mlii4tl1 141ilvipil)4 is based( ol n4 (In

p4IIIs till esselitial i'ole. Anlot her imlportanlt f'at~ire (If th 1 pr ~oof is th lit' o1 f 41slnil'

i(1() wit's first. v'llplohW4'( by Li and1( Y)141 [15] for1 (%v(4111t 404 prob4lhemis. a411( later. it wits

this 111 adptt.11ion, Whic 4 is S1 1 imle 1r '1141d lets at I 4('t t.(l' (441444 ti114) iiig (f' 1114' 1)1 lat'l- of1

theuse perli Il'l-1114iolls.

TI'le 1)1114 of' this p11144 is its follows: ill ý12 we fbrimitlaiv th con4'trol~l jprobl~~lm
and4( jpl'Ividcsl(' c examp( ( lell~s: mid4( ill !j3 an 441i t.l. we prox'' the' Nv'4'k u144d sI o lg

2. Setting of the control problem

Le't. Q c R it > I. he4 tl~l ()I)4'l bo441444(('4 SOt, With botil41(11l' ' V Fi Of CitSS (I if'

r? > 3 and4( Li pschIit~z if t .< :3. Ill1S Wt' cons44ider f.le 1ith 't 'i t eriai 4lj operatort

where aii E C'(Q2) 1 < i.j < anIid satislvfli 111' slual ('Ilipt 1(14 y fl$5011ijlti()11 ther'
('Xist s A > 0) suIch that.

Z ~(a)~, ŽAjý 2 'V' E it an~d Vý E: R".



Let. A: li' a comipact. sublset. of R'"'. tit > 1, and f S Ix R x K JR it LehesgiIt,
11ciiensuable fuiictioul of c'lass C, withl r('spect. to the s'cond~ v'ariablvl satisfying

i), (1% 1.11)< V(x .j.11) E S? x JR x K

(1) Al > () 31,'Al E L'(S2). x > v/2, suich that

if(X. 0. 11)! + f(x.ry. g a) <-. OA1'f () aL.c. E S2 Vj~ 5 Al<~. Vil E: K.

It r is nor Z% l C, utiti. is only Lipschit~z andl it = 2, then we also assuix'm
t~l!8> 4 /3.

Given atfnto tQ -K ecnie h tt cmto

Theorem 1. tUiidcr the p9fti-eio.( (J..mSItionIfs. fa' cvci-y Jitnictia t :a S - K.

W.~Ch. that.x e. 12 -i f(: u (.1%y E JR isq ,,iasayiabh' for' ra,,h y e JR. thcr~c vit
it itt /MI. J > it such/I that. (2) hits (I Uliptv~f *'(/1Itioid y,~ til I/U' Sob(.'h'1'spacc' "

Alonn'aI'(r thely' re:'sit. a c'aii.Sant (K > 0. ildeeadi"' tC1 Of It. atC/ th.it

This theoreml lullows fromi the elassi('al theory of partijal dIiffex ential equations.

Thel( first. thing to remiark is that f is a nionincreasinig mnloliotolie fuieitioii anid it. is
enlovglm to u1se it KUobaI or local *ciat~ing procedure oh f (see., fo~r instanlce, [3] or [7])
t~o oblt-afll the( existence.( if a 50111tinolk. The IV ' (Sl)-regulalrity follows froixi the( fact
that. L'(Q) c. IV "-(Q) for every p) E (11. ilx/(it - s~)] if .4 < it amni 1) ý (a., x-) if
.S >_ I/. ni11( thait operator A is an isomxorphmismx front~'(2 onto I *'():see
NI orrv , 17]. When it < 3i ,,d r is only lpsclmitz. tiwle the 1" N'U.-eglrt is
not ýItalwavs t o eIiuwever the re exists > (1 depenin) 1i ig oil QI such thlat foin ('very.

4+
3 + 4+ it' 2

3 +

()lcerator A 1' ( 1) - l - (5)is still all isoinorphisini see Dahlherg fI 2].
Ani impo~rtant. conlsequence (of the previous theorem is that. y, E WD11"(52) c

C7 (!2Q). where Cq(7,,() denlotes time space, oii conintionuis ftinctioiis inl Q vaniishing onl
r. Moreover the previous inclusion is (oinpact..

Established the fimudaniental restilt ab)out thme state equlation, let. us go to thme
forimulationi of the control problem. Firstly WC COnsider at Lehesgue memivaralble
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function L : S x x K R of class C' with res;€ect to the scond vwriabh,
satisfying

VAI >O 30AI E Ll([Q) such that

(4) IL(,, 0. o.) 1 .+ O.Lr, y, ,,) _< Ok(X) .. X.' E ,R V•jM < Al, Vu E K.

Let. us denote by 14 the set of admissible controls: mneasurabhl f,:t.ions u : Q -- A
such that

x E [S (f((x, y. 1(3-)), L((x, y, u((x))) R 2 is IInesiiurable Vy e R.

Let Z b, a separable Balach space and Q C Z a closed convex subset with
noticinpty interior. Finally, let G : -'(i ) Z and F '''() , R I > ,
be two niappings of class C'. Then we cali state the ol)timnal control probhlli aHS
follows

(lo ~ Minimize .1(-u) / L(x, y,, (x), u(x))d;r
(P)

• E U, G(y,,) E Q. F(I,) = 0.

Let us show how the usual exalnlflIes of state constraints can be handled with
this formnulation.

Ex&mple 1. Given a cotntinlous function y [x ×R - lR of claiss C, rspmet to
the s !cond variable atid a unuber 6 > 0. with g(x. 0) < 6 Vr E r, the constraint

S(x, ,,(x)) < 6 for all X E [t can be written in the above franework by putting
Z = CO0(Q2), G: W,'"([Q) -- C,((2), d(efliuleo by G(:j) =g('.y(')), and

Q = {z E CI,([2) : z(,) _< 6 V. ).

Example 2. The constraint

/ jy,,(.x)d" _ <

is considered by taking Z = Ll([2), G: WoI'P() L- L'(Q), with G(y) = y, an(
Q the closed ball in L'([2) of center at 0 and ra(dius 6.

Example 3. For every I < j < k let gj : Q x R - R be a inetisurable function
of class C' with respect to the second variable such that for each Al > 0 twnre
exists a function ? A LE ([Q) satisfying

I9J(X,O)I ± M.

!• - • .. ......... . . . ....
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f;,Y gf,(.r. 11 ,(x)d) )(1.K:%

Example 4. Tll, {rq }l C 1. cuoten t.Isel~ltyciitaitsy,(r

1, are well adap~tetl to tlI(' ablove' fortnulatticii. Ind~eedl. sill(''cc~~~ C (7)(1), thet
functions F1 :~ VI()1l() - givenk 1y Fj(!y) = yj(.r, ) - aj re well (l('hnevl and
they are of c!lass Cl . Then it is enough to take F = (Fl-. .,F) .

3. The weak Pontryagin's principle

The aini of this section is to I~ov the following resullt

Theorem 2. Let p > it be given by Pthore'n, 1. If ft. is a so)Ittjr)l of (11). Mhen
the~re e~xist 6i 0, y~ E HO E() 1) ~ (,p /(/) - 1). it C Z' and E R,
suc/h that

(5) +k ± I111iz, + Iý! >

(6) {M f (x, y(Xr), u (x)) in .

(7) ±[G(pI @=o onp [DF(y-)]*A inS1

(9) Hr H(x, p(x), 'ii (j), ý3-(x))dx, = inJ If (x, (x), v (r), p (x)) di';

vEI'



Moefwc ifl on of th .4oig(~utloti mNf.ffd

X'. (_* 1 - j E(x. /J. 11. 1.0% U P. 1 .) E

I. (l / nvnv, .4 i t 0111 tflill ftiI'l irii (y . 4 1 /I)4fER ., M K %IIMiE

/ht'l Itit( O14tI I jIM fj EUMl j i N f I V 1. fEiIII4I 110IE M i'l +NN IIIli IEY itgit i

Le l2*'.is .11. IIo Nt Ii I .we w1is(10it/ie i t t Di II it ."it Ilu.it 14 wrl luii I ti 1 .01 u( t In1

st lIIIit (IniIEIEI. Its k, fi vi i I~ I I I v -- n I -tsI f t2

Examiple 6. Lct it,~ 4Ivislilll 0111t tilE- cot rali'~ dlt4 uE'itssoc1ItiNI with Gi 111141F Illvr

ninniiiht' o f 0. &i vvv(lol A f: It' ;111111 twoa hiliiet:ell y ii; ''(I? uiiad ": (- 111" '(! )
Stich I hilt (5). ( 9)() limt([ poss~itdv ( 110). aleh Owli foillowinig Ive'hton hold f1l4

- f( .l~ ) t( (.v, q(.r))p 4Ix

Example 7. If th.h1 sutat (ontr)t~uilt~s are givon .Ls ill I lic txiunI)Iii s 2 litiI 5. t hen
it E LI-(12) i'.iia th Il' dtjtlint staiite Cequaiont~l (7) nuth ineglinalitY (8) ht't'ointi no4w{, U (.1. ,.I)

J f~x ((x -y(x-))dxr < () Vz E L' (12) with < (i)d ~

whe're denotes the Dirac niieasurc centered ait xj.



*,~ llp4 3. A. ul J1j kl tlk 0

Nmwu go,titit p111 v T4hImV4 i-emlI'~ 2. First 4nil all w le um two Iviniiina. which
fle'scril~t. I lie' t~I.N4 Mi varit 44,11 tidtle 4dml tI)IS IisedI illil( I lepiol)1.

Lenunin 1. 1sO y c 1.'(il) vIr) d 11 L' 1~ m < . 4 X. (wim- 1) ( (. 1). Ic0 11N

tilv is\~. thc rh1:Ei1Efffltuisi. fiium-tien ofE a 1 ) u isr p ll IV.N .1111 hot lmlt lii ,iibr, Nf ff~

< 1; <<+ x. if _ - 1
< p ý 1.S/11 x)if .4< I).

Pro~of. Give p E) (0. 1), le t. its taiike f> 0 art it ilt- , v. L et it 15 lo by B41I dit c'II 3tll'(Ise
1unit ball of. wli." (ui). wherev p' = p/(p - I). Fromi tilt assumplltioIn' oilI /) ativi the
Sobolev's i'11lwrcldiligs (rsev. for iIIst-lll(. AdanslIi 111) if' hitlCIws

LH(Sl) c WI- ' .(Q) m ird c1 L I )C (SO~.

the iillibeddliigs lbeing ((illtiiluotIs. Abovv e WI'(leicte s~' =~ (.s - 1). Let its sic
that. m' < -- oc, otherwise it. is enol ugh to( ci IllIigv till ilte 11(grals h N. th III51ijplellilli
1101,11 t~o accoiiiplishi Ohe Proof.

VWe cani takv a jpartit~ion hj~j, 1 of S ?, with JS?,J > 0. such fintht

(11)y(.) j~ / 1.1i < V!/ E 13.

rhis can b~e prover , forI in~stanceO, b y I Iis1kg i.lle i Iit-crj 4li~t 14111 t 114w1kV ill SohI 141

spaces; see Ciarlvt [1q1.
For eot'ry y C- B 10t us olehue Tj :52 -4 R Ily

flill, 0.) Y(ý)dý Vxr E Qj, I < ,j< r

Ihlueu (11) impllhies

(12) hI - IIL.S (1) < E Vy E B.
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Now. wc can~ aIpprox ii tint.( g wid11( ill vwt'y S~ byv SimIple' hhIIt-ioiIs

wAit 11 (t, 1,. E Rk. { P' ,. being a. palrt itioji of S I., with F''hI > 1). unid such t 1111.

WO.) g~ ) - g., ( .') Id. l. + i sI l( x - h, ( r) (Id. l < IS 2 1 
I.

Let. us~ takc P%' c Pi' steic that I E'l = I1 F~ll. Dtiziniig P' U EJ . wv

have tha~t

(14) /q,( i )dj x('q(r)/. I~,

FiiiaIY wvv nikv L' U E. Then IEI Jj il an2 iid bw cvvrv y 1) we~v have

.1 +

I Ej

From(11)wv teduc



01i fI OhmCt~t hanIed. fri~ne 1:1) meid (15) wt, obtain fori cel y' c-_ 11

(IX + ~Ae , ( It (x) - 11 (1.)dfi

(IS) ~~ II Ird

(Ij + Il~h~ia I' + f.

(/I < (I I~) + (c + hh/dK1",)

whurc' W4' hnvi. uased t hil It' '-VO ( =)- (w Y'5)'
On t he ot ht- 1icand. aisi-tg (13) meid (14) we' gutI

I~ j* / ~x

s (~± ) .

Thiiei (19)) aned (20I). tolgethe 1('withI the fact 11111nt > 1) is cubhit tcee. Iclve thee

Lemina 2. SuppJ.wi 1) > ii gilrtu byj Vihorene I Lct uc t- 14 and let I/ be' it4 fisso-
vinfrd .statc. 7'lwct for vilcry 1) E (0, 1) jwc raii fined ai mra.umbcc~i *.40 E c St. 11,th

IEI= pIS!I, mucih tha't if tirc dclJnu

iie(.) if xr E Q2 \ E,,
ve(x) -if xr G p

iihey E U, and if aow denoter by pi, the s~tatecoeunvxsponding~ to it,, thc folio-wiuey
equal~itic hold

(21) 1jp Y +-pz + rp1 Itit -IIrpIw,v,1 "(u~) 0
D-.O p
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an Ud

(22) +I pz, =.(u + fill Ir " I =0

(2)A Of (x.. !I. zu) + f (x, y. v) - f (.' y. 11) ill1
udy

PrIoof. Let us8 doieit.

J*(.,. yr). u'(x)) - n.~~ ('1).

'['lvieu, t11a1lk6 t o I liw lhyl)t1wsesPt (1) and14 (4) wo' have t lint bi C L'(S?) miid g C- 1, (Q)
ThAI en (kcall, aplyll Lemmaiii I to ob~taini thel (xistentII' of n i unvasm-ahle set E,, c S1.

wit I p\l.Hamyn

(25.) 1 (- !,(.1.) !q(.)da 1- < p.

t 111t

(26) Az,, = ,"(.r): 7 , + .. h ill Q?.

all

It is not. dithevult. to dheek with tivhelptij (if the' Wr"(?) giflarity oif A. that

Ini particular, bwcTaumv of the imbh(Ading W~*"'(Sl) c: C(O2). we deduice fromu (27)
together With (1) that.

(28) a'(x (x, y~) u(.0) ini L'(12),

pa



I .'IIJI14III Ciw &(.L07

Th~is i'I,41itiui. (26i) and t ilt colviivrgi'iiv (1//))\~, -- 11 ill IV (l impizii's thit

-iiill~ 11'(O which provesT (21).
Oni tinv olit m handi

whi1. go, )c (22), (0]e o 0

Proolif of Picenim 2.

lit (ý 
i

Mris( convx Lipcit z C and (VI'X 1. 1(viX ll I x II 1cMritl (I Il(' it II ehilt. piI it:.11(/I Qll. wit I 'I ih

)dd~j(y). we' liltv that.

(29) z~ . - 11) ± dIQII) ei-) V. E Z.

Nlon-ovor IjVd4,(z) [x' I for lvwry -V Q; (f: (loitikt [1111 and (itits miid Yoiig

Let. lits t.nkv J, :1 R (14-IIfinied by

.1 1)= I{[(.(o) -1 (1(u) 4 ()l 1 2 4 d~(G'(y,,(Y)) 2 + 'l, j /

It is bi ishH)I t liut .JE ( fl) > ) tor cvclvt it e 14 ((kild .1, 0ii) = f. 011 tl't 11v o 0(3111. iid if'

d(u,. 1') = {.ur E 1 l~ (.,) #6 ''(xiI.

thien .1, is cohntiIIIIItm inl (U, (1). lit'it'forv wI' can.1 applj)y Ekeland'ts vuu'int immnl pr'in-

(3(1) eI(uit ii) !5 v/7 itii 0 < .1, (it.' )<.,()+ .. /d( o. it) VuI E 14.

Takinig E,, and11 at, in Lemmia 2,

(t,)it' (x{) if x, E S I \ El,
1W if x' E kf,,
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with It E U tirbit i'itry, wt ge't wit I thei help) of' (2 1) anid (22)

/-./ .1(u ) + ./,J- (.I#e' I ) Ju~ I 4

(31 +~4~;(;,)2  d(j((JI ))2 + Ip'(!/;.)I2 - lf*It, )12

.11~ ~ ~~~~/)d {((i )1 P1(u 4- .1 (it, ')I:~ .)+('~') )'~ z)

4-I +

_ ( , '. t' +4 l(xu y, ) -,

Nu~~~~v le Li ('ctit , t ' ho 1I ''~ ) --- I I~ '.l i tirhtstt (b.,

Of 1)1

No/ v its r inind tha Ai :ht w' IA r~lig is l il'.llm hsil

i )f
(32). . . . . . . . . . . . ..x. 1, (W .,I 1' 1)((,)11' IF -'- 1 '...- .-



()i t Iw (ito livit handti. I lii convti-egul'I(4j' yr-I it, l1 '1)cgsnl~) follows fioiui
(:30). 1,114ti, Ilsitig (315). it is iPll y to pam3s to I Ill- limit ill (312) mid (33) and to dedl((lIv
(T) andi (9). Now retinilndin tlicl defitittioi of' it and ý' full (29). we hlvdilce

Passing to t he limit ill t his ('XIIprss~io V.4, (Iltaill (S) . Iet its prov e (5). To (to) t his.
let Its xttppose t hat n= JAI = 1), thitu froin (314) it follows lpJz,~ --z I Its 0.

Let its take -,( EQ ticld I > I) Such that Pl,( Z1) c(ý?. Then (36) uimplivs t hat

+ - ( ) j( Vz- G ) z)

Piusiiig to t lit' hltit.

-< Gg :I)

which lpI"v"'' that. 1 $ý 0
F'tinall lut its de(ltle (10) 'rotin (9). Assimit, first ly t hill (A 1) holds. Let its

tnke a it iinvothle deunse sublsut (J, } of' K. Let F linl j P, K t h tteiivktahhlbi
sustslM't. of S2, wvith1 I!' = Q = IF for' (etvc] j. Stich thlat th liP bspi IAII'Si'jliit set's
of fiiiictiotts .r' E S? *--1(.pr i.)~~))and x G S? ---. I'(.r.y(x) . v,.())

ate F mull F,. respectively. Let its set En -' Fnln rl ',wil wt, have I )'Il 12mi.
.1 11

Now giveti ro e Fn nrbi t-'a ry. fo it' o (~e~ > 0 antd j>I wv 1 'hli tieIhe uu In issibIl~e
(,ofiIt tols

Th'len fromt (9) we dleditee

Passing to the linmit. Whomt 0~( We get.

H. 0(.c, f/.0-0, VIP(xu), 5(u ) 1.(x, p(.ro). c'j, 'P(.ru) ) V-1-1 E pi), Vj> I.

Taking into account. that vi - Hf,, (;I-(, fj(xu), e', ýO(Xll)) is voiitiliitlolls anld that.
im } d15tetie ill K, (10) follows fromh the ablove hinepjality.
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Now ,t! us suppose that assumption (A2) holds. Let /,P bv it nivsurnbh,
sul)set of 12 7411eh that

(37) fi l J I() - •.(.) "." = 0 V.0n C F., -0 IB,(;,',))1 ,,

where .,' = ./ - 1), x givvi• in (1). Th'n1 IF,, = - l. Let Al =-- ll:,,, and
ýIAI e L"(Q?) sat.i.lfying (1), Finally we put P = ',,, n AI Fn 1?,, n F, wlher,, F is
t.nkcii ats above uim(l FA! is thV set Of lAl)('sgule l))ints (1f I/'OA I'. Thus w, Ilmw, that.
JIF.l =Q mi• d t~aking spiko e lrtilr-lat~ions its before, wv, (hdue(,

~ ( '1 ~ H,, (.r, 'i(."), ", •(.,'))d.,' Vx E 1F(, nid Vi, e '.

Since rv() E F. wv(', ( I )Ilst to thI liIIIit oil t hI t 4ft Ilit h I id ' d ( 'of Ih iI ((II Iuilit.y. I't
us st.u ily thle right. hand1 Side,.

S / ' tl,, (.x,). v". .(._ + * . fj(.I),

A (.1 fTi

+ : [!(.r) - o(,o,)]J(.,' y(.,). ,'I B/, (,",1))-- • ,,

The first two tl'lis (olnv('rge, to I,(, y(. (). I. x(.ri ))) )('lelulS of' t.h1 v 1it hillity

of thilt ilitegli ill x.to. LI't p1S lCrov( tihat. Ih lie t Ivn. liii gues Io zvitIo.

I I 1 ( •) In.),..,)] (r i/.) ,,d,

< , )Vd. 0 1 + A 10.

t hiiks t.o (37) and fli' fat'el intui ., E F•, (I T,"1. L]

4. The strong Pontryagin's principle

Ill this sectionl we will p)rove thatl, ill the albsnc,(,e of equnlity conist-ralinlts,
Tr(,orm(, 2 hohls with 6 = I for "almost all" control pirol)lems. We will 1rt~wise
this twrji hlt.er. The key to achiev(e this restilt is th, introduction of a stability
assumption of the optimal cost finctional with resluect to smiall pertuirbations of
the set of feasible controls, This stability allows to accomplish an exitet penialization

*1

- .- ~-.



of fia state coiist.raitit.s. First. of till let its formulatet tite control jtohietin to he
st-ii~li((l ill this 5((t~iolt

(Ph) ilnni. 1u

with~l t~it' sailie licit atiolit and~c niSllulpt~ionsi of !j2 and set-tinig Qh Q + Bh~(Q). for

Definition 1. I'Ac say thlit. (Ph) is strongly stable if theire exist. > 0) mid C' > 0i

(u1) itif (Ph) - ilif (Pa.) ý c('( -~ 6) Vb' E [6, h + .

T'iisconeti~lt. wits first. intrt~oduiedl ill relatfioti wit.h ctpt.fiiiii c~ontr~ol p10111(015 by
Bolivians 121: see also lBoniins and (1asas 15], A weaker stabhility (tneIAi t' t.- W1~iisev

bY Casts [8) t~o ant n lvwz t Ie Ivtnivt'rgen I Ic othe tic t tieric al dI iscre t~izn it tio I ISf o It iitt i IIIII

cont.o problemsI 1~1. TI i fo llo winig propo ( sition11 st iitexi that. allit iist. tall wolvit lei s (Ph)
titi Strongly stable.

Proposition 1. Lct ht~t > 0 ut' aI mlttlIIfl' such that (I'A,") has Jv'asitbIe lon trois.
Thcil (P.) is st1ongly stablP for' til 6 > 6() eCept~ fit 11O.St a --CIT) eispeMCIlSUIT'
x c.

Proof. It. is ('tiotigi t-o ((Insideri tte fmiiition It :[ohn. 4x)--N Rl cletiedt by

I,(b) = jolf (I11

m id rvinark th at it- is at norihiiic-rclisitig; Iik tom t-oie filit nt otl at it I von sey piet- it l, dliffei-

Now we' (iitry o11titAl ('XtItt 1)(t'1ititljttiotl of tiii'' stoic' nlistrViilttt 1(o dot this.
wt will luse t ie( distiatice fiuictteionl dqitj asnciatvd to t it( Set Qh. 1111d1 (Idti'iiiv il Inc
samlle wat as ii, t ie m~oor ofi nwrlovtin 2.

Proposition 2. If (Ph) im mtroeugty stabic and it Is at mobitiom of this probhut. thenu
there- cxits q(, > 0I much1 that is tIse al-u( mottifion of

(:19hlt .J,1(a) =z.1(u) +I qdq(G'(y,,))

feti ~ ~ ~ t (fV'i 14Ž J

Proof. Let ats supoi)vtS that it is talsv. Thien thivre cmists a~scliict'c ofk}~- I real
liinbtieri, vvithl qk +cx, and~ eleinviets I itt. } C U sitch that

-1010) + qk-dcQ,(1(Yk.)) < 1(d) Vk > 1,
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whcrec A~ is t~he statt(' ('orr('jx1imiitig to CIA.. Fromn here we 01 taiii thoat

(iqA (G,(1.)) <,I(R. ~ J("kA) ___0 wilcv A' rx

juid G(IIA.) V Qh. Let hk& > h~ IX t1e "llialIC't. iiiiiiubur SIX'hI that. G(ey(q) E .
6k .h WO ('1111 Its(' (38) to (IC(Idl((

> (/A-dQA ((;(Yk)) -A /('hA - 6) VA' > A-,,

Suice .1,1 is huot (Gitelux difl'ej'eut ialv oji Q, We 11ve goihig to nlod) ify shighit.ly

this ix llc(tiolala toC attaili t. ile Cii fhen-i. iabi iit.y 1lc~1le' foa r Ole I 0'J I' Ii.

Proposition 3. Lct us takc qj >! qOj and for e'ilcry f > 0 Iclt 11.5 considcr' thc lirnbi'in.

(P i iif Jq'()-~(u) + q {dj rGj, 2 } 12

Divi, uif(Ph., ) -' mf( T'") u~icil' f 0 .

PrCoof. It is 1111 ililiiUvdiaI(' (collx('cjCCllCl(v of the( iiie(jllillity

K .,,(i, <*J,(u ±q( Vit CE 1. 0

Fituialy wvae ai'v 'ady to j~rov, t lie st-i'olig IPout l-yigill M 1)IiwiltiIvC.

Theorem 3. If (11A) iq strongly -t it'Al aidFti itq aS (sollition of 1hisi )In-)bl('ci. Owrn
Thworcni 2 rewtaiL? s to he truec with 6 = 1.

Pioof. Pri )[)lmit~imis 2 midc 1 himlAY t-hou it is n a" Sohit-ioji of ( PN, ). %Vill i c, - )

J.1, (11) < iuif (P,)+ n~

'rhicu w ~ (caiiI a )l )ly again ' (hiI11ii Ekc I' £ I( Inici~ a1k' d111(A1' iI'live Cl' X istv(i IC' ot allI ('iC-
111(111. It, E U sticli thit.

:S1. (ii ,1,(L) + oTd(u'. .e) Vui E U4.

whiere oil(-( againii dcleiiotes theC Ekelmid's (hist~tai(e. Now we argue( iv$ ill Ohe l)ioof

of ThevOr('ui 2 and replace (31) by

-(T, Is 21 Hil (Cz)-~( C + (jit', DG (y' )'~
p-p



WhercV( p~' E Z is~ givenl by{ qdqj,(GS(11 ))

0 otherwise.

Thert'tore we' haive lip' liz' q for evert' v > 0. Now we can take at subseqjuv'ne that
coniverges weakly to an eleinvift p E Z'. The rest is as, in thc proof of Theoremn 2.
taking a, - 1. 0
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INVARIANCE OF THE HAMILTONIAN IN CONTROL
PROBLEMS FOR SEMILINEAR PARABOLIC DISTRIBUTED

PARAMETER SYSTEMS

11. 0. FA'I"I01INI

Dvpartenvit, of NMatlivinaltics

University of California

.ll.t* AI~ le I)I~ilv a~'Wnral optimal con~trol probldem foi- it i Nmll Iibi 1(1 prititil otr
described ba unlIitrprolc(qtn WemIow that. thv I laminlt-muian Is InIvfrlant
over op~timlally conitrolled tinjvotories, and that. it. vanishies whien the termnal m tille is
free.Tlie imit hod( is that of ammwllroiaIItioII of the1 orighlid~ (Ililt i (11 systeml byý iL 8e(IIijeIv(

of "SimlnotlICI" conitrol 8ysv1l(ills

1991 Maf/w1Iaths Subject C;lassificationLf. 93H'20), 11I:1-25i

j)1'1kj)U Il ~ilC r tiIIal cl it i

1. Introduction

Lvt. E he' it 13anitch spacee. A theU iliflhllt.iliatl g('ll(rat(Ir of 11 stronigly conitilill-
()Ils selinigroupl S(t) in E. Consider the op~timlld !onlt~rol p)rolleml of iniiiiinliziiig the

funciotnual

ainlt)1g atll trix Ic~t.orivs of1 the mitoltiiioiios stiiilinvai' (iffh'r('titial system~ inE

,t= A,(t) + f(y(t),nt(t)). gj(O)=(,

subject to a control constraint i,(f) E U(O < t < 1') and a target. 'ond~itionl yj(t E Y
InI situnIt-jol w15whrv it aitIl be1 pro( ved, Poiltryligi 1 s I UxliXtil 11111111h 1 111 Cii'hts two

stat~em~ents: omi(, is that the Hamniltonian

"I'l1is work was supported In plart byv the National Science Founldationl unider grant DMS-
9221819.
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is mnlxiailived over LI lw 1, =i u() aloing thet tritj('(tOlV, wiier(' u(I) is the opti-

mil l coni trol, iy(ft) the opthiIml t~riijc~t.( y and1 t.hle (( st at~e ( t ) solve,- theIC 10 Ijolt ~
variational v((jtatioil

ill (1 < t < ft:19t indlclet.us lFreehiet dlerivative with res.p(ect to y and1( (zo, ) 0.~ The
other ,itatm(ilvi(lt is

with c = () if thle terminial tiill(' f is frevo. Ill b)oth1 sttcil(ilielt.s W(. face the lirol -

k'iii that. the Hamilitoniian (luecisel,% the teril (!(t ), Ay(f))) miay niot. lIe defiiird:
there aire situlationsM where iy(f) (rexp. ;ý(t)) doeMs nut lvIonllg to til doloiaiii of iiii

fractional power of A (resp. (of A*). This is not. iiiilollit. jult 1 fo l(firsi t sta.(lliei..

Sillce (f).Ag(t)) (lot", not (cpieeldt oil I, 1111( (-all lIe (droppedl. Ilowever. I'lliM is

not the (uS'It for the ve~olidi statemen'it. and1( tli, on~ly ivsiiits of' this sort. we know
(comniig from the muaximumi principle rallher tlimi from ii thflyniouici~ie oghluLllnuliilg
appiroachi) are those iii [3). The(y are very, restrictive oil nonijinearities: fur hist alice
the nu)Mst genleral. if alpllievi to it s('hxiililkentilheat. eqiliat~ioii

(1. 1) Yi, (t, .1) =A10 t.1.) + *f(U,j. -I)) + ui(I-. *)

hi L'(Q) (P2 a dominuil C Rot') wouildl retihiii( L
2 -VCjlitiluility (I'i ] tilIIN 1)l.('C'illl)tlig

(for histaiice) anly JXIwv'iM Of y.

W~e presenit iii t-his paper it now approachi tou invarimice of' thev Haiiilt-oiana
h aXC'( ohilli anthier of ti iC I 51.1 Its ill [31 aiicld(I oi 11-1 approximaintion pro)i cessi. It. is 11111

inure (or le'ss geweral thaini the ones in [3). bult applies for hisli~tiic( to (1.1) ill thue
Sp ace C(O(~) of ct lit.ili 11011 ftlilict.it llm ill Q.i lud is very t.(olvi-a lit. oIf 13(11 iiileirit.its: for
inistanice, we may take ats f ill (1.A) at polynomiial or arb uitrarily high ordler or vveil
it funlctionl of faster growth as hlong ats (eu-tal diss;ipat~iviltY ('oii( ioll)is that. prevenit
hulitte tinlie blowuip of sColiht~i(Js ilte saitisfietd (See ij2). See 1. 6 for compiharison with
[3] aindt fo r f IC1MMii lt gei (11i li/lt i( I s.

2. The control systemn

Inisteadi of tihe Laplacian, we work with

(2.1) Ay1  0 -d(Ua,k( ,)04*) + Z , r'j+ c.
I= A=i

ill it. ihouinded tltuiiiii Q2 C R... w~ittli hiliuhnyr r of class cm.2 '1'ie leadiing covi*-
hejielit's 11

1A* ar' conltinuiouisly diffe~ieitiable ill Mh (%A* = (1k., _alid ý!A x) 1
NgI1I

2 (3- E 12, ý E R... ); tile bj and r iare coiitiiiloil ill Q2. We iniicaiited by 31
either the( Diriehlet, b~oundiary (tolititioll yý (.I. Ea r ) or at Variationail holiiidiury
coi~litioli

Ouyx) y~xy~r (rEF)



wlvhre 0'" is thev collfl(Jh(LI rvii atin'e, iLe. thev derivative ill the Clilectiolhl of the
('0110C1i1111 vct~or { i',(.r) } = 2,, E ('-X)VkA. ( V) . { '~.() the outer ioriiial vector oil
r. Trhe (¶ovfficeilt, -y(x) is &l$5111(Ci. c'ontinutouis in r. lit gvnerlrd, A(ul) is A with
ctoiniin rest~rited by n b)ounldary conition it.l~l

Tbe (td1jojft A' of (2.1) is

A'11  0" (uIj k.(x)O)y) - ,b .~)+ (,(;1.)Y;
j-Il k~l j-ýI

Il11(1ttlt- adjohin boiindorii condition fl' is 1' =~ 'Ifo tll( Dirl'i(~l(t. b)oundar~ty con)lli~-
tion: fo~r it variationial b~oundary cond~itionl hY is

O~~)= (-y(x,) +. b(i) )yA.')

wvithI b(x) = Y b, (.r)VJ(x).
Deniote by C(Q(1) t.l(' space' of vliltilhil~lois filiet~ioits y(-.) illn 12 chldICWC'd with1 t he

surinj1CIthhhl norni: C(fl(1) is the snsubmiae (lehuled by yJ = 1) oil r. Th dual~2 of
C()('1111 1) idvleutihevd With the space E(S?) of regniar, 1 muuded B~owl mencslires

It Ill 1Q with thlt totail viaria~tiolu i arm;i the dual~lity pairing is (/1.f) = .1.f(r )p(dx).
'Ilie dual11 C(fl(I) cmii he idlentified with the 5Iibsl)5lc( of E(O ) whose ('lelvielt.s vanlish
in, r. Wvhae lV( the isometrl~ic ilnibcd(linlgs C((O) g L (12), L' (12) g E(12)

I.Lvt. 31 be it varia~tionial bound~ary econd~it~ionmi flI lt. A, (4) bv tile op~eraitor ill

C('() de(hiued( as, follows:

and A,.(il)11 = Ay. whereiI'2I (1V2PQ)! chciiut-vS thel( stilbpacc of tile Soblxev spiaee
11 2 .ip 12) who(Se, eq(leetltS satisfY 3I oil 1" h'Ihe( operator A,-.3(;) geulC'rates i comlpact.

anialyt~ic meliigrotip S,.t: A, 11) ill C(1). If il is thev Dirich1h(t. hoioIdaly cond~it~ion
th Le sal ie is trill e ill the spice C(I(Q12 in the dI 'Ifiilit.i al of tile' (hal il in. we lC'C ji lre
Ay E Co(SI).

Thev dutal scinigroup S5(t: A.3)* in i(l ( l(2 for the Diliclulet i)umidal ' v
cond~ition) is compalct. anid uitilfhNic ill t > ) hbllt. nlot strolilgh cCltiililiolls kit t ý0
however. S, (t: A_3;)*jt - it 0(S?)-weakly in E(12) (EO(12) for the Dirichiet. b~oulnd-
ary cond~itionl). The restrict ion of S, (t: A, l) * t~o L' (1Q) is a c'(mipticflt. anialytic seuuui-

group S, (t; A', W)l (A' the aidjojilt of A, 0' the luljoilit of 3) whose infiniteshital
genevrator A', (ffl' is charmctvrizedh as follows: D(AS (3')) consists of all elviiieiis
.1 E L'I (S12) stich that, there exists z(= A,1 (11')II) il L I (S12) will

ju y(x-)(A(i1)v)(.v)dX j f z(r) v(x)dxr

for every 11in ll tu Siuh)Sl)ftce 07(2) (f2);1 (f all y C 0() f) that satisfy tile bounudary

condlitionji i. The dual seluigrouj) S, (t; A', fiv') is compact andi aunalytic in t > 0, buit
not strongly continuoum at t -0, although hati the saine weak continuity properties
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aS ,.(t; A. 11)*. Finally, S,(t; A, 3) is thw restriction of S, (f: A'. W')* to C(0() (CD(1()
for the Dirichlht boundary condition). Restriction relatious also hld for th gen-
erators: A' (Y) is the rmetr'ictioin of A,.(f)* to the doulhin D(A' (!1')) = {y E
L' (a); A,.(i%)YE Lt (Q2)} and A.( 1i) is the rewstrictiol, of A', (/l') to D(A.((3))

{ly E CNl), All (!1')*y E C()) } (CD((i-) fbr the Diriehlht loundary condlitioii).
We, fix below the op•rator A and the lnounhlry conditionid a i( use th( short-

hand S,(t) = S,.(t; A, ), S-,,(t) = S, (; A', fl'), S1 (f) = S (t; A', '), S.()
S,.(t:A, )*, so that S,.(t) (resp. S I(t)) is the restriction of S,.(t) to C(S() (rsp.
of S%.(t) to L'(12)). Likewise, we writ, A,. = A,(.3), A, = A, (4'). Also. we, hIw,
to the render to add "61(0-t) for the Dirichlet. Ibolndary condlition" or "E,( -) for
the Diric'hlet boundary condition" whenever necessary.

The control systve|| is

(2.2) y'(t) = A,.y(t) + f(y(t)) + u(t), y(W) (

and is modelled on (1.1), so that the I)oldfac, h'tters Ineitlu: y(t)(.x) = y(t.r),

anll U(t)(xr) hi, "i,-). h1lit.fultaneolts values of y are ill C(U). We wallnt to adilhit
L1((0, T) x 11) i.'s control space. thuts we cannot take u(t) E C(l-). To find the
"right." control ,•p)11c wte tak, an arhitrary e('par'abk a fllanachal X spc ule d call
L7I (0. T: X*) the space of all X-weakly 111easlural)le X*-valitud functionis g(') en-
doweCd with the essenltial sulpl)lelliIll norm (separahility of X i nil)lics inciisuraltility
of the nlorlll). Ill this not.a1tion.

(2.3) L'(((, T) x S?) L" (0, T; L (S))

thus we assuttme u(.) E L'(0, T: L' (1 )) in (2.2).

By definition, solutions of' (2.2) are C(l-)-valued cont iutous solutions of the
associated integral (ullatiol!

(2.4) 1/(t) = S,(1)( + .S'(/ - r)f(y(7))dr + 5,, (t - r)u(r)udr

where we use S, (t) ;D S,,(t) si'cu u(.) takes valus in L'I(). Although u(.)
is nerely weakly menasurable, r - S,(1 - r)u(T) is strongly uV1IIsuradl,. ([6.
Levnun 4.11) thus the l1st integral is a Bucohner integral and prduceS a cotili-
lious C((Q)-vahled function. Thie oe'iator f : C(0) - (() in (2.2) and (2.4) is

f(y)(x) = flY(x)). If f(y) is locally Lipschitz colntillnuouls with respect to y then
f is locally hounded and locally Lipschitz c'ontinulous and this is enough to ilnsurle'
local existentce and unlliqvlileWss of sohltions of (2.4); of (ourse, we req juuire ' (0) = 0
for the Dirichlet boundary condition. We slhall call y(t, u) (or y(t, (, u) if ( is not
fixed) the solution of (2.4) for u(-) E L", (0, T; L' (Q)).

We say that (2.2) (or any control system) ham the global caxil.fncc proplt.pty
(GEP) in an interval 0 < t < f if for every C, K > 0 there exists L = L(C, K) > 0)
such that if 11(11 < C and Ilu(.)JI < K then y(t,(,u) exists in I} < t < f and

Iy(t,¢, u)1 < L. One of the many conditions that produce the GEP is

St• . . . .• .. . ..---. - -.-... ... . . ... .



Lemma 2.1. Assain,n tha~t

(2.5) (p, f (y)) !• c(1 + 1111112) (y E C(Q), it E H-(jj)),

W~hetyrfthe dual11ity set O-(Y) g E(1?) of (171 fie'tneTt Yj E C(O) is thc .set of all
I, E E.dI) stch Ithat =i, 1)Ili112 = 11!11l2. Thrit (2.2) hai; the GEP.

To) wheatt (2.5) invajis for, say, the( Dirichlut b)oundalry condl~it~ion. tiot(
t-hat. if YI() E CO(O) then (-)Ny) consist~s of all it E E(O) siipported by ec = {fr E
W; y(x) 11YIll } Luld such that 11/1.I1 11Hull./I. > () ill c'~ = Ix - Q;: Y(x)
I JY(.v)j <-}./ 0 in c - ={x E 0; li'x) =-j Ih,,(d) H . Accordinigly, if

(2.6) (.mu" !1) f01) ý C( I + hu) (-o'x < I/ < -Y-)

0,,. f~u.) O& f~ua)dr sfil V-(xf (u(,)hth(d.r.)

1 ( + ji/(r)j)lpIj(d.r.) = (c( hull -I+ 111112) •2c( 1 + 111)

so that (2.5) holds. Condition (2(6) is ecimily suv(Ii to 1)0 slit ishedi by filly polylolo iiill
conltailoitg only odd 1(1 r l) WCV ith 'giat~iVe (ovdhi('Ivlt.5, ftor illstillic' .f61) -!12A, 1- 1,

3. Approximation of the state

The scheitie itses

with E-,, > 0, c,, - 0I. As for (2.2), y,, (t, (' U) ilildientes dvwlepenleice oil Al . Wv
lisswuie that. IhS,40( <)I Cr -W ~'With '0 > 01 (Which ('11n always he uchieved by
it I ranshi t.ion) Soi thl ot. froeitlo a ml j)(owu rs ( -A,. )" (-ill hv def bini ed: sitIice S,-( t) is

Lemma 3.1. Let 0) 5 o < 1. ThIM tHI OPeuOt111

(3.3) A,,g(.) = I] (-A-)"1 S,,( - ey)u(c)rley,

i.E (o11L7)(ct frwom. L~'(0,T; L'I'(Q2)) in-1o C(0,1; (.(S)).

Thu. proof is bitsically the Sainel as that of its abstract co~unturlpart, Theorem
3.1 (or, rather, Theoremn 9.1) in [7].

We uise blxow the fact. thit L (0, T; L-(S?)) = L1 (0,'; L' (S2))* (which is ob-
vious by (2.3)). We recall that L' (U,T7; L' (f))-weak convergence of it sequence iii-
plies botuidednes~s; altio, a L 1 (0.7T; L (11))-wcakly comnpact set has to he bounded.



120 Ini iutr, icv frf Ilhc /htiminia7l(71l(7

Corollary 3.2. Let u(.) E L`'(OJ ; L1(1)) be suceh that y(t, u) cxri.xL inl
() < t < f, I (j C CN(2) wit/I4, ,{ (.)} C -- (0. t: L'(S?)) witjh u,.
u(.) L' (Ojt; L' (1))-nieakly. Then., if 6 >0( there (.rixt i.4 nn,.4 uech thati y,, (t. 4,,, u,,)
exists in (1 < t < t for ?i > it,. and

(3.4) 1IlY,f, (it. , Uri ) - y(f. (, U) FI

(3.5) j (-AJ-"y,, f(t, , .u,, )j IIjH(-A,.)'y(t,4, u)j II ,,

(:I.(;) II( AeY'Yy,, (t. 4,,, Uri) - (-A ,)"y(t. (, 01j -~ 0

unlifornily inl A < t < f for any A > () (inl ( < f < f if (W = 0).

Proof Denote' by [0. t,,] tlI( IUUaxiIIIUIH SubiiiituivaI of' [0. i] whlckv y,, (ft. ('I. UO, )exists~
mid stitisfi( (314). Ill this intxerviI, we iv

+/(-A,.)("y '(f S(,, U-ri±) - {~f f(Sr, u )y) r ,,,)

-f(S,. (6,, )y7, 4,U))}Idfr

+ I(-A,.)("S,.(t - r +,F,,)if (.S'-(E,,y(r.4 u))

f f(y(T, 4. W)}r

(31.7) + O -,) S( ,)-St-r)f (y(r, 4,'W dr

+ (-A,.)" (S(t - r +E-,,) - S, (t -- -r))u,, (-r)crf

+ /(-A,.)" S,(t - 'r)(11,,(7-) - U(T-))dr

-f(s, (6,, )y(r,C, u)) }er + H,j t)

which we first ('Ntinimtt. for (v 0. In the first. three int('gdnil ninkiiig ill ,H,, ( )
w(' 1 )ihk ill i lic interval of' iit~egriltioii into) (0, pt) luid (pt. 1) with () < p < 1. Ill
the first. factrval, we um lifd illhrI conitinulity of S,.(t) a1nd S, (t) inl / > 0: inl t 1e
second the bound for uw(t). The three integrals tire showni inl this wnyv to tend to
zero uniformly ill 0 S t <- f. Thct saine is true( of tlw fourth using Lemummm 3.1. We
estimmate by Grouwall's inequality amnd, taking it. > a certain -it we deduce that.
Iy,~ (t: ,, U,,) - y(t, C, U) 11 e/2 and contradict thic mnaxinmiality of' [0, t",I uniless
tfl
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The vst.imatihns fin- nl > 0 use the qeuIralivzed Grovllyal incqualitY i11, p).
188 Lenmma 7.1.11: if b < 0, y > -1 and .(t), it(.) ar.V ioilweiatiive and locidly
integralfe in 0 < t < T with

.(t !- a(t) + b. -1 )0,(n)drr (0 < t < T).

then there exists C depending only oni j- T such thit.

t(t) < a(t) + Cb (I - rrp)(T)rha (o < t < T).
. 1|

The trieattient. of all integrals is the salmie mid wv o t.l1( details. Note that the
singulhr hehlivior at. I = (] comes only from the first t...ri (- A,.)"((,, - 0) of H,, (t).
hot from the integral terins.

Corollary 3.3. A.-mane (2.2) ha.s the GEP in 0 < t < t. Thr., (3.1.11) has the
GEP in 0 < t < T for i" la/ar cno-uh. with consltantLs C, K. L(C. K) + , > 0.

Proo Let 111 C C. iu(.)ll < K. Use Lumma :1.2 (,1 " 0) with (,, =. u,,(.) =

u(.). Notice that the estimnation of the first three hitegrals making up t),,(t) is
indepenhlent of U fnud that the fourth integral is absent.. We tlhe,]n obtain that.
y,, (t, (, u) exists ill 0 < I < ? nuid satisites jy,, (t, (, u)jj < L + e, Coiliptitness of
S,.(t) (or Lemunma 3.1) is not l15('d here(.

We assumeii(' from now on1 that (2.2) has the GEl. Tho p~roof of tlh, following
result is very similar to that of C'orollaury 3.• 111d is thins onnit.t.('l.

Corollary 3.4. Let 0 < a < 1. { u.(.) } a L (0., t; L' (Q))-in(.kl!y ,'onuvcclqt n ..

quence in L,,, ((, t; I-, ()). Then

(3.8) II(-A,.)"y(t.,. up,) - (-A,,)"y(, (.u) --) (1 a.s k -X,

(:Am) II(- A,.)'y,, (t, (, uA.) - (-A,.)"y,, (f. (. u)II - .0 a A-,' .

itiiformlijy in o1 < t < t.

A cot funwtional for (2.2) is a real vahliecd fumntion 11o( t. y, u) defined in t > 0

amd for each t, for y = y(.) E C(O, .; C(f?)) amid u = u(.) e L'(0, t; LX (Sl)). It is
i• e(aklyj lower .(1iconltimiu- (WLS) if'

(3.10) Yo(t, Y, fl) < lilra Siul YO(tA., Y, U•)

for every sequence {tI} C_ R with th, - f, every sequlenlie {yt(')} 1 C(0, tk; C(O))
with y(.) -" y(.) in 7(0, T; C(O)) and every scquiencv {Uk(') } I L10(0, T; L' (Q))
with uk(.) -- (.) L1 (0, T; LI (11))-weakly. (Here T > Iand tie passage from spaces
in [0, t,] to spaces in [0, TJ involves obvious extensions.)
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We equip thle control systei, (2.2) with a WLS cost functional yo(t, y((, u), u)
and a control set U g LI(Q); the admissiblc control space C,,,(O, T;' U) consists of
all u(.) E L,(O, t; L-•()) such that u(t) E U ane. The optinmal control probleimi
includes ta tarqjet condition y(t. (, u) = Y = tat jet .I C_ (0(), and we assulne Y
closed. Call in the miniunun of yo(t, y((, u), u) in C,tI((}, i; U) sul)ject to tih target
condition. Assulning that -00 < in < oc, a sequence {IuI(.)}, uA'(.) E C(7 a,((), tk; U)

is a winimizing sequence if we have

(3.11) lill Supl) y(tk., y((, U k). Uk) < it, lirai dist(y(tk, Y.", ).') R.
k--• ,-

The definitions are the same for (3.1.n).i

Theorem 3.5. Let C(,.(}, T: U) bc L' (0, T; L- v(2))i-',tkly ,.nipat in. L'(O, T,
L'(12)), and assunic, y(t. y, u) is wevakly lo,,cr .enio tinIoutouos. Let { uI+(,) }, u'(.)
E C!,(} tk;U) bc a itvinieizing sequence with tk --. t < oo. TheVn (a geIeraltiZ'd
sequence op {uk(.)) concvives LI (0, T; LI (Q) )-wcakly to an Ol)t-inal coft.roY fl(.)

foi (2.2). Tile saire restlt holds for (3.1.n).

Proof: By the GEP we know that {y(t, u') } is I)ounded, so tHit, using Alioglh's
theorem in L,(0,T;L•(SI)) we may select a s ui)sequelnce (dIelnoted equally { ul'(.) })
such that both {uk(.)} and {f(y(., u))} are LI(0,T; LI(Q2))-weakly couvergent.
Then, using Corollary 3.4 we deduce that { y(t, uA )} is convergent in C(0(. 7; ((S?)).
Souie acrobatics are necessary to take care of the, inoving t,. For a very shnilar
argunment see for instance [9, Thieoreni 4.4]. Tihet riesoning fbr (3.1.11) is ol c(fct'st
the samIIe.

We note that if u(.) E Cfa(0, t; U) is such that y(., (. u) E Y theni a mini-
3iizing sequence for (2.2) autotnatically exists, although not . 4'cesslrily with { tk
botnded. Tih saitni result holds for (3.1.u).,

A pol)ular cost fiunctional for (1.2) is

(31.12) y)o(t, y, U) = /j f(l(r. ., (, e), n(r, x))d(Idr

where u(t, e) = u(t)(x), jj(t,x, (, it) = y(t, (, u) (x). The proof of' the ollowing
result is standlard and we ounit it.

Lemma 3,6. Let fo(,y, it) be continnuovs in C x R a-nd convcx in i for fixed. Then
yo(t, u) is weakly lower svnmicontintou.s,

4. Approximation of the costate

We assumc that f is continuously differentiable, so that f hats a Fr6chct
derivative Of with respect to y in C(O) given by (Of(y)z)(x) = f'(y(.r))z(x). Tile
derivative is continuous with respect to y in the space (C(0), C(D)) of bounded
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operators froin C(O() into itself. The (UldJoint variati.oal cquatia(7t corresponding to

(2.2) is

(4.1) z'(s) = -{A', + Of(y(.s))* }z() - g(-). z() =

in L' (Sl), to I)e solved backwards in () < t <_; herez E E ) g(') E L'(0, T: E())

and y(.) E C(0, t; C(O•)). The operator Of(y(t))* is multiplication by f'(y(x)) and

is thus colitinlous in (]E(O), E(Qi)) and in (L' (1i), L1 (Q?)). The treatment of (4.1)

parallels that of (2.2) with E(O) taking the role of L-(Q) and LI(SI) taking the

role of C(fl). A solution of (4.1) is a continuous solution of the integral equation

ff.
(4.2) z(.4) = S-#(- .4)z+ S,(a -- .00f (y())* z()+ -- s)g(a)rda,

where the first integral is a Bochil(ir integral. So is the sucold, o.i a('coinitt of strong

imeasuralbility of ( - SLI(er - .4)g(a) [(6, Leunna 4.1]. Note that we use S' in the

first integral since solutions 1, olong to L (Sl). Due to linearity, (4.2) enjoys glol)al

existence.
Since {Sv,.)Df(S,.ic,,)y(s))} = S,.(,) 0 and S' (t) is

the restriction to LI (M) of S,.(t)*, the adjoint. variational v(,uation corresp)ondinig

to (3.1,1) is

(4.3) .z -{A'l + S',(e,,)Of(S,(e,)y,,(.))*S',,z,, (s) - g,,("),
(4,3) ()-

also to bh solved backwards in 0< t < t with z,, E E (S) and g,, (.) E L' (0,TE S1));

as in (4.1), y,,(.) E C(0, (; C(Q)). The associated integral equation is the corre-

sponIing replica of (4.2).

Lemma 4.1. Let 0 < v < 1. Thr.n ti. operator

(4.4) A,,.(.) (-A's )," (a -

is. com,,pact frow LT'(0., T; E(S1)) into C(O, T: L I (S 1)).

The proof follows from the, sainei abstract. schiI s (aso('es that of Leioiiia 3.1

(Theorems 3.,1 and 9.1 in [71).
Below, we use thc vequality L1 (0, T; C(fi))* = L-(0, T; E(SZ)). This is a par-

ti('ular case of the foriitila L1 (0,7T; X )* = L' (0,T; X* ) valid for any Banich spne.

X: see [7] for references.

Corollary 4.2. Let {-,,} •1 E(O) be C(Q2)-wrakAly con-ery.ent to z E E(Q) and let

{g,,(.)• _ (0 ,t(-)) be L' (j(,; C(.))--wcakly convergent, to g(.) cL (0,t; Z2()).

Finally, let y,,() -* y(.) in C(0, t; C(I-1)), an d (0 < a < 1. Then

(4.5) jj(-A'i)"z,,(.)lj, jj(-A')"z(t)jl S C,,t-"

(4.6) Il(-A'j'z 1(') - (-A'1 )"z(t)I- 0

r'
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UP ifo7r1111 ill 0 < t < t folr CI( V 71) > 0.

Proof: Tihe proof is j ust. thei saniceits thlat. of Corollary 3.2 widio th iu 111111(0 diflii'etiele:
the ziolilint-egral terui oil t.it(' right sicde of (3.5) is ( ,) ~,( ~ - () with (,
C(Q), (,, - strongly, while(' here tit( c'orrespondingik terni is (-As)'IS't - .~( ., f

-) with I.-,, I g E~f), -,,- - C(O)-wtakly: hiowever' c'ompacvtness of' S'(t-
mjakes this at iioot point.

5. The maximum principle and invariance of the
Hamiltonian

(1V conside let' cost- ftlict-i( 1.0110

(5.1)/ ii(1, y((, 11), U) / fo(y(7-, .(-U). U(ri))dr

where f(, It x Lx (5) -- Rl has it Frechlit. clifleviteint j~id o,,(y, 11) withI respcO l o y.
We assuiltme that f1(Y.11.i) is ('(I 2)-coltmthiiulolls illy fo r it fiXed and thait 0j"(1] f 11(j*) is
C(Q ~)-c'out 111110115 ill // as a1 E (5)-vollled f i iict-ioii for it fixvd . Nil irer, wCI' We r' joil

I -- fi)(Y. uMt) )nesiI'tsul ile 1111d1 hotiunded and t - i),,f 1 1 ~. u( I)) C(Q(S)-weakly incat-
si-libiv0~( and1 hoiuded flot evcry' U(-) E L '1 (0. 1; 1,1(s I)). Finailly. We iissimico t hI I
,1(,( t. y. ii) is WLS kind C hit.

(5.2) fo(Y. a1) A> ( (y C C('( ). 11 EU).

Fo fti fntionald (3.12), all otiv til( bove will hoild if fi0 (i. u) is ('ont-iiittoiis ill 02 x IR,
co(ititi~ltoitsly difh'r('ttialbl( with re'spec't. to yj iii Qx m~uidi lositivv(. 11he s'stv~in (2.2)
is assinavid toha itve the (1 EP so) that till tite ap~proxilltiltinig syst'Itlis (31.1.i) will
aulso have' t.iv~ GEl fo ii' lahirge ~lot igli . We~ nss5iilie thl at. the ('(litt.i'( I set. C,(0,g (T. 1':
is L 1 (0. T': L (2) )-%vettkly closedI ill L11 (0. T, L ' (0 )) and( tHint. the taiget sot. V is
c'losedI.

Assumec that. a conlitrol u(-) E Cie,(0. 7T: Vi) exists wit-lh y(i. C. 11) 6 V r~' fin 1o to
1. Theni (seetvm fietriiarks t.t titliend'1( of' ýj3) a iuiiiiillmtxitig sequenve fin' (2.2) exists,
Coinditioni (5.2) imililies

thios for 'v~ery minimiiitizing seqlit'iic'e, { t,, I is tiuit-ommtint.ically holimclech. l~ii't.c. byN
Thmeoremt 3.5, all optiitial (ontirol Vr(.) exist.s iii till iiitervtd () < t 'Z i.

We conisider thev apiproximtatinmg pr1oblemis (3.1.11) with thesill' v t i~'tdiiuissibile
conrl spait 1(1 , )t.((' . T: (1) bu t a li ffe rc iii. i iiit tin co itIi thuiol (. Th e Ci st. fi ct ito ill
is

(5.4) Yonu (t, Yie ((, U), u) = " f, (... (Y', ,,u), u( r))di-

where f~, 1,(y, u) = fO(S,.(ej)y, it). Ob)viously, f . y it) satisfies (5.2) amiid ls at
Fr~ehet differential !Oyfmc,(y, a) SCte*~oS.6,iu) sharinig all thme relevant

- --------
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proper-tivs of n),E1 -, ) Wev clicck casily t lat. y,,,, is ats well \\ LX. 1,i1 targitl sMt.
1,is ('(iIstriil('td ws follow$,, As it 1 natrt'icula case( of Leninina :.1.

Sil su Iy,#.(t. C.U) - y(T,, C~u) -

We set. Y,, = y;dcist.(yj, 1) •ý 21i,,j 111( Ouid (htm,, E J)(A,.) t-oindjng to C (inl the
11011n1 of C(Q)) ill such 11 wayV tlat. y,,(i, ( . V) E Y",,. Accordingly, it mininiiziiing
stqv iaxn' for (3.1 ,n) exists. thustilla optimal control fi" ( ) exists ili sonitt inter-val
[0l. t,,] by Thevoremi :1.5. Wev have

• y(i, W(. V), V) + {i,(T. y,(. V). V) - !io(i, Y((C. vv

withi tlie two ciarly birackets tenid tot ?vi-o inl view of (orl)tuilay :1.2. It. the li-' stilt~s
that. It! I' is i t minima iiizing sv(pjit'ttce foi )t' c t ot igi itit probi dcii (2.2). A pply in g oii((
atgain Theor('t 1:1.5. we (le( hic 1( 1' t~ it. sill sv~ pivt a (a 1sto dilcd j )t-((ill (.) } ) ci aivurges
1, 1'(0. 7': LI (12) )-weitkly hi Ll (0. T:L "-(1 1)) to a1 conitrol u( .) whlich is opt ittial fot
(2.2) in tin intervavl 0 < t <_ 1.

TIheoremn 5.1. Thn D ivir . (.z,,, . E R x 1:(S?) such fthat

(5.5) c,,, •t (. , E Njy,, (yll(til,,. t!"')). I I,, + Ilzki =

(Nyi. (y,, (t,. ,, CVa") ) ldhc nenruau cor 10 1", (it y,, (I,, tillU )) sucvli Mhat if Z,, (f) i..
thc Sotbitioii of

(5 ilt (y( 141 ( I" a "). I,,, ill(),U (I) fil Ua , ys , i"),za. till .', '

a.x. in () < t <~ f, with c,=0 if the terminalu tinie im free.
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Tlivrciii 5.1 is a partiecular cius' of [6, 'Ilieor('it 6.3[ (exet. for (5.9); not~e
that. the target. 5(4 colitaills initerior poinjts, wh ich guaii~rIttee tit( t~hird 1cond4 it ion4
(5.5) (see tlie commuents inl [6] after Thieoremt 6.4).

We sketch at pr'oof of (5.9). We note first that. (3.1.11) ('ftil he wiit~t('i ill the foriii
y,(o.c, fill) =A(.y,, (t, (,., W a) +0(1) where y,, (I) (o, ft") = (,, G D( AJ. and where
OM e, = fS(, y~ t ~.a) + S-..(cn )u(t) ttiil A,(t) are strongly inva-

Miuralble and hounded. It follows thenl fromc ~l the vory 4)f 1111ar ab~st~ract. J)41tdohir
equa~tionis thant E, t ,,I' D( AJ aie, and is Lipschiitz ('onintjiiohs andic differ-
('iai41hiv it.c. with1 ,(.~,,~ = A,.yo,(/, (,, u' ) + fillf(S.s, y, t ,,") ) +

S~ ~,,)u~ ).Exactly the Smiie ('ohisidorl('tiohIM apply lo z",(.4) blit. Sinice the htmll
(0I _i-olt , is ill E(OZ). "lily ini hiterivals () < -s < - h,. ý > 0. At ni1kv rate' the(

hittection 3, N , *i') l() is locally Lipseliit.Z 4-0lttiltll1S ilk 0 < .S <_ I Mtid

its (lerivative cci111 he dlircly'tI ('4lcuIlat.('l lit, kany .-i where y,,(s. C, . ") luid Z,, (.N)
(-fill be4d(iff('IeIt~iat.('(l likeix ise. tite (l('iviv4.iVIe of f11 (y,, (". (o - U). -( WO) (asaItsit fieit iotA

of ) can hb' calcidated ax.4. D oi i i t.i an uj 11( sing tilt4' cliffic 'ret tbia v141 tao for14

illit am Ie. of, (Full t11('1c11i(' ill [0, 11 ilidh'lt'niit(it (it' 1, Sinl(,e 4')(.. f) is .- Liiischit~z
('4lit-iil~itlols ilidpll'j('nl'lit~ly of t heziv th( finact-ionl I('(s) = ut,4'. ,, 44')(4, f) is Lipschiitz
('ottt ilitlt(4t, hiilen( absollutely (c4lt iiillot1s. So) t flat t hilerv e'xists 11 Mitli~et 1 1 C est ill
of, hill tileasitre ill t10. i] W el' ('.(, e'xists. Ini this set we hanve

(N+ /h) -- als )N+ h.4. N It) - o(ms. )

.ii4 + /11 . X +c -1 1') ( . + /I . .) (")(s + it. x) -- r(")(. N)

/4 ~+/

If's (.1 Ow thefht sidei 4111141 t-liv scc'uia tetiti oilt tI' t'vightliti 114'e4 liuuit 4As It - I, t I I I
so4( dloes tIn' first. tertit 4)11 thle 6i111. Sililcv +( - It, s + /1) <. ~()( 4- /I. s) 1(41 It (& ;111Y
sign, this ljimit mutils hb' Zent. It fo4lloAws 111410 =:' (N I)4lii(151 cv1-Yivilvlvt', lilts 4'(x)
is 'ontstantt pr'oving (5.9). Thel( Mt4Atttienvt for free, tetitnihiil t ittic p)Ir(.IvitM iucvokvcs

lisiig fill titxihiai'v N s , stvetti find is vs~villt iaiIl t lIt( Mala' iised in [3 pp. l;30-3211 S WMI)
()ttiit thlt proofA.

T'heorem 5.2. Lclth t/ aiqut- smi Y fic convcl4)' .11.41h .a'ti noi i titutihor. Du fit i tU4

ed-ist~s (z,,. z) E R~ x IE(Q) mu/ch that

(5,tm) <o o t:1. + 11--1

Will scurl th/at, If z(m) solms

+~A~±ffys.C ) zs

(5.1) -~ii~~i~(N.C~ f), ~sz
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and
H/(y(s., (l. zo, ,. i(,s), u(.s)) = zJo(y(-s-. ) •.)

(5.12) + ((-AI) /'2 (,), (-A.)11 2y(.4, (.,a))

+ (9 (s), f(y(., CT +))) + (.(.), u)

thfTI.

(5.13) H(y(s•, , U). 2s. )4 (s)) = mIlt(y(., (,u), (, t(s). )v)

(.5.14)~ H(y(, Wfi, z,,, 2.(,m), ui(.s)) = r"

wvith. v () if the problet is frce terminal ti tre.

Thcorem 5.2 will be proved (of course) taking limits in Theoril 5.1. Not rirst

lain. th, •ev(wIlc' { j,,,, }. j z, } coming out of Theoreni ,. r). e I ounthllded; moreovwr,

everything in 1-,, is holunded. (the secmu( term by Corollary 3. amid Corollary 4.2)

S() tihat c," tIlll-, 1)1' h )Oulnded'(l. Hew.(,, wc( may take a s,0ll)s(,qll(e i nec s"'ary and

assulhlic that.

(5,15) .," -1 C. z,,,, -- ."' i -

the last -- kll(leCrttool C(()-weakly in E(i-). To take limits dir'ect ly iii the Ilhmilto-

.,L would nut work, since { Vi" (. ) isjust wulakly eonvergent., wv use th, integrate'd

version of (5,8) niid ().9). TDie first is

(5. il) H,.(y,,(. .,,, ") . z,, ,, ).v(.))d.I

for mlileasirablh' sets c C [0, ti and every v(.) c (',,,t(. U): thie second

(5.17) f t,, (y,, (.1. G,. U), -'[. z,, (S). ui" (.))).I( c" 'Ivas(().

(Chnrly, vv can go fromt (5. 1() anmd (5.17) to (the int egrat.t'( versions ol) (5.13) niid

(5.14) if we can ;dIiw thnt

(.5.18) ,( , v(.4))(,.

ill just two ca-'((s: v" v(.) E C,,i(O, t- U), mmd v" (') f il"(.). \e concetlratt' on

the se(cond case. To take limits im the second term of the Haimiltonian (5.7) we use,

Corollary 3.4 for y,, (•. (,,, 0i"). Corollary 4.2 for V."(t) and the 4loiinated COnvCr-

geuce theorem. The second term is handled in thim saume way, using Corollary 3.4

and coutinuity of f. Finally, the third term is disposed of using Corollary 4.2 (which



ItInjplies t Iait. Z,, (a. u"). t, tis S I (Ffj Iz (U. ft" ), is (oiivvrguiit. in L' (0. 1; fLi (S I))) iititl
the L'(0 ((I, f V(S!')-weab- conivergelice of ui" () ii L oil (0, T; L"-(11)). At h his j)oilit..

e'verythinig is over if :ml, -* 0. Otherwise, we' still lillv( t~o lprov( that

(5. 19f)) f... (y,, (s~. (,, CV). fill (.s))dm l imn / fo(y(.S. (1 1)01~)d

This is ob)vious if we write

wherve H,, I comiprises the terits in the( Hamniltoniian. with whose convergeace we
canii (olilt. oil. This ends with (5.13) and (5.14). We liuist, still prove thec sccoiich
condition (5.11)) or, equtivalently, that. -A.) 0. If z=hli -,of, :A I we are
thirouighi otherwise', 11:,1-1. We nl5( thit se(ondt condtitioni (5.5). wviit.t.eii ill the
torini

Poilit till he Fy ( zn(, y ,. ") coiý ai 0 (O11 ~ tl E Tid atii (y, (w1,,.olar
Y), the tahlig(it. colIC to I, ait. y,, (f it - (i,. ur). Sinlce V is (oilvt'X andt liois interiol

2.9]. thuts eiiding thev proof of Thevoriei 5.2. We nt(, )tit' ht thlie con(Žvxit~y cond~it~ion
oil Y is prohablhY eXcessive. liid it is likely t.ii~t iisslllipttuiins oil tite t'ngiiut. cones
of Y of the, type used iii [6. ý12] stifhece. ldtlhuighi we hlowe not hetil aidle to prove
this.

6. Final comments

,rti nijihet. sptcv e (t tinig ill [3] is (l1iv t~o thit' uise ot "itinxtiiial regtlhttlitvy
results [1] for y' (1) = A!J(t ) + f( t). Thevse have 1vi te xen ( dt('I~t t~o tBanacht spaces
iiicludinig LPi spaces in [21. but. LP extensions wouild still Ut' v'('i i'tst~rivt~ivv oIi
in mllii iarities, Oi tite otivi (' hand t. the rci' 11Is tin [3] tilt lit t.S t-i'ictl.ly hss gt'itertii
than~ the l kit01ivs lierv: tfor instan (ce, the C LP is i it t. ,eec ld.

lvIetxet con~i tr(ols ( (thiat is, nivilstilr '- v i luet contt rols jc(f)) (.1111ih list' 1tallec int

ilily seiitilinenrl systeml ui'( t) = A!,( ) + f (t. y(t ). ii(t)) udit iii ti y geteiini iisstiiiip-
tioiis [4]; With OIVItii. tile systemn beconiiis !/(t) = All(I ) + F(t.y1 (t) )t( t) . inear ill

the "twtu-spittv set. til) C(O~), L'(1 2) anl its dmud L' (Q ). E(Q) is hiatidled its in (o]
or risinig tile thieor'y of Phillips adcjointm (see [7]). Ho~wever, it. is esseiitial that. the
st'n igrt ap .S( t) gt'n rtitvi bc y A heut coillipa)tt.. as the arguiniteits iii this p aper 11111ke
cleair. It. Stillis ios'sibivult' owever, to extenid ait. least. solica of thle resulits to t lit cist'
where the conitrol it it-self enter's ili the e~luatioli through it (utillact conitrol turlit.

Anott~her initeresting lint' of puc'tializathion (requiriing an anlalytic seiniigroup)
wotilt be to relax kissuliiiptiulis tili the ' lolllinearit~y by ilieaiis of "front-aiic-back
smuoothinig wit h fractional powers, a trick w'hl known for the Navier-Stokes vquti-
ticuts; we iissuitiit' here that ((A)nf(-,-'.) ot f()is locti1l' bounde-d



aire *) contuct viitl t IiUcitigi fivto ii tevgral vi l~aivitio

+ / Ar "S~( r)U(7)(dr

Which call bei w 10V(( ill the clls.toili v wiy wl~ Vi('i1 n + ;i < i. rue ml(ji111 (,jual ioni

('1111 hvdv(14a11. With ill thet Sillai I viway. Howeve'r, coIIv(rgveilee and ) 'z,(.fr)111

o + .;I < 1/2. fhiii, i-, excessive' for duahiiig With 1t'ilhist~ic lionilili(I l-iii i(Mnivolvinig

gradl 11().
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RATE DISTRIBUTION MODELING FOR STRUCTURED
HETEROGENEOUS POPULATIONS
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A IiSTitA 'I. We 1wor m itos mol(delinlg st rategy for mtrucdtitrud p~opialt iotim, ini whitch in-
dlividuls ar ntlS(LI 1t Iiiecsstrirl~y identitlctl.Th '11 u~troguttclty im obtai~ltici býy miodeling t lit
popult~ ~ ito I il t tIotipriing IittgtetI tI1~ji~~~O .I

3Y timing1 iLvt Vetor inkwu're, We?
('0111ithi tthe SItIb(opIiliLt i0iiH wit h itll iabstri-tct inttegral to ob~tainI tile dvitsit41y of tile pop-
ulaition. We mliow t~itt thlm lpproac!,lemcids to it seiltigrot p formuittiotnOt of thev dyttamicis
litit aMitut (of vector tttiwttrt'M, and we develop 5(111W eml ttimat it mtlt~.imts for (IlttiltilingtI
the. Iniltia~l mtriicttte fromt obsrmIl~tt ((ItI.n

19901 Mathet'natics Subject Classification. 46C;10, 921)25, 921)(10

Key tutord.s and1 phrnsc.It.. H ILt(V dii t tibjitiot t. WVtt'tt Ikmt irieUts, semtt gtott~s ((H, CL I ltiU ot.

1. Introduction

Niaity b~iologicail atpplicatl()lis of dyniamijeid systemts andt conittrol thettory itn'olve
poputlationts that arv strutettret inl tetins of sizv, age. or spatial (list ribiittiotl. From
predict~itg future populations to dvvelopitig op)timtal harvest~itg strategies, todel s
providle impo~trt~ant iniformiation for biologist.. Thits, it is cruiciail to th'vclop mtodlels
that litetiet. xpopulat~iont behaiviorli anl nct ir~at-v itiatiter. This paper focuises (tit

It M-tititi ilt jasp ect, of ni dIlttI itt I1)(invti it't. thato. of 111(011 tatint g htatliv it I il-Ii 151(
inomtfttatioui inito aggregate, Ipoplatltioit-wi( V todeIls.

The original miotivait~ion for this wotrk inivolved ctertouin I icavior exhtibit~ed 1hy
ob se'rvedl data for it sizeA strutiurtedl popitlatioti of1 ttosquit~ohsht, 1hietavitt which Is
itteonsistvit with the cottmtontly itsed Simiko-Streifer ittodel:

,,, + (W"), . -/10, X() < X < X 1, t > (1.

Herv vt = v(t. x) detnotes the diensity of indivinals of size J. at. tituev t. g = y(t,x.)
(elelotes ind~ividualtl growth rate, mi tt(= ji (t, x) is the mortality rate. Thev observed
dlata, as discussed hit [BBKW, BF], exhibiits a dispersioni in size &LtI titme itirrensem,

ltcmcrrvi supp~orted lit part utnder AFOSR contract P'19620-93- -0153.
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and inl sonic cases unlliOdlal iniitial dlensities dlevelop into bimlodal densities lit
later tinie: the Sinko-Streifer model (does not predict these phienionenla withli()lt.
biologically unrealistic assumnptions oin the parameters.

In order to imnprove model predictions, various researchers (see (BBKW, BF])
have attemplted1 to examinei the model on the individual level. Iii genmeral, ini(ividl-
imals do not have identical growth rates (a basic assumption for the Sinko-Strvifer
nmodel). To introduce individual variations, we mnodel the population as beinig coin-
Posedl of homlogenleous subpopulationls, with each 4tlbpopulation obecying a Shiko-
Striefer law having (different parameters. The approach in [flEKW, BF] involves
sublpolmlatioii (densities v(t, ir; g), with the growth rate p&Ltramnet('r g differeimtintiiig
the smmbpopulatious. Thme subpopulations are then Ihe combined by integrating the
deinsities with respect to at measure on the space of paraumeters:

11.( , 3) 1) / (t,;i-; g) eWp(g).

The measure P, called the growth rate distribution, represents the proportioni of
individuals having a given growth rate.

In this paper, we conisidler the more general problem of a p~opulationI whose
dlynanmics are modleledl with at Paraulieter-(lelekideit CO( semigroup T(t; q) onl a
Hilbert space X. These op~erators typically arise tv solution operators for a dif-
ferential equation such ats the Sinko-Streifer equation givenl ab~ove. This general
approach allows us to considler several (different. kinds of nmodels from inany (liffer-
ential equations - age, siz'e, spatial structure miodels, or a comblination, Within thme
context of popula~tioii models, the p~aramneter q typ~ically coniprises several ilidlivid-
ital rate parameters. stich ats growth, mortality, and fecundity. The rate (list ribi tion
idea then is to model the population as at combination of smmhpopulatiomms which are
modeled with the original semnigroup (dynamnics T(t; q), Thev question then becomles
how to build the whole p~opulation from the subpopullationls.

Suppose for the moment that the number of subpopumlations is finite. Then.
we denote the densities by v(t, x; q,) = T(t, q, )ýj(x), for I < i < it. Then the
(density 1u(t,xa) of the whole p~opulation is given 1y

(1.1) -u(t, x) = >jT(t, (,q),pj(x).

hI [BF], the initial (densities were assurned to satisfy

(1.2) 01= PP

for sonic V E X', and somle collection 1p, I with pi Ž! 0, aind pi= 1. Then the
population density c!an be given in the forum

11(t, X) = T(t, qj)s(x)pj JT(t; q),r) dP(q),
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where P is the discrete prohability meamure on Q with support {q, } and~ weights
{ p, . The integral forinis geijeralizeci natutrally to the case' men'Itioned~ ablove in
which P is any probability measuire onl Q, and the estimation theory of [B3F]
generalizes in a straightforward manner far this problem.

To generalize this model further, we relaix (1.2), so that the subpopullationls
may have dlifferent initial structure as well as (distinct rate parameters. Thus we
are ledl to at generalization of the formn

(1..3) uL(t) = j T(t; q)ýp(q) dIP(r),

where the X valued function ýp(q) gives the parameter dependen~ft initial structure.
A further step is to write

(1.4) u (t) jT(t; q) drn(e),

where m is at vector-valued measure onl Q (taking values in X). Intuitively, we hiave,
m(dq) = ýp(q) P(dq). Also, when X =L 2 , say, fmz(A)(x-) dr (denotes the uniunher
of individuals whose structure variable x is b~etweenl a and~ b, and whose paraumeter
q lies in the set A C Q. Note that formula (1.4) above involves integratfing anl
operator valued function with respect to at vector meaisure. There are somle subtle
questions of mneasurabl~ity in both (1 .3) and (1.4) that nmust be resolved fromt
properties of the original semigroup miodel (see [Fl).

The advantage to using the forin (1.4) over (1.3) is not init greater level of
generality, for under rather general condlitionms a vector measure (,ti be expressed
in termns of a vector valued density and a scalar measure, However, its we shall
see below, the vector measure approach leads directly to it scinigroup formulation
of the dlynamices in a vector measure space, and hence WE, mlay view the state
as possessing not only the original (size, age, or spatial) structure hut also the
individual (rate) structure.

'Aec shall consider the popuilationi state at thine fto he ml~, which canl be givenl
in mild formn at

(1.5) In, = T(O~mu T(t - S)f(s) (14

where f is a "forcing function" modeling changes in parameter structure dule to
external environmental changes. Below we shall dlerive the sinligroup T froni
T(t; q) :the idea is that T(t)mu (dq) = T(t; q)ýp(q) ji(dq), where we have MIn(dq)=

The inverse problem is to estinmate the measure in0 and the forcing function
f fromt observations of the population. In size structured populations, onle typically
obtains "histogram" data which represents numbers of individuals whose size lies
in given "size bins." We assumne that the observations are of the form {~a(tj): 1 <
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i< n} C Z, where the data space Z is a Hilbert space, and we use the least squares
criterion

'I

J(mo, f) = j IlI(tk) - Cmt(Q)IIj,,
k= I

where I1 Iz denotes the norm in Z, and where C: X -- is the observation
mapping (e.g., a projection onto the step functions in the histogram ease). Coln-
putation of solutions to this inverse problem requires several approximations for
the semigroup, the vector integral in (1.5), and the vector mneasure itself. It does,
however, provide an advantage over identification of the parameter q: the least
squares problem for the measure is a linear least squares problem. A very similar
idea, relaxed control, has been used in control theory for quite sone timne (see, e.g.
[W]).

A computational advantage in this approach is that the problem contains a
high level of parallelism, Different subpopiilations can be simulated indeelndently;
hence, parallel computing platforms can be used very fcfieiently.

This paper is organized las follows. In Section 2. we( discuss the functional
analytic tools necessary to put (1.5) on a rigorous foundation. Section 3 contains
the approxinmation methods fur inverse problems, and somne remarks omi futurv work
are contained in Section 4.

2. Semigroup Formulation of the Model
Our goal in this Sectionl is to extend the (lynailirs of a population cc)iiiris-

ing identical individuals to a heterogeneous population, distributed not only ill
its original structure but also in its rate structure. We begin with the original
dynamics,

(2,1) i,(t; q) = A(q)v(t; q),

where A is the infinitestinmal generator of a C) selnigroulp T(t; q) on a 1tHilbert splmee
X. In the extension we tre seeking, the solutions (1(t: q) represent the subl)poplattionu
density having paranlet r q. Of course, when we refer t(o this fimictiom of q as a
density, we need a umeasure with respect to which v, is a density, We also need an
extended state space which incorporates the additional structure.

One natural approach to a state space formulationi is to take the initial pop-
ulation to be an X-valued miecasure. The space M of regular, eomntahly additive
X-valued Borel meemures of bounded variation oni Q forms a Banach spauc which
can be identified with C(Q, X)*. We Include here sonie definitions arnd notation
which will be very useful below, The interested reader many consult [DUJ or [D]
for the details of vector measures. First, we recall that a comntably additiv, vector
ueasure (or more concisely, it vector nilasure) is a function frommi a o-algebra F of
sets In Q to X satisfying

m(U Ej) E Zm(Ei)

___________________________1

...............
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for every collection { Ej } C F of disjoint sets. The limit ill the infinite Muln holds1(
in the X i.orin sense. We define the variation of m, Iml, by

ImI(E) = sup Z Ijm(E,)Ilx,

where 11 is the collection of finite partitions of E. If ImI(Q) < OC, we say that m
is of bounded v'ariatiou. The semivariation is defined by

Ilmll(E) = sup{l(', m(E))] : X E X, Ix3-1 ,

where (., .) denotes the inner product in X. We say that m is of oiulderd senhivari-
attion if I]mll(Q) < 00, A vector measure is of bounded senlivariation if and only if
its range is bounded in X (p. 5 of [DU]) so that we refer t•o measures of hounded
semnivariatioi simply as hounded inwisiires, Unless otherwise stated, integrals oft
vector valued functions are taken to be Bochner integrals (see !DU, Chapter 2]).

Measures of bounded variation can also be expressedl as m(dq) = cp(q) 11(dq),
where V E L'(Q, It; X) and it Is a positive real-valued measure on Q, such that
0 < It(A) ! 1mill(A), for each measurabie A. This fact follows from a theorem of
Bartle, Dunford, and Schwarz and tihe fact that Hilbert spaces have the Radon-
Nikodym property (see [DU, pp. 14, 61, and 100]).

Another state space possibility is given by C(Q; X) x Al. where Al(= C(Q)')
d(lnotes the finitv real-valued Borel measures, onI Q, for Q it collpact sparable
metric space. This approach has been successfully employed in [BKW] within the
(ontext of model development,.

Here we shall focus on the vector incasure approach, which has proven effec.-
tive in inverse probhlems (see [F] and the following sections). We begin by (xtenliug
the original semigroup to the vector measure space, The following result is the first
necessary step.

Lemma 2.1. Suppose that X is a Hilburt spacc and that T(t: q) is a .wmigrpoup on
X that is strongly jointly continuotts on 10, oc)x Q. -mhuiy Q is a comrpact, .f)'lmrIbIr
nietriC Spars'. SupposC that It is a finitc mye!Ialar noninqatitic ni v•amt'c on' (the BomlT

scts of) Q and that p e L1 (Q, It; X). Then, for each t, thr map q • T(t. q)ýp(q) is
in L1 (Q,it; X), and Mte vrctor mrnasum n .given ()y n(A) = T(t. q),p(q) p(dq) is
in M.

Proof. First, we note that if the above map is metsurable, then we lhve that

f JT(t; q),(q) 1.,c p (dq) 1j T(t; q)j II I(q) I l,(dq)

< Ale'-"'] I'p(q)ljx dp(dq) < Oc,

since T is jointly strongly continous (see [DU, F). Thus, to prove that the above
map is L', it remains to show measurability.
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We recall that an X-valued function is measurable if and only if it is the
(ji-a.c.) pointwise strong limit of simple functions (see [DUI). Given that o E
L1 (Q, it: X), we niiay choose a sequence of simple functions p" , tp strongly, for
it-a.e. q E Q. Next, for each n, we choose a finite collection of halls of radius 1/n.,
B(qr'. 1/1), for 1 < i < Ki, that cover Q. We redefine these balls in order to ziiake
themi disjoint, by setting B'' = B(q'', 1/n), and letting

B ": = B (q ",, I/r,) n (B IN)" n ... A '•.., ,

We then set

hK,, N,,

(2.2) i"(q) = F k~. '4'~A.nJ
k=1 i=1

where (p , "if' XA,," Clearly, o/," is a simple function. Moreover, if q(, is a point
for which (p" (qO) --+ p(q). then there is a sequence of sets Al,, n B,, that contain
q() and whose radii are tending to 0. By the strong continuity of T, together with
the convergence of (p", we have that T(t: qk! )",p (q"t ) -, T(th qo)(p(qa), as desired.

For the last claim, we have that n(A) = Ja T(t, q)p(q) jt(dq) is a countably
additive, bounded variation vector measure (fromi [DU, p. 46]) and that in fact

Inj(A) =fIlT(t, r)(p(q)l 1I t(dq).
fA

To prove regularity of n, we must show that for every umensurable set A and for
every 6 > 0, there exist sets K, compact, and 0, open satisfying K c A c 0, and
Inj(O - K) < .

Note that if c > 0, since q - T(t, q)ýp(q) is in L' (Q, p; X), there exists h > 0
such that if B is immeasurable and jit(B) < 6, thlemi Inl(B) < F. The regiilarity of /t
then l)rovide(s the result.

Using this lenuna, we de(fine the operators T(t) omn M by setting

(2.3) T(t)m(dq) = T(t; q)(p(q)p(dq).

To prove that this (efihnition gives us a semnigroup on .A4, we inust. first show that
T(t) is well defined, That is, sulppose rim = dp = of, dv. (Ii fact, many such
distinct representations exist: see [DU, p. 269, Corollary 3]). We must show that
both representations lead to the same linear operator; i.e.,

T(t; q)V(q)p (dq) = T(t; q) t,(q): .).

Toward that end, we take BD' and qN. as ill the above proof, and we defie' a
sequence of operators

T" (t; q)' = xu,ý (q)T(t; qN).r.
ktwl

ke~ I

-I
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which converges strongly to T(t; q). In a manner similar to (2.2), we set

K,, K
n" (A) Tttq q)
k=1 AW,' JAW . 1I,

K,, K,.

h1 (A) = T qN , ,(q) ( (dq)

and nt is similarly definesdI. Since n', nd , we must. have n = n2. , which implis

that T(t) is well dehfied.
We also note that since

Inl(A) = fA JIT(t, q)o(q)Ilx N (dq) < Al"t ImI(A)

T(t) is a hounded linear operator on M. Using these facts we have the following.

Theorem 2.2. Under the hypothweses of Lmnina 2.1 1, we' have that "(t), t > () is a
,strongly continUou8 s'mnigroaup of linear operators ow AM.

Proof. The senligroup property is easily seen to follow from (2.3). as is the fact
that T(O) = I. We nitist now argue strong continuity. Note that

IT(t)m - mI(Q) = J HT(t, q),p(q) - p(q) 11\N p(dq),

which goes to ( asf t goes to (}, by the dooiiiiated (convergenc(' theoreiii. Thuis •' rong
continuity is proved.

From this theorein we obtain a imodel for olyVitnics ill thl' vector nIcI'-;iirv
state space. M,. through the mild formn given in (1.5):

m,= T(t)m(1 + J T(t - ,)f(.) d.4,

where f E L'([O,t.1 ];M). The state vector now is m, which contaiiis strluture
ini both the parameter space and the original space X. Moreover, the mild form
also contains a forcing function which can be used to model externally induced
Iaraineter changes. Having developed a semnigroup formulation for the extendedl
dynanaics, we now turn to inverse problems.

- t.. . . . . . - _
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3. Inverse Problems for the Rate Distribution Model

It is typically the case in a POI)ulation biology application that thle, individiual
rate constants cannot be measured directly. Thus, in poplUlation wide observations,
one would be unlikely to have access to meavsurements of parameter variation
in the population. On the other hand, size and spatial structure are observable
in niany vases. Thus, we are confronted with an inverse problem in which the
ohervntions i(tj) G Z correspond to C (f4 T(ti; q),p(q) jt(dq)), where C: X - Z
is an olmervation operator and the data space Z is a separable Hilbert space. In
imany population biology examples, the data are histograms giving the nmher of
individuals whose size (age, position) lies in particular intervals. In such a case
Z is finite dimensional and C is an integral "averaging" operator. The integral in
q denotes the summing of the population over the parametter splce: we obsuvrvt,
the total population, structured only in X. We thus pose the inverse problem a,;
the determination of m from such measurements. We shall use the least squares
approach, in which we seek to miniimnize

(3.1) J(m) = Z IICT(t)m(Q) - ft(tj)Ijx,

which, we note, is an infinite diininsional linear least. squares problem.
A possible approach to the minimization is through standard linear least.

squares theory and the normal equations B" Bm= h, with B =. (T(tI )..... T(t,))I
E £(X"), and .-- (= (tt).... e(t"))" E X". We do not have at this point any
general conditions on the original semigroup un(ler which the normal equations
have a unique solution. Hence, we take here a different approach.

We treat the problem asi a iconstrained minimization of .1 over a set mad,
of admissible parameters. Since the unit ball in C(Q, X)* is wveak-* compact (by
Alaoglu's theorem), we take M,, c M to be the imeasumres with variation houmnded
by Al, which is a fixed positive nreinher. Under the assumption that the adjoint
svmigroup, T*(t;q), is strongly contntmoms in t and q. we have that mr" ,- m
wvak-* implies that T(t)mN(Q) - T7(t)m(Q) weakly in X, for

(.,, ] T(t; q)tp(q) ji(dq)) = f (x, T(t; q)po(q)) j,(dq)

= 4(T (t; q)x, p(q)) p(dq).

Since T" is strongly continmuos, q ý- T" (t, q).r E C(Q, X). and thp weak cnm'ver-
gemnce becomes apparent. From this convergence we obtain thtm following.

Theorem 3.1. Suppose that C E C(X, Z) is compact. Under the assumptions of
Theorem 2.2, together with strong continuity of the adjoint semigroup T* (t; q), the
functional J is continuous with respect to the weak-* topology on M.,.; hence, 'I
attains a minimum over ad.

II
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Proof. Fir-it, uote that, theL wvak-* topology oil Mud~ aitd the wcak topiology of'
T (t) (M ..1) c X arv nintrizable (see. e.g., [11, p). 203]). Tnits, tOw aboxve aruglmiiit.
shows thlat in :-- T(t)zn is collt~iUUo~l5 With respectt, to thewe topohogtes. Sillce C is
('ol1ickt.. it maps weakly conlvergenlt seqlu('levs to strotigly conivergent sc(llli('II(S,
Th11( we hanve thme de('sired rus~idt.

Thet optiinizatioli prolhheiII posed is fill itiilmitv (tillnensiollall onle, so we lived
SomeW typ)oxiliti~tiolA imethodls for (()Iihipuntitiaml purposes, We( wis4tunv1 tdii-t we low1e
for the original prolheini a iimunericil sdvlie iietat produces at sequience of senui-
group)s TN (th ) dehuied onl tiite dinivasimial siubspaces XN' of X, t~akeii to W)(
of thle foruml X~N = j)(11 {gif , 1' , withl pN 1)igthotoonlpottilm

from X to N. Fromt these scinugrr .1ups We (ommstnrmm(t. cost funmetioalus

.JN(M) =E~ IIf*(t,) _ C-TN(t)M((C2),,
kl~

where TN iii defilled inl thle ob~viousi wanivnr, This cost fiunctionald mummst he w~imnimize(
o)ver1 a biuite (hiniemi~owd swt, Let {q' , q,.. he at (culmit-ble, (elelse slbhset. of Q.
WNe set

NN

Which is i fl hitv (hiliet'11i011&th Milbset of Ma.A1 Fmmrtdlmrmmore (ats itI F] ). any viuenemt
(ii M"Icnr beMmlK approximatted ill the weak-* 5('IIN( 1)3' at me(jmmew fron these sets,
Withl these ol)5CrV&t10U5, We mlay obtaun the followinig approximnatiomi resultt

Theorem 3.2. A.sumetimeL that fic lpothhexce4 of Thcorcut 3.2 bold. Furt~hcrruien
let the, mqueuee TN'(t; q) satimfy TNv(t; q)P'Vx - 7T(t~q);i. and (TN )(t~ q)lNj.1

T*(t; q)a, mtrotigy iii X and( uitiiforinlyj ov Q x jo, t). Then mmuinari.-cs of ,JN
eurMN conv.It1yc Ntib.scepurtially hin the, wrak-*A t()oph)EjgJ of A4,, to wwuninizcr.x

of .!.

Proc,e, Ill view of, the abstract, least~ squares theory of' flimks (see, e.g.. [13K. p~p.
144-51) it onaly remainhs to show thait, jN (mni) - .I(mt), whenever min in inl thet
weak-* s(,nse, Toward that. end1, we miote thiat

(x, j TN(t; q)PN~oN(q) I1N (dq)) =/(x, TN(t~ q)pN p (q)) JLN (d1)

= (P ,. TN(t; q) jNpN (q)) p N ((j()

+ J x T(t; (q),PN (q)) ,,,N (dq)
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=/((T N (t; q))* pNX, ,,ýN (q)) I1 N (,dq)

-/(T- (t.; q).*, ý N (q) ,1N (dIq)

+ (x, T(t; q) ;N (q) p N ((q))

(, T(f; rj),'(q) j~qý

wlhich1 itlilli(s 'TN (t)1nN -. T(t )rr weakly ill X. Asi ill Tl~icoic'i :3.1. weV( theli
Obta)~inl the tli re Ii ci((l'on~ver'gence fou *,N.

4. Conclusions

We t have' exciliile I iit'(I ee 11 Mvi I igroiuII forlt tic at olo Of it ratec (Iistibli)it ioU ii joc
for st~rilttettre ppt~ilatiotts. B~eing l~I$('( tinvrely on1 flu originial semtigroitip foruiittla.
tiolt for' ttl)XpopihltlatioXl of i(vi('tici~lI11 hin htiaIdii. t~his~ tiod(' is qulitev goeiicil. Uxitug
1 maic pr pert~ies of' V( etor tiic ash revu, wv st.liv fl( IC Ith 1saic' well-poj ed )X ( I iest ionl for
the seoiigrolup foriulil~litiott of t it(% (histriluttt.' model, andic deVC~oIe(I tll esMtimtiontict
fratuieork For fitting the mtiodel to datta.

Wev havec pe-frhut1 e( it viariety of comp iut tatio10nal e'xamples1 eM 1 ()cI it t.he Sit k-
St-reifer problema enitioned udbovv. The iniplemieiit-at ion ittvolvc'x solvinig thev Sitiko-
Strvifei' PIJE for intiuty growth rit.(' huiritiolix. uaildw I('luive xhiceseiifhhly uised the
I 28-procvssor hitvel il"SC/86) tit Onk icigv Nationaul Lithortitory for tlitc' (ditljttit-

tiotis. Thes 1CCestilt-ti reolC-X 13c itt [BIF'Z[, ( ltni 01151111 ntd on11 )1ly the ('I co ptitttation al
fevasibility of the techiniqtaes we have deScribed, but. iliso tile capablility of olb~tittlilig
htigh qi tuil ity fits t.o real ol visevc I size' 5t1.101 t irec ditiala that were inot previotIs ly
to 'vatfid e Wit.h i tivei'se tech cit i es.

Fut-iirc' stiudies will focus otit vec't~or tttt'asilite fl-1cri14titt ols for1 itotiltema r ihi-
letins (stich its [HII) iswt'hl 11,4 ttodclts which ittecoltjpuiltvd tdihlbppi~ltlftiolt mittxing (its

fin [13KW]).
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A MODEL FOR. A TWO-LAYERED PLATE WITH
INTERFACIAL SLIP

Departmniit of M~athemaiiitics
* Iowa State University

A -TRiHAC 1. 111 th is papeI)r We del-'ivv at modlu for at two I ayervd iplkale il whichl Ailv cali
OCcur at thle interfawc, We iissumei thiltl. It "gIlW lid' yvr of negl igilile thick iwss bon1ds thew
two miujuining murfacem inl such at way 111 that tIlvretorinig force c~ruatc I by t lii gii' im prlo-
plrolt iki to th Ike 301101 mt of si ij)pmmgV. Witt 1111 O~l IAA ilthe It ~SHIIIIOUptoIN of ijoioshc~i mko
beIl11 theorny ( motinldy, thait tlill st~raight lila1t wilts orthogonail to ('11(1 tentet, Sheet at

('(ill I ibriuti ti ret iouiil Straight dhirinhg dleforrmat ion ) are lippleC andt theII ocirlmtiormM of Ii r-
tion atrc derive throu gh the 1witiciple of virt ual wvork. Wc relate thet resut tirig systvrum i()

th iv til -lrolek-Ies Ite )Iate SySteil arnd alsu it) thlt K ireithoir platte systemr
iiy shigular per(utrhu'bLt0 ions i vcit ig pamsinLg til mi sear st.ilrrmess ratimcter andl thei gIill(,
stirvogt~h pairanlleter to Iilii uy.

19 l) ailurnamtir:. Sub1cf jur .sIm~vificalion. 731<10, 731<20(

Kevj 1ords (Ind1 phyasc.I. NI itlt- I Cyel piIlit( INI inc lii i plate. livisslir pkiw.

1. Introduction

Over tile paust (leciltts, cotli1 ositve mateiatttils have 101111(1 incl(CasinglY b~road(
applihcatio ill ma t1lfly 1UCILs fromu designt ofI Sport~ing goodls toC 51)liW(' str11(1tirles.'IIICese

jim1teriallS C11,1I 1WP (CSigiit'( to lproit tIC either favorablle daimp~ing chalract~eristic o~r)
hfigh Strength to) n1mmu~ ralut s, antd oft en for a (co1mbinationt of ('nel. ('c ist'(piviit~ly

t-licer( 111$ been'1 at considlerable illIvoillit. of effort ill modetltlinig t.11C'S(' sttiict~iitc's an~d

at ily'/iiig thile dCla i icnal pro(11 litis ther11eCof.
%-odels for Iintiltilavereul bi tiiis andu plnt vs I111%Cv eXistevd ill t-lIt' literilt lre sitcer

at leatst tile late hitfivs Nutb [Kul. Shice thiel. tilumerotis miore e'lab~orat~e 1110(1 vhawiiv
1 wet d evelop ed (sve [Ille] , [Di], [Mel] . [Y D] andc f lut 1111111 rlel'0 1'fehrC icC's t I ercill
For those mod(els which were conIstructedI with th ie a of111 m todelling dlamin~lg
tit'e 1lisld applroachl has beenm to mLsstmen the miaterial 'onisists~ of three separate
layers which art. bolliled together (no-slip tit the interfaces). The outer layers atre
U10(lelledl Iy plates Which allow little or 110 shear while. the hiimir layevr is Imodelled
as a imaterial with a "'complex shear muodulus" but itusually without other miat~erial
a~ssum~pt~ions. Kinemnatic restrictions aire thent artificially imposed which couple t~he
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strains4 or stress(,% inl each likyer with one( another aid it lplat( model( involvinig 0111Y
tli, transverse dlisp~lacemient is lpr()liwedl.

hIl this p~aper we (l(rivu it model for at two-lay('i'( platte inl whlich slit) can occur
at.t the intvrfaicv. We ininigilite that at "glue" layver of niegligilble thlickniess bonds( the
two aoljoiniiig surfaces inl such a wa~y that the restoring force createdi by the glue
is proportionial to the aln()ouiit of slippage. Within each p~late tile itssliiulltionis of
Tinioshenko baitin theory [Ti] (naniely, that. thev straight fliii('xnts orthogonal to
eatch celiter shevet litt equlilibriumi~i r('liniai straight duirinig dleforniat~ioii) atre atpplied

kuid thle v(platiolis of tijotiol ale dlerivedl through thelt pinciple ofi virtual work.

Inl the app~roach u~sedl here, we niipose no a-priori kinematic restrictions c-oil-

pding the motion of thle upper plate to tile lower one. (Although we dto assuinie
wvithiin each plahte situiujolrd assi iipt~ion s of Tiniomhenko 1 ealin theory). However.
ait leatst for the present article we will atssumie a geomectric mylininetry inl that, we
conisidler only the catse where the upper and lower plates are identicail. This allows
for at decoupling of thle in-plane mnotions from thel hvnilnig inotions.

Initially we obtaini a systemi of ninei( ('(lation~.,; which (describe the lynitiaiics
of the comiposite plate. Thet p~art dlescrib~ing the. 1)ending hans five equlationis iii thme

transverse displaceniunt, the efffCtimu rotattion kiangles amid two for the(ilt oiioeilts
of thle Slip). We show thatt this systeim is an anialog of the Mindlimi-Tinmoslienko-
1Ivisslier plate system (cailed thu Mindlin-Tiimiosheniko plat(e inl [LL], [Lat]) iii the
sense that 1) whenl there is lmo ghii( our systv(uin rvie~lm(s to ain N4TI systeum. 2)
whenl thei strength of thle gilue temids to inhinit 'y. solut ions of' o111 systelin conv'~erge
ill ia weak senise to soliutionis of an MITh system.l

By letting the( slmeuir-stifflumess litramim('.er tendo to infimiit 'y we obtnoin i linmitimig

systvmin of three ejumatiomi: 'li is analogous t~o the Kirelilioff system ill tilte saitle
sellse! that. ouroi-' is analogous t~o thle NMTR system.

A mimajor rc.i ., ''g Slit) (its op~posedl to including at ceniter la1yer for

the gill(e) is tllnt ,nit' ti t-1 ,i easily initrodluce frilet lonal forces initom the dynamo111-
is, of the( Slip). V' e.. this force its simpjle slidinig friction (frict~iotmol force

p~rop~ortionaml ti. 2it. )l~tailis two new Stnu1tuvi i t fl ral alpud plate mimodels.
It is known thatt iichi of ~'dissipation ill compilosit~e miiaterimils is ill faict. (lilt' to)
friction between adjacvnt fibers. Thus at goald of this research is to characterize
the dlamipinmg one( obtains iil pllates due to initernial friction. H-owe'ver ill thle presemnt

paper we concecrn ouirselves with thme ease inl which not frictional forces ar(' iiielidul 1.

2. Basic assumptions

Much of oumr development and notation will follow t hat of Lagmiese and1( Lions
[LL, chapters 1,2].

Our plate consists of two idenmtical nonhioznogcneous (hiomiogenevous ill thle
transverse dhirection), isotropic thin plates which are inl contact with each other onl
a middle~ surfae~ which occupies the( region il C R 2 ait equlilib~riuim. Eatch plate is
assumied to have unifnrin thickness h12.
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Let us use tlh(, rect-angular coor(liutes ,r x-= (.;r) to denote points in it
11id r = (b X',3) = (XI , 1'2, .13) to Pltiiote points ill Q = x (-h /2, 0) or Q =

xt x (0, h/2). For X E Q' U Q let U(.r) (Us, U.2, U 3)(0 ) dellote the displUlccVli1it
vector of the point which, when the plate in cquililbrin lnis coordiniat.es . =
(.r l, a'2, .). (In the dynuaic cast, t.hese variabl)I also n 1 delild 1l)po tini,. but Wc
will suppress tlll tillie dependence iin this section.) Inl addit.ion let iis lefine t-'- and

by- Iy

u (x')- liri IJ(x,':i)Vx E 1.
X-1 -01

2.1. Stress-strain relations. Let lp,,i (ij = 1,2,3) denote the stress and
strain tensors, respectively. For a small displacemen. it theory we asullnie

(2.1) 1ii = M1 + U .

Let E = E(L) > En > 0 denote Youngs lnlodluIls and /t(r) demote Poisso'ns r1t Lo.
0 < it<) < t <i < 1/2. Since the plates are assumed to•e 1) isotropic we havw thn'
following stress-straili relatiolls:

(2.2) Er , 1 + ii i. + f.kb,.j ,
I-

where we have used the s•ininujtion cohV('lit.ioli for repeat(,l indices.
As in [LL]. we ssunie that •r:j:j is niegligilhe, heinee to highest ortder 01 (-ti il

solve for Cj:: ill termlis of the other principle strains:

(2.3),:: ,( , + .)
-it

From (2.2) ani (23) we have

tr l = *--I"((H +1022)

(2,4) J72 = (1 ( 11 + f 2)
r'T:1 --= {)

(7t., : . J' # j.

However, in anticipation of the fact that we will niodel each plate according to
the assumptiOwi• (f Tinoshenko beam theory, a shlar crviction coefficient. k is
incorporated into (2.4) to account for the fact that (physically) the transvvrse
shear strains do not remain constant throughout the thickness of each plate. (Ill
the Timoushenko theory the shear strains are assumed to he constant throughout
the thickness.) Thus the shear stresses in (2A4) are modified:

kE kE
(2.5) (71:1 = - 13, (72 =2i-- 3-

.1
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-4 SIN,

FM. 1. A mcl )vIint i of t.iu ,,-.,:1 crmm sccl ion of, 4 hu 11cufl-c'fuud

2.2. Plate assiumptions. 'fliv NITHl phit., iaoch' !LL, p.lI]I is thev simplj)est. phIav
114Ilc'dI Whliichi 4( )i llcrpri'4t(' t.1(('he ( 'ivts of shvi'II 1'41 fni indvpcia 'iit. qe iai it~it y. Ilk
t.his IC tel straigh t. iblaini lts or iigimllly orlthogona(41iil toC 1'I It. -' iddle 544 i'hue rvainnin
Strmighlt. llttr('IC ('f 1I 14ittiol 1, hoIC v IW'(i tic' 11cC to(4I vot it('N'1 vinfvv tI) tli di 'Chformedii

f.14'(I'! d 14(1111( of athe. Ic .Iltl IN('5 Cler ef Ic '(ti' ItCli Iwo.%' for the' xl ~'u a I Ig hs. 11' ji lidici-

tlt straighit fhiiments lult' aillowet- boith routtI' and1 trauluSIte so) thaiit ('ll hilaini(ilt

hit each plate lins (for the moIV~IAil) tiVV(' kgl-VVK Of fri'('4h104i1 t.l11111 t-1rliixlIltiollal
and1( two rotn411.omilI. Thus thet dlispI'lacements of the( hhiuia'ivilt F = F I u Y wliklic
(W('lipiC'm { (Xj' X v:1) :-hi/2 < I-', < /4/2 j at uquilibritan ix ('tilukt~ely k'tvrlinined

by specifying the tl'aillationall (hislllitceineiits it '(x) 1111(1 a flott~lltCi aii1glt. for F4,

anld F- . (.F± belongs to the "upper platu" and F- is inl the "lower platv",)
Rather than nttellipt to (1(fine1 mII('Ir 1nagh's relative to it ")III(IdIic xtiii-avv" of

each jplittt', it will h lx' r iiitit' CO iVeuint to (letilt! till- 11l1igk' el''litiV( to the surfawes
S' {GL,0) +u'(&_) :X E Q1}. Let ýp~k(x)=L M) deiiote mhoiu' ltiigltN; that
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is, ýP (tr) is the angle. meIasured with positive orientation that the filament Y:1 has
rotated relative to the normal to S' at (r,_ 0) + u-W (1r). Let 0± (x) = (0, 0' 6)(x)
denote the rotation anigles fromi the ( equilibrium position, with positive orientation,
of Sý'- at. (iE, 0) + i:±(,I). Let g,: (x) =(', t1)(•) denote the total rotation angle
the filament Y:1 has rotated with respect to tihe J'i axis, again, with p)sit.iV
oriintation. (See Fig. 1.) The angles 0± , 1, 1 aid po± are thus related by

(2.6) (•) = 0() + p(i) Vx e U.

Umder the aS•sumption that the rotation aungles of the middle surface are sinall we
immay uvse the approximation

(2.7) 0±(x) " Vu.(x) Vx E 11.

Then the displacements can be written in terims of the traimslatioms uf 11nmd
total rotation angles t/, ts

tA (,,•,,ILLr: (XI,"(:"") - 'r'• '• " ) ": > 0
X 1 (XI - X2) X- (:J¢'I, X2 ) x:j < (<

(2.8) U 2 (xu,,-1'2, X3 > =

u • ,.• .r•) •:•> 0
U.1" (.'-1 2,• X3,) 0.

Substituting (2.8) into (2.1), and using (2,6), (2.7) gives

"(23 (22 a_
Im t ~ ~ J

2 IJ.r. + - +' ',l/j

where the + superscript (respectively, - subscript) itpplies to ,:i > 0 (respet ively,
.1 < 0). Instead of using (2.3) however, we set (hI accordacme with [LL, p. 9])

(2,10) ' 1.

One can check that (2.8)-(2,9) is the exact analogue of the strain-disphwemnent
equations which one obtains for the MTR system as in [LL, p.14). However up to
this point nLo a)ssumptions have been made regarding time amonmit of slip hrtween
the two plates.

. it
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2.3. Interface assumptions. For ;.r E SIlet ius riefine at dlvielsjonlelss slip) vanr-
able s~(&) (. 2 N)(1) by

U+ (it) - In7 (a'
(2.11) .4 -:r)2 i=1.2.

For the iiofinent V-ollsi(ler the glue lakyer to hawe it. IiIitii't1 thlickiiess d. and
thatt shevaring iiiotioiis olbey Hooke's law. Ill this cas~t, th' Oil) v~(L) is prop)(rtioilal
to thev aniount. of shevar att .1 It1(1 thits ilitgratilig over 11 the lprodlute of tli( strems
11nd the straini gives the following eXpressionl for till(' strivilk v(nergy withinl tiit gllue:

(2.12) ~, 2 /.Y .. r) +x

12

where - =y~ > 0) is proportional to d1 1111tild t' shevar iiiohiluis of the g~lue.
Hew-eeorth we shiall regaird (2.12) ats the onlly (nI ll- IICgligible) voiitlilbi IIit l h)1

thei gluie to viiergy for the (-iollul)osit, plaite. whevre -y is anl arbit~rary nloii-iiegutide
esseitially botide~ld funlctionl defineod oin 0. Thtus imiplicitly we ttssu11ne that, the
MUSS 11,nd thickniess of the "ghic" which 1)011(1 the stirhcevs is iU'gligiblv)t (commmjmre I
to those of thev plntes) awlI can be( lignored. While the tirgii('let. miedl to iiotiwvut
the asstinuptioni (2.12) Is heutristic, (2.12) l)1ovi(Ies the sitniulevst lpossiblvl iiivenus by
wh1(ich thev sliji eo1 be peumliied.

Lct

40 +~ 16- 04 (x (j.-rGt) + 0 x
",-,)2 . 6x) 2 .

To hlighest order, Takyloi's fornoiah gives (we will 1sv III(! uisitmal 'cbmt. Iplodllt."
nlotationl):

(2,.13) o a ix hw.).() .~?

To ohtithi it lhinear theory, we ilm51i11(' te tll( ilte 011(1 51tt~ifl (lerivlt~ives (of theo right.

halmo sitle of (2. 13) atre mecgligibl e ill ('01111 mnisoiiI to thosev oh tv. TIivis leti.5is 155111 min

ftn (2.14) we are actindlly mimakinig thme somet a.stsstipt ion tlHint is iizade inl thev ITI.
theory, nianely that the traiisverse displacevinvint omi the tieforimiitl tilanmentas ýF
(dh~cxcb nhe arhier' ill t Iiis sectiu am) ate hiii1 epu 'ivilnt in f r:j

2.4. Strain and kinetic energy. Thme strithi eniergy for thei conipomsite pAlate
conisists of the strainh energy for the glue (2.12) awl the strainim energy foi, t-ime plates

(21+ f1,C / (1~l



Scoltl W. 11h1m1en 1!

Fromn (2.4) anid (2,.5) we cali writle P.- ii te'rmsl- of thle strails:

(2.16) +p + = / (E- / 2,2 1 +l -p I2 It• ÷ 2.,,,' + r22

+2(1 - ji)(k' .2 + h'd:, + ,.)) (aI ..:,.

For -x E S1 d(fieh, u= (ii. u2), O=' (01,02), ••)= (1/=2) 1)y

r,,(.,-) (1;( ½ (. ) + i.; ,) = 1,2
(2.17) .¢( ) - (¢,+(x) + V'-()

tI(•)O 12(•,+4.) - ,/- ).

Then w(' hIav

i'. (x) = ,,(.) + hx,(.r) i 1,2f.), (.L) h,(,) - h.=(.,) i 1.2
(2.8)1 ) = +) + i()

. ,- • = ,!() -- ?I(.-),

Substitution of (2.18), (2.0), (2. 10), (2,14), into (2.16) giv's fi Xlpr'ssionl for
"P+ + P" - in terins of .4/,i 1/, and ij, For (xaInl)1',,

-h/2 h/2 2

__ 2,ri \ .'rI-\ +I I rl__,/ )[Co) "
=: 1 -1

r~[.

Ox )I + x+ : 21

IxI

(2.20) = -

Also 1vt. its dlefine 11 tilVl arge sherlum'iigl ýp = (ýO, . p2) by3

(2,21) p(x-) =-O~(~j) - V'w(jc) = 4(iý + 3U(ij) - Vv&)
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WheI each of the termls in (2,16) tire compult.ed oi(e hinds that tilt' potenitial
ciie'rgy of the plahtes splits into a bending potrttial citrrly aind it .Mtrretdii.q peotential

(2.22) 'P- + P+ = pl, + P,,

where

A't =~ ' fI'D + 3V 2 +i) 2p ( L2 L) L~I + 081~-2,=• T, ) ; : 71+2 o.i .,--2 OxI .x,., 1-
(2.23) [1 2

+3 +21 +3 - -- I

=..12(-p2 Ox, +", + ., .aiid

2 2 + ,,2j 2 - '-+/1(-~~) 0r + ( ý ) +
21- \ ,"01  2 2 (X*i 0;112 Ox I1

where D = Eli:1/12(1 - p.2 ) is the tnod'1uhs of fi~lcural rigfidity/ (see [LL. p. 1l0]) for
a plate o1 thickness h, with tihlt sanuc material p~ropert.ies as the two plates (which

tch'&u have thickness h/2), and IK = kEh/2(l + p) is the m,,odn.au of rla.tiity. in
,sh'eIr [LL, p. 14], alho for the smani plate. Init with t.hicknless /h,

T'1he kinotic energy A: =/V + K- is d(ieliud by

K // = 1 ( + )12+ ± + (j.2)d,.,-,., 3.:.

whvlrere =i dt and p =/p(.r) > pf( > 01 dvlote.s the ho ss dviNsIty 1per )Init. v(lmii,.
As witlh the potent.ial einrgy, t.hei kintic t iiergy decIt'l phs inlln it I i},ling

part an1(d a stretichuig part:

(2.24) K = K•, + IC,

One finds that

(2.25) K•b = pll(11)2 + I, (. + 3.1 .4) ILI'.
Il

(2.20) Ki = ]- (15.15 + 3i• i 5) dx,

where I,, = p/l'/12 is the density function for the zintis-inoment of inertia about
the Interface.
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2.5. Work. Assuni that. 1 hs snimioth boundary F, To set. ideaws we will ass.uni'
that the plaite is clamped on a portion of its vdge Ff) C 1. FurtivrUiio( drnote.
r = F - F().

Now awsunile thie compo)ite plate is subject to a volhume distrilbution of forces
(f]12.j fl) 1111(i a distribution of forces 611, .h,.h) along r,. The work ,ol, on 1he
plate hy these forces is

h/2 h/2

A'= / fUidxdxr:j + J J i,,ii i mi:.r
-hi I-h/2 [')

It will Iot lbu l1iecesairy to ,.011iider the pohitwis, forces, but only tlhe reiultants

11/2 h/2

f , J,_) J . ,,a., , = 1 i .dr : , i = 3,2
-1/2 h/

Ali (.-r) f f ,.;'r in, (r') = .1' fix:01.r u = 1, 2
(2.27) -h/12 --h/h/2 hl/2

Pi,(a!) = f .. g (,':,)drr:, j,(") = .r j , gn (,: =)d.., , 1. 2
-h/a --h/2
h/t2 --h/
J. Ai PA 1' d1.1 3  (Ji (xu) f I r:i I dXj i 1, 2.

-h/2 -. /

As with the eiiergy (exprlerss,0ionsA, W decil jintoh two parts

(2.28) W = .+ W1,;

i,.1 hl= I'P + h.*8.aP.,* - 0"1 MtI - '02112 + n'f:•d.Z i

(2.20)

+ f hliPI + -h•1821) - l0?1 I - 0/2 M2 + 'V:/d1',

V), = 111fI + 1.12 h - ? -11 -Q .I"

(2.30) I

+ uligi + n.!g.j - ilql - )#.q2(IF.

3. Equations of motion

The Lagrauugian C on (1), T) is l•efined by

c J IC(] ) + W(t) - P(I)df,

0I

.I

* .. ...-
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Becatise of tile' inicipling iii (2.22), (2.24) tmd (2.28) (of thy v~irtulbh' (tv, s, giY)

froiii (-it,?/) ill tlwv expressiou1N for K, WV niid P, the' Lagrangiiiui also) (V I i)N
4 Ci, + r-,, where

(3.1)2,= 1 () + VV,(t) - P1 (t)-P.(It' d

3.1. WVeak form of equations. Ac(0rdhig to the' pI'icipIv( of virtuial work, tbv
solittiolli tniajectory is the( t~rijvct.Ury Whlich1 rv(iI(1(rs Nt.Olt-i( mary thei' ligriiiigini iii 1)n .'
fill kiuiviiinticiflly whiIissiblvl (islitevinv(ii(lts. 1)u1( to the dvc~oi1)iLhig of (3.1). (3.2)
thlis will 11o1d if uilid oilly if tile Vilflatioist() of LI anld L, v111ifhi Nupau'ntevly, ThIus

tile v~piatiolIs of Iluitioli(lK oneotisdcitpUI I( lusIV initoi two crmpiiitc(I ind1ue 1)rildc-1
IRIN By moettiig the viii-iitioll of L,. = 0 1K' 0bt'lljiNl a1 xyxtvui o1 ('( IolltioliM ill thle
wiriabhl(es ui and1( 7 whiichl descr~ibe theill' 1-j)lhiti o 410 hn NiYt l Iot~io~ll. We( Uilicit-ioi
Wliat thl1sv( arv inl 13-uinaxk 3.3I.

Oil thle otheri liuuild, the( ((pltiulitiNi (i1(1' ob t.iihis fromt C1, (IPvI'ihbli' be'uditi
IiotiolLM, SilIc(' 0111' lrililflly Uiotfiviltiollis to 1.) t-uIld tile effc~t. thatt slip) hlsi 111)0
1 wiidinig We firv iiiiuiiily i lite('1Vte( ill the' v(p(in lti(]il whiiichi ow, oh t Iias 1 iN lt )iCI,.

It. thinM followvs thalt. for the pl)i-hoM('o cit (lil(llat-i~lg (,s. it') wc 11111v liMsulliv
with no lom of gi-tilraity tHant.

(HI) SolitiouMi isat~isf

(112) All tvniis ill WA'. viiiijxh, i.c.

(i) fl = 12 = f/i = 912 = (
00i Q I Q = ql= q12 = 0

wvherv it. is the ouitwaird iliiit. iiori'tii to r, wI' set

Ci (c li' + Iv ,i')- (...0)

.0i
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toU tbtajit the' ((ItlitiohIm4 mo tio IIt hfli w('Ik formi:

(:13)

(34 (.A, ii-)t + h (p. .4,)uIt + / 1 / P lp .4 -i 'A :d)t t(

+0-6) ~t)S + (D)

(:.7 ~,(, ~ i:~.A i) ( ~+ D ~ -) Ii) + + I

(34.7t) hp( .4-3i, . ,4rp -m Vw), *~ h

Th s cxiatcd r hit ( 3-3~) (!itt 1 w( ))~1U( tvw rtitgItvii tti lt(gttih yjt~. rt'

hpe e -~ lletoe -I MyI'Alp = -M + H 2 matri thN A= Ie]) dt ' 13 '

J, + . L~( -j)

(3.1)M~ = (1 - IL)C12 ACI I + IE22)



(]I'f1ii(,4 nilcotller s4ymme~ltric iniitrix. For (liffieretiabl) =(01 ,i 02 (lehfile ('/ FO h

I (vil* + o, \ý
2(r~ 2 (V'" Ox 0.1. , ), .

Then (3.11 )-(3. 12) defines a 8ynhinitt~ri 2 x 2 nat-rix M [z] b~y

(p.13) M[--] = A] If:(z)].

We clefine the (hvergellc' of it syliliiietrne imatrix to1 he the (Iiverg(1ic( o1 ('iwI r( )W:

dinv' '1= (dIiV(aj 1 , it 1), (]iV(f12 1722. -.

lhvil. LO.~ = (Li 0i, L'20/) = Iill MA'[01' (I(HI'hIte i S(T(U11( ord1er 01)('IiIl.w which is

giVvil explicitly býy

(3.14) + /X L (ij) = (I .2). (2, 1).

Let its also lehlI( the boiX)W(Iy operator 13i' = (5i (0 -" 02~). (L82 0 -u/ l,/2)) I)Vb

(3.15~) =M~dil

Whe~rV 11 = (n.1, t12) (1(lotes the otitwaril itliit. iioiiiial1 to 1'. Exp~licit .I 1W oil ills

13101-02 =D t 4 (Ii-) +I' ()'.-N
O( Ox2  2 2 x, O
L ) Lh2  i' ( _ i(hŽ±

[(0.1.2 Ox, '1 2 Ox I

Ali ilitegratioii byV part.m hi I of (3.3) holli)we' by 1111 Il)1)ipivit~ii)l of ('reil's I hI(e'"(III

((I) phli" + uhiv(IKv) f= iniW x R'

(:I.1(c) (!I) +, + -~ 3L. -A I Ii S? x R'

(V+34- Vilin S x R

WithOilth botundary ~Conditionis

I~ (ii) r~n~I o , xR

(3.17) f (Hi) K p - m oj !11 (tI, x RI-

1(IV) 3B.S onl r, x R+.



I mitini (((I lidtUiolls ('1111 be11 given Its

"f 1(t -j (..L:,9 0 () ~, 0) i =1. 2

(3.18)~GE . 0< (.); .()=A..0) i 1. 2

"= (,r, 0); 6 x)i(j:, 0) x E Q

01' ('oli-Se. dev~wuldntg uponl thev regularity of til Ioit~ial datal t.Ite S11itioti of
(3 6. 117) will have different. regularity p~ropertie.s.
Manty other typets of botindary contdit~ionis are( lpossibld, ni11( easily determinled

by ilnsfx't-iotl of (3.17). Inl the( bo~undary co ndit~ions we consider. (i) is precisely
tit( usuoul~ "c lattj )( 'I I) c ,S I ogr~iter wit t~l .lie extra)ii( lonit.ion uthtat. Ht, li oe il j 1 O

valiiislivs. (ii) specities tite transverse sli(ar oi rl while (iii) iind (iv) are ittomvittt
cond~it~ions. It's wid hiltiotiitg that. Hthe iitoitteilt' )c anld H arev the, liniqtu' onles (up1
1.o tttultiplivit.v ) Foir which Al -K == att. eacii x E o anii~ it, (1 aoft. eachi t r,

14nuark :?. 1. ihie ittural stibstittition ý = u,- 3m utsedil t (2,19) suggests thlat.S
lhts all itlitelr.viiletionl as itilt angivl. Thjis is julst~ified by niotintg thtat t~o highest. order

,,is Qhe rotutlt ioii ii ughe ( pro jeced lt. o 110 t hic prtllittO Ait, h w Oit-1 i p Vifi 0 or0ivilj-it-ii (1 it.%

ittcasttI' l tt'ni ! o I-;t axis) ot tite ray front (01.0(,0) to) (U1 ( .,h /3), U2~(., .. b/3).
1:1 (. .. b/3)). Th'lus ý call be thought. of as alt t'1'refriii afigiq )f rotatlon.

ucm enk. 1..,2. rit Fact. titat tite Lagranghian decouples into) a b endoing part aid at
st.'(tct'chiiig part. relied itl)ot finding the chafnge of v'ariabl es (2.11I). (2.17). I fhowever.
We didli ot. Issauiw thtat the top1 afill( 1ottoitt plhates Were id letticial, then ('xcvt't
ill very, sjliial eases, there dohes ntot, exist. 1 chanlge of' vatriables for wltiehi thet
Lagraingiain (Ievohi1le~i. Sitld anlother wily, withiout. tite syimmetry inl the iipper mid1(
lower pht~tes, thte itt-platte mlotionls do) flt drieottpit froml ilto' trilitsv(tSi' m iotion1115.

!Rcluial- :1.. Inlit(th saitto Way titat. (3. 16)-(3. 17) were olbtaititl. ()ite inity obltainii
ill( t( pItollots for t. i114-1 )it-pitle illo t (hits, ltte Il dic i flo ing the IjvaviabIlvs 1-l irci 'O t.
tlie v (i inti or thit( i oh] acc'i tict. of' thte centet~r ofI imiss w\I tile' tlt' v, \'a t ib les
are i'i'latvec ti) Hit, difletetice ill thei slieitt atigl('5 of the t-o1 amid botto pb11Ilat (see
(2.17),(2.20)).

(i) 1ii - b., -Q11 in S? x R

(ii) ipii- La. I 2 (fl. f2) __ :tQ/ ill S? x R

{(ii) Bi' -qhj oil F, x R
(iii) B11 - h1(y1 , g2) - 3h~q oiln x R'.
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4. Existerwce, uniqueness, regularity

I'.= & H'(S2),ýp =( oil I'll.

Rccal F cold e prt l. illof'. Il te htte (-ts( Hl,, H,(Q ). Also defiic'

V = (f11 ' )5 R'= (L 2(S2))7.

4.1. Variational formulation. 1A'I. 1its coniider oiii' probldem ilk I hc abnilvee of`
'xiv('lildi f'orc'x, In thisciease, lice vari'it~ioiol Ioriiiiiloat mci of' (3.16~)-(3.18?) is: Foild
filito ll it,10 ixs itc1 Ih o t[lt

(fc, ,.s. iv) E C(10. T]: V)) C (' QO,T71:H),

(It
(i.2 t jc'sl(s of Als ribi':l..t ii's + u(0,. T ': $.A.ii)=( d*A i

(1.3) J wo). .. (o). 11(0)) (( llin') givenl ill V

[oI'i lriix v( ft*. (': *)- 110( )Io:)lil](! (12(' 11' C il''a i s viliiii rI 11 lilili-
eu11 filllet~iolxs ()f t.1I('il .1glilivii(ii.x. Le't. wS(lx -1eiit(, bY c'(-). o(-) 1111d SO 1,0ll, thle ecor-
ceHIpoIIldilig (icoll-licegn.iv() ijiimdrlici f'iilciioiix. eý.g.. wu~ .i) o'(. ~ : .i),

TheŽoremn 4.1. Ihv( iyriatioilidI p jrobh'im (. -. a ')uduuils ii ti~qm o( idio.i),

V x 1i -~ C(([0. ]: V) n ('(l, TIi: H).

('roof 1' r Te ;woof, is almost. idenical lol th ie pricd'of'l'fol"'('iborvi 2.1 tndo 2.2. 1). -11
Midc .17. ru'MI)UtiveIV (f ILL]. 'I'ils we ictelctioli 4111 Hit lim 101(~il oltx(Ii'lei'I c(()
is v('(livallilII to Il ImIloutiticiliii th re e xists ý > ( For' whicih

.(14i) Aj I ~ j 1'>6 1 1.

For soniv A~ > 0. 6 > 03. lIndeed. if' (.1.4) holds thlcei 1) thle 1'lix-MNp11graci thcepolH(1

Ill tlite cawe Fn = 0 (.1, ) follows by [La. p.29ij. Iloweve' let. its disecuss micl ,
the caso I',) -/ D. 133y {IL, p.43 1 1i,(1) is eneIceive over !J'(S). Tfcevi'frc livher exists
ýO > Itfor Wh'ich'

(].5) 'iuf(~)O + 3oo(s) > N _~ iii hn111 2))-mw 4 J 111 1 )
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Ne(xt. (Iihi Ito PCoincAres inequatlity. lor sonie h > 0

Coimhining (4.11) and (-1(6) it. follows that for stoui h% > 0)

Ilii particular, (4.4'j holds with A = 0) when Fu 710 r-

Brinawk 4.1. The systemn (3.1(i)- (3.18) redclles e'xactly tot1(1 teNUTR SYI yv.(iil ill till('
following t.%vo sittuationls:

(1) If -Y = 0 there is nio g~lue to cillse initeract ion hetweenI ilie top aund hattoiji

platec. Hence one wouldt 'xp)C~t. 1011COW re ove theN lrl sYsteit ii r it plahte(' )t
thickness b/2. Let us see tHalt. this is so.
Ilieori-ini ~i~. it, part-iciular. hlnds wlitn I = (I. Thuns consider (3.16~)-(3. 17)
illfiv the oiilogenouiv s caise. Let. tl: = ý +I 3s so that ,ý= i - Vir. Addling (ii)
anld (iii) of (3.16i) anid dlividling the( Stuli by 8 We obtainl

(I7 .. 1 1
-ItI!+ -K -% --L 0.

8" 2 S

Since D) and 1,, are, cubic il It while K =kE/h/2( 1 - It) is linevar. i1' we
Cloiblld It ill (.1.7) and (3.16~-i) we oh ttaiii

(i hi" + tliv(Nh;ý) = I t in x R'

I rill x JR

Inl Q.Ic' saliie Way wv obttaili t lie ltotititltiY conditions

I~ii) ~ & 0 ()It I' xR

FEquatt imns ( 1.9) .I¶) tue pn-cisel ,v hel( NITHl e(j(tit oils For a~ite plto fi lick-
ti.'s~ h. (We tielilujet i"' wit h t lle Colppsitc sign as ill [1,IJ hlueunt' In is it
sign differenlce lbeWeeiu [LL.. (3.7) p.151 and(.8( ))

(11) If -f -- 0 thei gilue beconies ilifiniiot~l st~ill and1 onle Cxject s to sev lino

slip ill the Iit ut. . eivilc( oli( WC ai1 'ld expet. t he hl it.ilig syst.C'i i t-o IC')It ic
to the N ITII systel a fo it pa Itltto of t Iicktiess It si ice tdlic inldiv idual plathetts

ill-(- thlemiselves NITR jphlaes and by (HI1) thev shear angles tire thei satillit ill

each layer. Ill fact. onle calt Show that.I, iY - -r- Solutions of (3.16()-(3. 18)
teVldill iti CTa crili weak selise, t~o 50h1t.iCons oft I'it NI'1I{ systeuui ( .)(4
Wc~ inake tilis precise ill sectIionl 6.
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4.2. Semigroup formulation. Solu(tions5 of (3. 16)-(3. 18) clun also 1w (IeI-nl(le inl
termis of semIigr()11J) oil a ruigelp of Spaces Whlich (l1elid 11(Ipoll tit11' regulbirities of'
theit body midi~ bouindary forcesi. Wv limiit. mir d1iscuss5ion howt e Wver, for tite snkv
of brevity, to the 1101110g('11( 111s(1.5.

First .mssiifc r. #4 o.
We ilttf With its (11111.171-C 011( have thel( (It'115(. and( cohit-iiiluou5 ('iiil o'dings

V c N = 71' c V.

whten hoth a1rgum1ent~s uare inl 1H. Tlie formus (-(. ; ) and1( t.(. -. ) dvfine scathir products

oi1 NH 81(41 V,~ rel)'pciet.Vly, Wh wic iiie u('4livii vlet, to( the 118-m111 I ivn 1us, Thuils We n mvY
(leiille opera&1t.ors C c C(?it) mid( A E L~(V, V') b~y

(Cu .v) = (-(U-.V) V L1, V

(Au, v) = a (u: v) V u. v E V.

Let. its set.

u ~ ~ ~ C 0 (1s ' ~- C
1

.'.e) ill= (~. 1 )

and( rewrit4' (4.2) its

(,I.1) ('i + All I inl V.

Ill first. order'i forin (4.101) 1 )e((ivns

I I11 Clb + AU =U0: A ( ). C = (A 0, .U

Assitiv uue wish to solveý (.1.11) inl V x RH. Oi)eiin'Df( A) mkiil D(A) bY

D(A) = u E RH A4u C R-i D(A) DýT)(A) Y. V.

Thu'u A: 'D(A) - V x H m1i1 C V1 x 'h V x 'H. Ielciic we cani i('writ( (I1. 11)
[is

(4.12) tJ+C 'AU =0 iiiVx'H

n0(11v eal isily Vet ifY thatU C- 'A is dlensel. (letineci ;oo finrl 1Iicinor For all

(u, v) G 'D(A) we haoe

(4. 13) (C 1 A(u. v), (u. v)) v , tj

Thus by e.g., Pazy [Pit, p.411, -C'Aite eert 1(I0Uit ygrm (l VxH
If I't) = 0 thenl A is nolu nw illge 11110omoLrpIhi51in. I wever C ri'uitaiits all 150-

mko1Iph~i511 and( by (4.4) A + AI i('ilniils a1n il(on1OI1iorhis V -. V'. This is enoih
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By a stimpie arguincitet. involving thie( changv of vwrikib~t's u c' t W, 17 > 04 it 011 1nW

shown titot -C 'A renionhs the generator of t aC 11-setingr np wheni I'() -= . (See(
[Lit- p. 321.) Fnrt-iieiiiote one canl show directly that (4.13) rvinitils Valid whenl

1'0A . Thuts lugahlt we remith time colleltsiont thit. -C 'A is the geleniltot of at
tinitamv grotllj onl V xX

BYV ('(msidleriig til1)i)oIrillit.( vXtolsiotlM (11 res't t'i(t-i( ils of t.It he pieritor wc aire

Ivild~ tofiv foll mlowinig

'Theoremt 4.2. Tfic o~f)wratori C--A is the gfcncrtoryin of 1)Ii itaihri grioupJ oil Lcih. of
the *~pl(:V x X. D(A) x V. 11 x~ V. V' x (V(A))'. We Otsui hanethe ,lcfolhownvit
t-1qtlaiatY reA'u11t.s for (4. 12):

() (u', ut) c P(A) x V (utii) c- Q([. TI;P(A) x V)
(i) ( 11".u I) E V x Ti. (u,i.fi) E c'(lo,71; V x R-)

(iv) (u". u'1) c V' x (P)(A)) (11. ul) E ('([0 T]; V1 x (V(Afl').

5. Limiting behavior of (3.12)-(3.13) as A -, oc

When otie( 1et4 K - -xý inl t I( NITR plate. nlvile bds thait. theit sollutiotis conwhtivee

ill at Weak Mtsvus tot soultionis of it Nircliciff'plate equattion ILLI. Ini this svct-it I we
sihow ditits KS -xi soluttionis of tihe systvilt (1. 1 )-(4,:1) cne rgIeli ill it weak sense
to solutt (ions o f i t te(w pimite v(plta.hittwit Wicih We shto w is ani i nni(tg of t~i t K ircihtinff

Tis limiit (1(11t.('s I it sing1 hi Ipu ituht ioll l ilt. (1 i Whtichi iiat ii lly of' cigunvali les
fort thle shietir. lito tes tcl it is to i lifi hlily ilm ig th fii' iiiigitllt.t ,I V ~is. hii 1t pjl iu tioo
Aý is g(tenrilay ,,(,verii I-ai oricrs ort itagilit. hioI itargir tI 111ttlie ith t.i i('iII pill It ii'tues (itk

part icuiti D) which apiwar hi (3.1) (317). 1 leave itl pinc~liple, the limiit ittg 1 1)1
sioll)titI poid)O e Ii(1(1 goo kippt'(Xiil latit Ii to thi' it w- trejuic Y 1 ( .11 d 1chllflcter'istic of i the
origttnal sYsteiti.

I -Q2), Il S111O'l itmi

(c) (ý(;)), .4(0). 11() = t" giVelt ilt V.

Where

(5.2) o(1 (.x, w. IF,4,7) = at)(C; ý-) + 3a(t(s(; A) + ai I~ u): tb ,.4 ) + (12 (-S;.)

andi C, (10, (1t, UL2 Wee dlefined fin (3.4)-(3.h).
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5.1. The limiting variational problem as K x. Let.

H-2i ~FI (uZ) n fl i oon,

1111(1 (ifilite

= {(~ i. i' ~(H 1i, )" x H", ± 3m - Vu, =0 inS Ill

V .4{(,., iv) E (L",(SO))4 x + :3.4 - Vie = 0 in ill,

Wv will sliow ill Thc'tirviik 5.2 thlat soliit~icms of (5. 1) witl iiiit~ial inth ill IV x V
(co)Iv(rge ill a w(elik sviisv to) so51) ll of C 15 t-iv followin CIW g VUi ult iol 5iln I pr h ili:

Fild futiiitiomi (ý, .4, if,) for wvluwli

(5.3) iv)E C'([O, I]; It') n C'(Q0. Tj: V").

wliviv (5.4) is lildiiur't-txnI ill tHe5'ic( cill oflist-i-iilli ionls oil1 (0. 1') Itili

(5(i)b(~,.~. v: ~ 4i!) = u0 (ý; ý) + *I(ti(.4: .4) 4- rt2(.4: .A),

Theorem 5.1. Dihc variwtimial livobb'u (5. 3) (5.5) (idImils. a attiquc *.wlu~tim.
A'.on'cover. r III hhlopptn! , S~i 0, Il() x (ýI- 1, it.,) (ý-, it- ) is vo~ilfinuoi.4 frolit.

it' x V`- CQf.TI:Ifl*nC'([U .TI:v).

Proof. First. issu,,u, r, j4 0.
W~e 1111 diiiiftjiililat( ý frll (5.3) (5. 6) w ith I V I ~ Ily(15

(5.7) V + 3 111 (s -, h( + S IH1, MWn

W~ler IC tIII lSt. i~lCeqLflitVy holdS Sillce Fu 0. It follows I liat. b(. .)is u(Ci-cLivC CiV(Il

11". Sinlce i(s c ) vi()(Sjv oil X- we litivv (IbY sitiiloti hivtu(.jlnitiv it' s ill (.r,, 7))

It. follows thalt (. *)is c~OITciV( tovut V a111( IeulicI 1 ky t lie 5tillidhili(I variat innlil
t.Iicoiy (5 .3)-(5.5) is well-set. If FO = 0 (live (5.7) doeiWM~t liolld oil It'. liove it
is eiwiigli (see (4.4)) to niote dialt (5.7) hiolds wheni A(( u'. ')jIl + (.s. s~)11) are iulde I
to) t~liv left-liaud sido, (Suc [LL, 1).46].)0
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Trheorem 5.2. L0t. (t") bc wg I *)he' il. ill W x V". Then) (is K
Hthe sotution (ItR 1 . 's 1 i,111) to (5. 1) tcud.4 tol (ý. w.ti) cin, ft(e scii.4c hUnt

(~~ 9) { ~ .ejý.Wp) -. (ý.x., w) in L'" (0. T,' V) weak star'

Prof'! I 'J. Iis IvM 11 i sM ut 1 ililil ill1.1 to [I.. 1). 501 ~jw hene it. is MII)io i t. flinlt. t.wIs Ill itvil o)1iMCtIlic

Ni II svstI'il, n'ic i~liva o11 thut. proof i'villallI Vailid lieti'. with 1 t be ('%ctit.ioli t h11t.
we 1u1lplIMC' tie (kidtlcalltni) (Uil lljmtlilit~y ('olidit~ioli (ý' "N '' 10) E V' and1( olbtill itI

st.1'olligCr wh'iilt. winchl iIWlti~lVM (15.1W).
We will &ussuIlivi hI' j 4 0. Tlic niifi1011lcid. il Is ncsiutCtMlJy to 111 11111 t IC (l Avnnill

came51 nre the( saittiits flitose ilk ILL 1). 51].
Tuworviln 'i i sihowM tlint (5.1) is well-svt nliu Theivei-ia .1.2 hiinplii's tle ct'uo'rgy

)- aI (ý , x. it) + - v'(ý. ,i4')I
(5.0) ~t 2 2

c'(104(i-vaitn ofII (It vi x (negy (5.1(0) its K

Front~ ~ ~~~~~~~~btiie (5.12 Le kno (0 1':j - l '()siCIl~ (1lk). ' $)~lo
liuII'1150{~ - ;I -VI' h'}- iiiý bolui do M(iM'CI s! itit -l'u, lieleCIA

(5. 12) KI1( + 3Mii;t K)t7 - V WK

UIllisIoe ll(.1 piiICIicar (5.9 F) Chli M0P

(5.15) (1s 11)' E Ivlla0,T hoIuvd l 1 (.4a) L0. '1T : 1 ")ý o .

rIlls by ct-lu ingit. ~ ~ 1 xus~leliMcy (5f) WI'x- liki J. (5.1)) folw extIIIICIi~hI (5.1 ,i) mlid

MC tii.t3. (5O11f (wlithv Wc ,11 ' K I it'~) i 'edfiy hi iin x it t oluino 53-.5'

Fot(5,112) -e cK Akno 'iipg ý +, Ih) - vl,(j; _) + 3~ofI(Ah %) +l a2(sl, (). 7'..(j2j)_

'Itc lo 1 1 .1 i~ý - 0 ilQ vs l- i'tls--b tin .''li in
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Using (5.9) we pkiss to the limit (ill the senlst oif Iist~riliIttionm) mid obtain (5.4).
Let its now check that (V(0). .v(U), wy(o)) B c..'' 0 .1y (5.11), (5. 13) we

know thtit. f ( wi.vu'~) I is hotunded inl L' (0, T,' V) n IV .16' (o, T:; n), luld Ijt is
by ctiillptictivHSN ill fld(It~iflh to (5.9) We hafve,

Cozisequeiitly byv pilmsi~lg limlits We' obltinil

As is well-known, the mohition to (5, 1) is the sitme its the scinigroup solution
hi (ii) of TheOremn 4.2. When this soluitionl is (hifferc'nti~ltav( with nesjwet, to t ilniv

it.. is vitsy to see froin (4.12) tluit. ((1. 0i) E C([(, TI; R- x V'). Thuis for each N

(U .41o )PI E ("Q[(, 7']; VI) lund if We use the l hypothesis that. (c'', -.4, UP1) E IV.
w0 0 f') E V. theii (4. 12) imphe~s IF,. (0) = 0 111d f 4 (0), ý/K (0)) E ((Il,'. ') .'

itidI epuli(nliit. of K. Fut iliveri ooe 1) ,y Thevorvin 4.2 we also kno d1W in ht. co iservult.i(in

of' (niorm1) vie'tgV holds1 ill tlhiltt mpne(. rlitis we k2V, itit (1msit-imi, to lejilit wit i,

fýK- 5 K, 'K I theC maill~ (UI W 1191('lt. tha lt. Wits 1plPPied to I .I xoh u,} . NWe oblt IIi I I

(5).1S) i *ThK l' .0 K I reinnii biolunded lin L' (0,7T; V').

Coniseqpuently

(410 -4 K, 4 'K (-4, ti-) inl (CO)[, TI]: (V) ).

112114hnc

sinlce t. e miitnild dalta W( iv giveni inl W1x V~, Ik y 'h(' iezii 5. 1 twn,~~ is aiii uin ti' si iiiit. inii
(F, .;, ti?) t (5. -55 within the splice C(10,jO T]; IV) nl C' ([ot. Ti: V ). Flirt hrivi-nime
bY it rvgith; rity im iproeniVizet. I. blvorvin in . i Lon andC I Nfi g ns [L NI, 1).2751, (5. 15)

itiIlhli('s thi~t aftt('i mIodificattion ilk( it sect of I(11522n mn ero

Ilveliel (4_s.. it!) d!~,., l) is oniqiziely cleteruniiecl andu sat-isfies (5.3)- (5.5). L

Rc-11-fik .5. 1. If ille hypothesis thaIt. it" *a') is wvnkvnv-' toc

(~ 1~,i)E R J2E H,ý

then (5.18) will inot inl geneoral 12(l1( awld conisequiently oii(' call nlot infern (5.19).
However w4 it (cillsequleniu of (5.0) inn I (5.15) there will eXist. Iitiiit poinits satisfying
(5.17), (5.20).



S2cott W. I11aUIm(¶I 163,

5.2. Semlgroup formulation of limiting system. The semigrotup foriniifhttioti
of (5.3)-(5.5) is aliaiogotis to that. of (5.1) tuid it resilt miiuiiiaFr to Theorezui 4.2 also,
Ihols here. Tinis for simiplicit~y w(' assMiii1U't~ toi is (ijseiisssioni that r. #ý_o

(5.21) c1 (s, u.';A., -t)= r(Vii' - 3m~, s. ir: Vti' -1A4, .t'
(5.22) bil(.m. tii':A. di) Iu(V ii' - 3st Vti' - 3.A) +~ 3ac,(.x.),

Iiiid colitilkic to Itse thle flotatioii c-I (s. w4) = c1 (s, u~ ~ it,) awl likewisv fo)r the( fiO i
114).

bew rittenl

(5.23) (dd:.,i']+u.,u;.,i' a(,.)=0 (d,.)e x~ )

with ot111 ('Oitld oiit ions

(5.24) f x.(t)). w(tI) I r1 .'010 givuzi ill IV() ( H,. 2 ,11
1j JA .(0), i a(f) 1 11' -I given inl V'ju( L( 2 x

It. is ('asy to NeC that. vj ('.) efillivH it cIII~II. p dl)(iWt. oil11 I~ 'qllivillvielt. to tilt'
witiml oil(,i Ozie C Nid sict, I'll 0, b. :4 -) def'Iine it si4 1541hL 10i, prod t. (21 i V() v viflvilit to)
till iiiut~irirl oilv. Let. ( : ) olefiiiec oil 11"', x IV() 1)4 theu duanlity- piti1'ilig ofII II (Iii
IiV, with repcj((t to 11' = It =X(Q)L'1

We thils hkl('ti4' (tilt, c liti~l4)IIs dei('IIN(' ('iui)(iigt4

Definev A E C(W.llF IV) ,ul(1 C E L(lVi. V(I) Iw

(.4{.4s. it' . I.A. i, i} = bf'('. If': -'I. ii) + (1-(.s: A)

(C{j . i I. I4' A. I f,)i') - f 1(.4, it : S. I i).

k4114)wiig Ilin iiplroai(ho'Ii(1section .1.2 wc write (5.231) lis

(5.25) U iC 'AU = 0: A 0 ~ Q ) A ,1 1))
Willcr U = { , v f u =. (S,. i'). v = (.. i). (I hen. TI d1(i14)t.(s trai44im5j)t450ll.) V1
(Iulithis of A 41414 A are (I('il'dI b~y

D(A) ={fuE: Au E V}. PD(A) -{{u,v : u E P(A). v c IV).

rniiou jiist mI i11 sectioni 4.2, C - 'A :D(A) -It'() x I/,is densely (lehilledtl ad Idso
satisfies (4. 13). This iby it proof shiiuiih to the oiuie Thieorem14s 1.2 we hafve the,
following.



16.1 'l,) lijtfd phitf Ivid?IlJ 171Ir~facial N4ip4

Theorem 5.3. Pthu opcinift -C- 'A is the qcuicfl~t.(J of a 7intt~afl gvlY)I~ oii anyI
of thr .spauccsV(A) x WO, VI 14' x I'(). V,, x Iii7 ( IV( x (1)(A))'. Fituirithurorc one ha.4
flic folloviling vcqltdnty rcsUttSb

5.3. Boundary value problem for limiting system as K -~ x. siiv
thec platit is stil)ject to h~otly forccs (fi . Al. K) and~ boiiiidairy forces (!I:,, tit, K) i1s ill

(3. 10), (3.1(6), (3, 17). (Moi-e prec(isely, 41l, Ill. K, K illv for'e ituonl('iltH.q Fol. (011815-
t''31(y withi 13( sliviti wt iliij)o8(

(5.26) /1 fi (;i + Ih/4)da.,i / fi (x:1 - Ih/4)d/.1,:1 = i =1, 2.
-IL/20

Addinig the two vequationsm inl (5.261) givvs Ali (.r) - P(x (1 V~ I L. Consv-

clueviltlY froni (3.9) we find( Al ( r) = K(.i) Vx, E R. Likewi.-e froii (3.10) thrv same t
cond1(itionl 1101(1 oil I',. rhliis tol. cciii )fltihility withi Itck of slieair iotioiis. we imlpose
the coiiclitioiis

(A.27 = K:, i = 1, 2 ill I I x (0, T)
(527{71 = N~, i = 1, 2 onlI' x (0,7T)

Wlivii thev force teriiis ill-( iilclii(Ie(1 witli (.1.2) ( ruini (3.2)) we Jiave

(1 = v(, ., a; ~ .~ ii + (111%: ý) + 3(10((-4; -4) + +(12(-'4; )

We then time Vii' - 3s,. and( (5.27) to obtaini

0) e(-(, .4, tit; Vill - 3.---, ;~, -6) + rzi(ý: Vib - UA) + 30o(s; s) + (12 (-4 -4)

f f,&Z - Al - Vt,i + 4A1 --~lr - / :li0 - tit Vi' ±41n -.4(11'.

By Creem's theoremn onie findIs
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0) &i,(phi', - div(I,,(') - Lý)) + 3.4 (I,,.; - L.. + 4h2 Y.". - I,,(') + Lý)dx
3

+ (Vui, - 3.A) .B + 3.4. B(,s) + P 1i ( .; - it) -(La ). dF
I,1

iif d + (div Al)d &± 4A1 -.A dx - J q -A )l, - it V iy + 4m. .4 (IF.

Either r1 o 0 or il vwlIishies o(1 P11. Either way we may us( the identity

f /I' LW 1
(5.28) V ii, /dr . / 0 m- /,

where it = (tu, n1.2 ) is thle iinit. normalnt] vector. 7" = H-12, 1tj ) is thlle (uit t"1g(19It.

vector to r and l/i = (i'(g. 0-j). By collecting ternims md tpplying (5.28) we oht.nin
the boumidary valte problem:

p & - div(I,,ý) + div L =.j + ±liv A!

"u, - 3.4 in Q• x (0, T)

(5.30) w = - = = 0 on1 Fo X (0. T)

On O
1r (1 _ 3N.-, ) + J 1:1 - Aln + ,,(tit r)

8(4s- Vu,) = l,, on Fr x (0,T)

where .I •/ = -(L',) ., - D-L (83g,,. r-) andl .12 " - 3' , it. hi, initial on1dit. i1l1 may he
givell a., in (5.5).

Rr'muirk 5.2. Oie sees that. the, blmu'ary valhi( prollem (5.29)-(5.31) is an mnalog
of the Kirchhoff plate' equations [LL, p. 13]. Indeed, in tlh,' following two sit uatiolns.
the system (5.29)-(5.31) redu(ces exactly to a Kirchhhoff systvkn.

(1) If j 0, then there is no interaction betweeun the two plates. Thus one
expects to obtaini a Kirchhoff plat' with thickness hi/2. For simplicity,
mssume there are no external forces and Fr :ý 0. Furthermore assume the
initial conditions satisfy (.4", sm ) = (Vw°'/4, Vw1 /4). We know by Theorem
5.1 that that the system is well posed when -y = 0. Let y = 4s - V•u. Theui
from (5.29),

(5.32) Ijj) - Ly = 0 ii i I x (0, T)
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with )oulldary colidition1s

(5.33) y = 0 oni 1') x (U, T). By =0 o FI x (0, T).

Since -L is a positive second order operator (corresponding to the Itosit.ive
quadratic formin u1l) mid B is the ai.ssociated conornital derivttive opnmator
(see (3.15)) there exists a unique solution to (5.32)-(533) with initiud con-
ditiolns

Y()) = 1c(O) = 0.

Thus 11 = (1 ill S • (0, T) mid we obt ain

m =V1 in S? x (0, T).
4

What remains is

1)" - cliv ( ~va,) +s 1 cliv L(Vw) = (0 ill II x (0. T')

I -- 1 = ,on ['cr x (0, T)
(5.34) L' (LE ) + ,V,,, oi ol r x (0, T)

-.I.V, = 0 on r' x ((r . 7T)
!,(c'(0) ,i(0)) given in 1111,, x

One easily sees that (5.31) is precisely the Kirchoff systtin for it plate of
thickness ht/2. (See R,'nuark 4.1 for the ,ft'c.t of the scaling.)

(II) If -y .--+ o, thel o (i', 01 eVx)COts the systeziti (5.29)-(15.31) to rchdtzee It) n
Kir.chhofl system for a plate of thickneiss h sihice ilnhuittly strong glue will
Prev'et('liall.y slip fromu o('ccirrinig. As -Y - (x, we c'xi)et ,.s - 0. Putting
m =- 0 in (5.29)-(5.31) gives prevcisely thI, Kirchhoff systveni for a pihltt, of
thickness h:

(Ah'F, - div ( IVtY)+ div L(Vu') 0 il x (0. 7T)
0- = U -- r , x (o, 1)

(5.35) 4I,, (2)- ,1,V,,, = (I oh r, x (0. ')
U.-2V = 0 oI I', x (o. 7,)

(,,(0). ci'(0)) givell ill , x I l-" ..

Weci discuss this Situnatio ill Iil )l'tc detal ill thli' niext scttion,

6. Behavior of (5.1) and (5.3)-(5.5) as -ý -• oc

If -Y - oc then oile expects the system (5.1) to reduce to the MN1T' system
for a plate of thickiness h since in the limit there will be no slip. Likewise, since
oneo obtains the Kirchhoff system as a weak limit as K --* ou of solutions of the
MTR system ILL], one would expect to obtain a Kirchhuff plate of thickness It ats
a weatk limit as - - co of solutions of (5.3)-(5.5). We nauke 1recise st.atenieits to
this effect in this section,
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6.1. Behavior of (5.1) as y -- ex. The MT .sys,•tlln (4.8)-(4.9) itily be written

in variat.ional forni as

(6i.1 ) ±,.((W, 0, i,i e,,, 0,) t,) +o(iW +a) I (/,0, 1) ,i,, 0 0, ui,) = 0, V(,,, ,.) 6 (H.).
(it

For cach initial data { W(O/,i,-0,), (/10, ,I)} I (Ef.,:t x (L2 (Q));' there is a uniqpic

.oltitiot (sec [LL]) with

(6.2) w#.,) E CQt0, T]; (Hit,,):') n C: I(Q0, T]; (L2 (Q•))").

Theorem 6.1. Let (,'t, 80, ) (fi,' 10, 1) be gqinc• in 71 x V with .4 0 = MI = o.

Th i as ? -- oc. thfc solutiUon (0,, -. , l.',) to (5, 1) tcnds to (),10, it!) in the ,•et'st

tHut s -- 0 itn L'(0, T; L2 (jZ)) and

(6.3) { ((',,, w,) -- (g,, ,') bi, L' (0.7', T;(Jf,):)) l'wk ,.•ta'r
+/'+, i,) --*(d t b) irn, L'+(0. T: (L'+(Q)):' .,,cak .xtar.

•wherc (4/,, u,) aml thte solttio.tui (of (6. 1).

Sketch of P-:yof. Sinc( the proof involves the saicr steps as 'the proof of Thlivreni

5.2 we only eniition thO iaiii points. For simplicity wr aissilme 1'() 0 , .

We usc coniservatitn of the c(ut1rgy (5.10) mid find tImt

/ {-•/,., s.• }botildcd it) L •"(0, T; (-l.)t

l ( ', , .i , )+ b o lu id (d in L ' (0), T ; '/

(6.5) { (4, + 1., - Vitt., } hitouinde! in L'-(0, T; (L 2 (Sj)) 1 )

((i.6) {f ?/2XI} lxuilu'ed hit L' (0,T; (I2 (11))2).

Thits m - 0 strongly as -y ---+ . Since r, # 0 (6.5) implics that It,, ti'iiiit.s

b1ouled in L-- (0, T; Hfl. ). Thus by taking a sul)sltlltCt' ((1.3) holds.

It. remlains to show that. (0. u') are deifned by (6. 1)-((i.2). We, take in (5.2)

test functions ',,. i, with .4 = 0 so (5.2) (with u, i't,. = , , i t,) rvc lrnes

to
d • ,

&J(;•,) V,•., (b,), ,i, .a,,,(O]-,; W,) + ,,.1(0"0',- 1. '; 0,, q+.0. li, =t) 0~ ,, li,) c- ([•.,,)3+.

(It

Using ((6.3) we pass to the finlit and oJbtain (6.1). Fhilily wc need to hehck that

,) ( = (, ) and , ) The first of t hesr follows

frlom the olulick'duess of the time derivitaves in (6.4). To ob tain the second wc

differentiate (4.12) and notc that by Theorem 4.2 the resulting equatiou in the

Viriabies (t.e ,U.+) is well-posed oil R x V' and the norui of the molution at linr t

is conserved. Since ,i - 0 we llltmy relpeit the saiil arguintetit to obtain

{'t/., t.; , tP-7 rermain bounded in L" (0, T; V').

4



I (is 11).Ttino 1ie''d pjhi .iq It/h 7?)fifrfacia(I .41210

TimII wI' AItajin cOiiwirgenice (If till' julitiul w'illies ill R~ ')V. Iovl-('e MilL('( t he duian
wOm givon iii V x R an Hicii t I'MT'l sys4temisi ISw(eI-p)Isld oil1 t.Iiiit .piveI( wit lict~iili'ly
Iiw lve ntirgtilurit~y hi (6.2). El

6.2. Behavior of (5.3)-(5.5) as -~y -x. The Kizeldioff s~ystvin (5.3(i) ckl inw

(6i.7) [e'(V 4', (,ii:V!,+ 0.~) o~" u) i V ii, EIi

((i.8) it' E C(0.7,]; Hj )n C' (Q0, TI: Hj'.

By [LL, I. 4 8], (6.7)-(6.9) Ims. n 1uniquel( solutionm.
'1111' varjittiontiml prolem1)(' (5.3).(5J.5) w~u showi, ti) IlUV(' 1 lilliIqll' soultionul ill

TII'ivi'Clil 5.1. We' ('111 ('ililmintt' tliv vai-inbd )1( mi i111 
1 i-it.( (5.3 )-(5.5) hi thev fin-im

(5.23)-(5,24) mind iii thiis tinn.fici h prnhknvii has it uiIqlIcI solution with1

((6.10() (.w, u-) E ('(0. Tj: 1V) n C'' ([0).T1]: VD]J).

wiviv'i t liespalcus WOmid V j mm' h'fi ne by (5.2.1).

Theoreim 6.2. Lct (mD. w''), (41 fit') he (/11411 in It*() x 1',; wilth s" . 0. Tb rn
ai., - .)L.. tOw sotitiotl (m, , it', ) to (5.:23')-(5.,'24) IrwdN to (0. it') it, Hit' -scisc f/iti

s~ 0 ini L -(0. T;: L2 (S )) wid

((All) { i,} u, in L (0, T': III",) iwck sta.r
-. 4 in. 1,'-(0. T: IIl' ) 1iirtk Star.

iI'heIy it. im ftlfi *'I(Jitiioi) in o ) 6!)

Hketch of Proof. Agaiin. 1(t us men'lt.ionI oid 'y di hi(' i poin1 X)1ts. Tue' dlet ails camlkihe

fillcd ill followinig tflii' 1)11)01 of ruicoi-vii 5.2. Foim simiplicitYv ussumn'c 1',j $ 0
Finimi Tli'orvizi 5.3 tiv n' erI'gy

* 2 2 *2

is conci S('vi edII i~ idon al soluIIt~ionI t.raj I 't.)ie )lj'5(I(5.23 )-(5.241). Froam thiis we knoc w

(6. 12) {Vw., - 3-. x-, j bondehd jim 1, ' (0.7T: (H11,').I))

((i. 13J){ Vib., - 3.4"A 1.4 , )' }luandvd hil L' (0, T': (O(S 1))5)

(6. 14) hy 1/2 .4 lonlhdvd ill L:' (0.7T; (L`(I12) )2).

'Hums xs -~ 0 stri-ougly ill Ll (0.7T; L 2 (11?)2 ) ;,., _) ___ O. Sinc' 1'() 5# 0 (6i.12) imiplies
dhnt w', l'VI'llftiliSbM 1)11111I hi LI(), 7'; H2, ). Thus bky taking at xuihscqumivne ((6.11)
1101(15.



To see that. ir saitisfivs (6i.7) we t ake ili (5.23) test. fuinie luls it'!w with .4 =(0
so (5.23) (wit It m~ = s., t = it,,) rhiL'llce t(o

((i.15) d c((ivW) -_x-,,0 1;., V< tit, 0,Th) + uo (V It?- - Is,; V 61) =- 0 V~ li E H2

Suice x, - 0) strougly ill L2 (S ) mid by (6.12) m, converges weakly to a limit.
fitutionill I(O,: H,,) this limit nimst, idso bv zero. Thuus passing twhe inilt. inl

(6i.15) gives (6.7). Whot remainis is to ob tainl t~he colivergeiiee of the( initial valuies
(6.9)). This is donle exact-ly inl the simic wyv ats inl Hie proof of Theorem 5.2, i~e..
we list- Theoremi 5.3 to hiidr essentit l 1 ominiediicss of dil int weaker space 011(1
itse this t~o itifir (6.9), hut. inl the weaker, space. Siiic the initial datal were giVvii

ill H2, x Hl,, we t~heni by well posi'dniess cf (6. 7)-(6.9J) obtainii the( regularity inl
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fill stiggcstiotl n115 il1( lso to) J1iol~igiiiiill Yong mid El .ia-ipiii Z itaymn for t. hir help 1 in
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supported 11)y Inst~ittute for NIntdiviiuat~ics and its Applicat~ions (I1MA) of' the Uiii-
VI'si t~v of bI it iiilosota duini g thle "Year. inl Coi ntr mc i I'I i-Y 19vI92-9)3. TI au lthor 11 is
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NUMERICAL SOLUTION OF A CONSTRAINED CONTROL
PROBLEM FOR A PHASE FIELD MODEL

INI. li1EINKENS('ILADSS AND) IF.. SACiIS*

Iiitt'rd iciIplinatry ('enter for App)ied1 MInttlicinaittc's
Duprtmnt.of N'Iittliumaittics

Virgiaiit I~ilyI~ccliiic Itivtittiltv andl Stat.c Universit~y

FBl IV Nbitliviniatik
thiivversitiit lTrivr'

AB Isrit ,~i. A phtime fieli moodele im coiisiditr'il f or an evoluitioti protess whiuli lescrilivs'
the( phils tfiihge fronm solid to ljiquid. IThe pii t-t'sit s ttiiitrohvi'l fly injlits w~hicth aret
tninfornmly It sili vd . Tllvi ob ject~ivte is thialt. le phtisc i and tie( tveitll~iplt urvi follow ueetti iil
ciesiriti funcwtutons ts tlseItist potssible with It tost- tcr forin thet cont ril. 'it'v neetssiiry
ojit-i I IIithty coI,(Iit ito IIS of firts ordler Itie for ItI III it.vt It fill. thI is toot iii! prohlt)vIII.T I iise co I Id-
thins jixtlttil lptojec.ioiix whichl mattke Ie tIIIpplicat ion ot! Newt oils toet hod tificlitlt. We
jiresetit ant app-oacha tit ciriilvtttttt t his dilhittilt v anti obtain all tilgorit ho1 which-i is very

iflicienlt 111iui1cricaiiy. IThe inuiltttaitl extotiples indicttte tha thi e 11' eqirud ilion' to solve
thec piob tieti wit 11 totitri l etu st. raints is of t~ilt, SiLtM 1t1i tttlit ititle IL4 for th it'il tiottist ri'Ulilt

199ll) MAm Ut ot at is ,%uhja it. Clatssificaitiont. 10 115."

hit, ttoi'l., tutu ra ~t'.'t'.( Opit ntil t'out itil. lp)jI( tiotl ctst ta~intS p'j'tt Nt-wit in ntl fit, I

1. Introduction

of twit s i livid ttI' pt dcf d it' tib dknvi it jl id l tituids [-i].i [7], l.itl ill a1] 11 i' ci inalt Ic

ril. hyinvolv tt''ttliiig telipeaftidl- ofal'iz i thalnutp'tit 11wil.1dft'phs ilit'tlhiiin'ut tich

jtilt iim. l ivi'd It'iisof till tyjo' [4-1' [xc 'fiitttit ii[] ].[f] ii us'ptuu

*This work %%I., apputtud ith Pitt byv Ah" SH~ mutniet C titt F'l96211 93l 1 0125 wlthi t, lt'
tillt Itl Ir Wats aI Vi ..g stit-i~t kit at ilt, liii trtis~i'~imiiutrv ( eitcr for Applied Nfitt li'initt its. Virginita



1 72 I 'hns' Ihird rm Iilij pmivmbh pnuiti~ r4,4s1VI741 d.ý 'I

114'(4'SMM4),V 441tiI1IiIlit.N coildil-io4)I W(IM ( ob'141taindi144. Cm.(4ipi11.4t 14)11 ill ]h]61'( d(lU14 115-

jug a gradiv'aInt 11411144 4'44IIIibi144 Nvil.II a 41M4I'4'tI'iIIli4)I M('IICiIC 4f1 tl( 1141h14'1('1i iaI

cqplut~iohI. Ill [101) it 4ifI4'1'4'Iit npp1) cl444I wiIs p)14s('1114' Wh~ich1 e'xplo4i1tsfi 114' 11'4'4'MS4,IN.

o1 41ill 1441it.\ ('44y1(11 1.14 411. a s ,I N'sill of 1)1I' [o 44111(4 coupled lli11('44a p flrt. i i1 l 1' '4i rivi 14 4'4l 141i-
Ilions. 71,141c polemO)1' WasItS 'C4)'l1141Cllw andl NeWIcin's iIIcti.)4 w415 441111i44. 1)14 it)

cn111i4'4v out1 i 1,01. 4) (Ii5 '14 t i/,( VerIsion lsni 11g (IN PE's wvit.1 a Iivir ilrch i al b1asis pre-

4 1 t I l l' ( I Ith is U M p l ip t( 1 1 '( (41 eptc l id i l 1 14 1 d e a'l~ . ( l d a d d4( 1 1 ' 'sh i I I' b o lj ) lI. I I 1 4 i I V ('(il t lr i l l1( 4 1

liavt ~il 411 l ('(4 It I]. 41 .'11J(''1 *1(' V ) 14154'.e 4111tIh 'l 44luI1sAe 1445obaina('4l( p ini poilcl fo t1 hv(1 ~i

th l5441111l ioUl of1 t.11cM box ('4411t.1'41ni'4 problems'111 is fiI gri'IIiC1It prj)Pcc('' 14111 1111 hod.

lI(4wevi' t his 11I4'I.11(14 is 4a first m-di'41'1 111vt'l-14( mid( ('441vC~rges ratherIl(''54wI.N14)1''-c

lItel. oil tiv 14o( 4141 ic Ih11a1nd ' .44 ca .4111411 he appie d'('tI' , N4'Wto 411v 411gilt.1111XVitY I~ti lttI'

gr'ad ien4't p143, ('(tioll I II1(th11) hats 11h('11 iida)1 t.4'1 i11 [2] t4o414 'Mcus 1111ly IltlIIi/A' Newto(n1
81.4 ' 4s. Ill 112] anet-l(Xt4 151 41 of I hisnp4111 ch 'is itsc toso' I1.) v4 \4'i (14(''MI' 41 l 4 i

di11 14 I Itiml 414 (jIldt. i 4115 41114t1ol 411.144 ( k)11.441iklts. 1,11v' 144 vili Ita4g( (Ivc' t.:( 111 C 11 44 14 I ill

[21 is t.114t ntt. ('41(1 st(j) (11, v t~l( ijivaIi'e1i/.d Mt.44t(' ('(1114t~i441 114'('1 t44 be4 sol1ved iIIst4'444

o[ ic t rI'(lgill 11441 ilea 01)11 4 11'C414. ('4 cov('rgvnc '1 ro 1144 ill ilnfint d1114' ii '1i4 41 is Aivv'1

1,01r i11 ord4i11441y controlt4 prob)114lem wxithI 4('11 1441ro il il d411 imenion1114.

For41 I lic 141144M4' 11414 con41trlp.I'4 4-4('lII1 wi' ('441 also4 f-1'oI'IIalt~e all 4)1gor1ithl 111wh1ich1

leads(I I)o a1 pr1o4ject.e'4 N4'wI(41 II1(lk144. 1To do4 this w4' (,xt.4nI( the14 appI11om-('I ill 1121

to jtlilto 1114 11111insX'' '%4Xi144 lIw t 11).N 1 117S4'41 of 11]14' par 1ol ' v(pin4'44115 iliIIICI col '((llcilI.

with4 M the~ 1'4'(jItiI4'x Ivt 1'5)11iIllcl' 441 v 1 VillII 4 1101 f,01- 1)4) 1111 44Ii~l'- nllil4 polvill 4414

W11'1'4' 114' 4e uiv l'411Iill( sI. 1 1t'4d. ()I* ail s141 ,14 l-t I4l 4IIl t 1ik'l)1 (4 b 'i(S)' 41114, 114 vn 1 M4'( 44g4Ic 1.

1.111' i(III('(411511 ini44 ('1154' g 11 * v 110451 ('1i111iv114414' 114' '4411-1')l v ll til'111 he41 Mx'51'l g 4l

2. The Control Problem

Sol4id liqjid p1ims t 11r5' .11115itiollill pur IIItviascl e loce 1)1 11 v1414''41 (So114 caleIdl II' 4 (111'

141 454 it'1(l Imo1(dels'I. T~liMI. 11(1 Itic s ('all 41' VjW4'Imcd 'I4l114151111' '4M I'i S141411 I

prob1lem1. hi stvdt('4144)1I IIg all1 vxpic41 c (' it. ol (')111.4111'o1.14 1the ''ll14'('c 1)4111114 Iitr I 44t.wI'('



ftitetioui. Tit( lieuvoit age of piase field hiHldels is thalt, thle t'Xpdhit itst' o fll t five
bI it itl~lt lii'v is a.voH letI m11( t-hat. pliiltt 11ilvelal '-4'it( 1WithI Isurfilcet telisl~lt andH 1

supercooling are incotrp)orat~ed inito the iv )(lt '. III this papller We' ti isitvi HIeth plntse
helhl modlel pr'oposed1 ill [41, [7]. IS]. Let. lbe at siihse of ff?", 1 < :.WithI ( '2

1 ounl11(hUv mid let Q? = Qx (01. T). By it (xi. t) we dnte(l~t( thei( tt'1 ert11 )ek tit.l'( -t.. E Q

he It(,edi inni. TI Hletv meitiu is purely solid if' ý0(x. ) = -1 aiitl it, is pui'el 'N liqulid if'
~,ý( x. ) =+ 1. The b~oundahry betweeni the two phinst's c'an be de(sc'rib~ed bY

{)=I(x,'.t) GC I" ( .1' 1x) = 0}.

T11V rt'Vlatltjl biet~weeli t.h e t.wt p11-i itti t s -I/ tO d ,ý is givenl td IIiro i tt a ii t ho V1ar hue
prlb)vien Wit-h two ('oihl('tl svelliiitH'l' parabo1Ilhic' differet'iatjl equlations.

t + Lf= uti/ + Jf

7-21= ý2p+ 4-A 2,,

Here g is a inon ilinear fuicti't.iou tf'I l it typea

g(~) = a4. - E: i C( ((2), (1,b. c > 0).

r'1 iyiciilly v vltit'5 like ri = 0.5. 1) = 0, alt' i1(th inl [4]. [S]. Tit' t'OIIStIllilt.5 H. (.T.

(2.2) 1)-? = 01. 7~,. () I on s? x (t0, '1)

\.X*( lissuililie that thw initial condlit~ioiis sot is'

(2.1) EJ~ x 111(i) =j~ -j-~t = It.

Ntext we foruiiilatt'tie Hiotiniaitl tcoiitriol pr'tdiiil. stipptlst I lut it ut-ill d4r1t~-

S irted1llUt Itas finicit 'l i ~,;,I ItIit I t teIll It 'l1t.) 1)1' u,,) are given . Ilie gi ml is to driv vthei
nicitll" ti) eU us' 4V5ing51 J, ill sli h 11 Way th1 at. the actilall pllasv ai 1.'111) 1 4 'iioIt) lit' is as
tcloste tIS jitssi Ide to thet( desired ol its. \Vv a lso i nehdcit'a't cost. tenIl for 1441 t ol '(01.it rI J,
ill t it(' ob jtect~ive Iili iit-ioii I (

(2.5) .1(f =~l 2 i I
t
Ij + 2 L 2dl2(t+~liI.(J
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III this pl)ll1i we also iiilIM)os( 1oiiitwixe( (¶(iiistiilits oli the elliltrol. (Givv'ii fh-flt

E L' (Q) the set of llli~iXii)sIbe co)liarols is dlefiiiell by

F, = I.f E L`(Q) I f1M1 •ý f :S Lip (11 Q}.

Tlis~ leads to theo foriuiulat~ioii of Hthe olpt-jiat od(iitriol 1)rohblvil uisinig (2.1) (2.5):

Optimal Control Problem (0(P)

Flint f* E F~,4( sawh that I1(f* ) <: .1(f) for etil f C-FI

It, hias benv shownl ill [11] tHit. the stitte i'(1 Iitioii (2. 1) (2.3) hias it iiiicjll( siolit ioii
anld that. the sollitioti operatoa' T( f) =(ui, cp) corresj imicliig to (2.1) (2.3) siltistivs

T: L-'(Q) 1,t Q '~ 1 (2. j .

Tllv ('istvei~ve of, optiiiial (Uiitr()l5 fbr, the llii((llstnliilC(In lvrIJili 10 Ia hei
sI owvii iin [11]. A iialogous iigl ili tets eat1i 1 bc lise( to) Iwod Ie X isu'ele o' II(q))t i nio
colitrols lot. (OCP).

]it the iext. svetioli wvJ look at. t~le( iiecessarv oj~t~iliailit.V coiidit~ioiis which will
Ivad to tdll( ( ilistnijt. i iiI of an eflicinit. kilgori thl o.

3. Necessary Opt imality Conditions

If t. Iii' ohjvcet.ivo' tiilic ioll .1(f) is elit-ltc itihII t liii it is Nvl I ki ioNili
tlnit. Hthe iiccessary o0h~thiiiillit~y condtitioii call Ile ('x)rvssvd as5

(:1.1) J/(J*) (f - f'*) Ž! 0 for till f c F,,,.

It is sliowii ill[ Ij t hat. the xoltit~iiii iamp T is Rheehet-difh'eiict nil IeI wit hi Fi-6cbet.-
oler-ivit ivi' 1'(.`) (f) (=.~ giveni by the liuci-izeii d syst oiii (f (2.1):

it, 4i- -,~ H~tt + *f
(3.2) on,: (2Aý

wi t'l I boli nldaly v iiclidt.hiolls (2.2) tu11( hoiiiogeiieiits iiiitiil (oil'itio.ihl. fit co Iniatioli
(3.2) (u. 1 )oliiot.es the sidict ioii of' (2.1), (2.2), (2.3) with1 f I J ixe. 7'(]* =

III , . loder to Wl-it-v .(J'( )f ill ;I graiuilit liot-atioli We neved to ilot iodline thle

For- given f *anid (1'( ) ,c *) let. (1*. 1;-) solve tiihe sYstelil of adjoiuit cylflilt iolls:

-p); = KLAj/? + 2W + 4vii - c)

-T); = - VA0' + ( )"+ (-
Withl hllildillaly aiiio finail coiilditjo Ils

iv*= 0, i"- I/* ) oil (A (Ic 1U.I

))(x, T) = 0,-/, J(xc. T) = 0 on It.
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uIhel w( can sh~ow tliiit. theý gr~it('lvit. V.I(f*) canl he comp1)lt.('ed b y solvinig (2.1)
anid (3:3) and is givenk 1by

Notw that dite to the formn of Flj l1 the cC ary 01 )tilllmity ('0ondtifioii (3.1) (-il be

(p.5) f ~ (p + -ýf))

wlciviv t~hl( jproj('(t~iol 1 L- (Q))- L (C)is (4,inehle as

If (x. I) OwIS.

It' Wve Itse I 11c variabllv t~rimsfo rllillt-io 13

to obitainit a Irobvilll With h()mmlogemm('4)iN iiiitiall 101(1 bxmtidiilny ('olldit-iOls. For i amid
Sanid if we itse (3.5), thvii we cani Write (3.1.) wis it sYstem of nauilinvii'it eqmifltiomls:

Fimnid (if, 7.i. iti, c f) " su-hI that.

N-2ccssary Optiniality Conditions (N(C)(

lit + -1u f

,r*ý .- 2,A- j + g(, -,: i 2(a + it()

-- p, H.11? 
2

1j, + (i(li + lt) -I f,/

2- A' - -
2 I,"' q( + '01) (P + a( r-t -

f PU~f- (p, + 1P))

if If o. viI 0, -1' 1 - 0 1 1 -- 1) dmid 2 K (0. T).
0,.~ ) =0. 2V0) :- . ji(x. T) =(I. f'(.. 7') - 0()I S2.

oJhfwrat.oI' of it hnomullitlrV \Vault'( problem(l. Forit, I rk -(i'. w-2. iv i. (f. Lf'(Q).p I

hi Sit, (a. 't, 1.p. ~)` be I hc s()huit i(Ji oft

lit/ + I L k,ý II f ill.

(3.6)ý -A1 -- - v 12.

-P~t HAI 11:j

wherev tihe soluitioni has tI) satisfy time hoimiogt'iieomms b)ounldarly, immitmttl and il iail co)nd~i-

tio~ns5 froiII (NOC). Notw that the systemi (3.6) is decoulpled and Sit, (it, , p, i
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(calt be4 C'tili1Oit.C( ld y Soilvinig foliri simiple' pal'intbolic' c(p(utti s11. For examiple, t I I' se(--

tl ill I lilt !oiittl (36 ()p~t.11 tii dep nd o11 t' 1 I I/I. Ifi p sc l I I I it d hl I itk t m r I bcSt lii' st i t 11 It' CI

La't('l w(' 114242( all 'xt42isioll S, of ~S WliCi('ll di llS (I' i t,", I1

SO'. f) = (Si'. f). (it,, f) LlJ(Q)'.,

tecrilis liv

( ~Hall() ± f

(2ký I(,- ~ + p)+ 2(11 + it,)

(31.7) Cr(Z) =2e, ± kt(u + uI- it~~ ,l)

+'(+ + P,;- (p-) )ý
(11, 0p . P" *f"Slch tha11t.

(3.8) F"(:) S, GKV (-) =

4. A Projected Newton Method

For iiCoil~inenr j11tblvliiis of' the type (3.8), Newton's inivilint (-,III beii' l5'I foir

is Ill IC' i waai o C'if i(t f tile' prl' je'. ic t ii t II i ill iit'e I ist. rC 1111 livlt'It of' (3.8) 114511It's

the ffc that' ('I sytICa'' l y tf liparabo (')1 lc i iot'iit. CII N . t l it( ' ii blvI5 i lit arc Iiitlich i it i' 1 IV

proijcctioll~ ~ ~ ~ ~ ~ ~ ~~~*li~lIC'~t'i Piiio'Nst-i r' u- i erli.il iIiYoth oprao F i. niinvto hod
liiv , iti nio e'ndti'v Ivto 'i i fl(t i lititIi ill IC it pu wtiiiity.lA si milart I.I pwr so w iii [2] t- aI o i ar
dlifeet' i al i'('Iht't it'iit l C I I I'gn hvliei cnidui t i ll 1a1'21- ~, byIiv N C'Wetvii( toi met hodui tok

thwcii'e(t oii (11( irt) dtiifferentiailliAt vod11t'olsve . uu stlee~eiliIlliiii~' lw'

It. was v alo liswidr oili [2] th lint ast componen'et oftni G 1. 1 ('all a solutaion edh u if 'ix
vtmlcterss ftiv li app oxiimiatioin (Ifdea tolait'newLho othiret'ii prtojecte index st.s whis h

t'eiitle roiihititi of' t~lt IjtiVC gaicifti('.Tli ou was te 1)+ lit yitNewtiolin or2 Nvtou rctk

direct-ioll~__ dos-----a---aiutvdmil.al i ler'r iiprpiac lw(v,-



tlicl iii) iveS ill the 411 jt'ct.i( i to I I w inat~ive. ow VI )'w livuii I11ing ni N(N~o s~ltcp t( for' t i

Followinig 1121 we' deftine the s(1.5

A,,,,, z) = ( (.1'. t) E Q2 11(x.% ) + -jf(1', t) < IF~ I'

dependling oil the Size of the rusidull Pj'(z ) j. anld all expjxeitt. r' E (0. 1). fiund

A(--= , 1,() U A,() ()=~ ~)

At. tiIlt, Uht.iiltlt potintt (I* '1.? 1) . i1. P) i olds titlt I( 0 (1 ad, sce
(:3.5).

(X /x) 4- f(. ) >1 0 ' (x.1') E A*,i,,, J(.i' 1) C- Q2 If*(x.if) fq,(rt}

f*(x. 1). 'f (+ ' f) < 0I=i (.1., t) E , J {(X-' E0 Q I2 f*(.a, 0') f,,i-', (a'

1This mo~tivaltes to li~ts A( z) its aim ('st~itllatv for1 te tict~iV( set. at. fict po(inlt :. Ho wv~er,
tltis set. is not. i('lece5&aiiiy ((Iltill to) tdi( tinei ac(t~iv( svt.

Sinice Nrvwtou'l ntol't11 is 15 cdl h a1o'('ii v('geit WI' astis1114i that tH it obiolV .1 i

(1loi(v( tI) X'vt. f ('(lti,1l to) thc tIaxiiiiai an t iic i ittiial \'ahlic oil mi~).ad ,.(.
i'secti'iJ)(( . iV(' Uc ('ti'((t.. Tl1ivrefor(. fnor gi~vei .. J)4'..') N%-( tcsct

('nl'i'Vtioni of f nit 1(z) with the Nvwtuit step. Huowever, 1(z) is cousidvr(Ic'd Mti
ap proi'U iit titoini o f Hti So' o f Iillciut tIvI ~ind ices. O )il t. is se0. thi 41w prjec'(tion lit t iall]'v is

t.itt iden~tlityV, S(o tdint e app)I xi'n li'lI C nil I z)tit itttloitteiti' liliaps F' and 6: b% F

+A 4 !&(,4o + ý.ii) ± 2(it +I tit))

F~z) ~ .S4.G~), z) -21/y + n('4u + tit - uj,j)

f -(p + V)
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It C1111 he N11OW11 [101 that 67 is Fr6chet-differentiable and admits the represen~tatiolk

"4f

+ I ± y("(7 + (PU)hli' + Ah, "y

bf-(61)+ Yef) 6

Since S, is Iiiiear we have that-

To( (IUcscrile the' Newtoni sty1 ) more )i(' 1isci11. let.

Q~z (u..p,~. \f)Ffor (u, p =/ )

With the (hi11actrdttistic fianct~ion onl a set. I c Q. hvui the NewtonII stejvp
L' (Q)ý' is obItainc(( from1 the souhtitonj of'

(4.1) QF() 1 . Qw~)

Thcequafiltlion (4.1) can1 he writtenl ws

Qlhý- (2/F:)s,:'( QJ(.(z7Z -Q)()z

(4.2) Q'(~+ h:) +B),I~ZQ((±~ 'zQw +

W ithi t. li dehiliti Iiio(' t.1e Sohi it.io ll ( ij)('ator S in (3. 6) we cani rcwritv (4.2) as a
sYsteni of boundary vahiie problemis. We dk'iotv thw eiIw itvratr by it sulipescrip)t.

nw- umi(' iteinte is giveil its tti pro1 (jectIion of' z A-(,2t ; j.onito the fecisihh' set:

Z+=P(z +

wlicre P(z) =(p, e!, it, p, V(f) ))'I' Siine the pro~ject ion is onily appIliedl to the fifth
comp1 onlent. the first four comuiiuIuiiltH of the 11(7W iterate + are alreadly OhtallWd



fromt (41.2). whicl(fhI can(' rewritten its

hf + t - t, Av d1(i + \I(Z)hJ + f,

7"2- APO) + g, 'P + ý0 -' P

+ 2(it.+ + tin) + g(ýo + ýPi),

(:)-4 HAp ' 2t, + n(i(1+ + eit( - i,)

d, +Ip ±j

+i~P -d + hf)) -0.

With hot ll )gonols I(O 1 om it ry and( I inifial ondi it. nis of the I typec (2.2) and~ (3.4). The'
fifth1 (.ottj))Ipu jtii tif Z+ iS giVellj 1) .N, f4 J = 11( + wittie \ e'if is obtained'(
Its the fifth comlponient of the solution of (4.3).

As ini the iiiwoistrtainitel citse W( itoiti' that. thev last cquatitoll cant he oililt tud
by oliminlating \ )f.Fromt tHe hoISt. (1'ItihtiOlk WC Olbt~fi~l at

whichi is sithst~itiiteol int~o the lirst equatttiolt ill (4.3I).
Ill S1timutuny. theli conceptuatl algorithmt looks a.i follows. Hro' weý have hichde~le

the jil 10)11logenvoils (tat-i a1geitl int~o t. he inti tial cote.it.ion is

ALgorithm

CGiieri. I- (0. 1) an~d ut (hi.Vir-itt Itcratc z = (It' ;. i- .It~' . J

Step 1 l~ct.cruiwiu 1/1 cStilivitc for. Ht- atrI. c So

E(i Q) 1 jfu )+ If' (.I,/) > Ilk'(:-')1'\K I.
A,,,(Z) = (v I Q4 I jfit) + <.C~ )K- .(:)~

A" ~ Aj,,(z'-) u
V' Q ~') 4 \ A(ze`),

an~id om(iWvh)itc f" by

f L,?. 0) (.uij.
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Step 2 Solve thfe lifiear bonundary vadnu'r prohl.'n.

4- +1 + - _

= - '(,,:)(V+ -Y)+ 2u+ + g(p').

-KL~p+ = 20.+, + ~(v.4- 
- a,).

4-ý (xe -~I 0))(') pnx). E: S2,

.~ 
4 

a.t) o. -Lj>4- (a ., 0) o' X) Er US I I E (0, 'F).

J), (x,' 1T) 0. -"+ (;I- T) = 0. i Q ~.
0 0,~~E 4 (.. - S?.tE(.T

Step 3 Svt
f .I f'" + P(\1.*(V' + h,`)).

'Tihe systvi'ill i Stelp 2 i~ liki evli i-cwlit-tell ill it Wil IV Hinit. is vcil. 'ia to theit

Newtoni systemn ill the micionstriaiiiet ease [1(1] midI c all bc Solvedi efhicicil *iv using

nundtih'vwi apiwonclies. A forllluiat~iul of' the syst('ii inl Stepl 2 w, it iniie. vfixed
Po inlt. p~rl'UhVI 1 ll1 tsinOleSlu (1 t.ion ol ()frat.( r .SyVitli Is adeci'VlI i jug of't.lie s\st.( -ill 811(
n1 liws kil Elftieiv'ilt sollit-iul I is ing jil lit ile vi '1a; i noldehe T'he c '* d idi 1( thi e
al)Jici(atiolI of iuiiiitileve inlI(t~h(01 oi5 Well as hiilthe.ii i~lli klpc enet.(t~iulI (Ie.liiM i('11-

diesc'ribed( ill more'( (l('taii ili the followinlg sectio.l).

5. Implementation and Numerical Results

Ill ('11(1 st(') of' the( Jflc3J('et('(i Ne".tUolii inctlioc illt~ro)(ieed inl the' previoius

se('t~i(ll Wc h ave' to S(olve Il ' vt.('lll of' foill. lill('al. jIntrl litc i i 1 ('(fi tuu Is ill t f' i'i rel(('(

set. ofl viriabllis Z ( 1.). 1".0~~)1 With ft ill soulitt-ioii of)TiltoI S of (3.6i) 1111d

/ 0 0.i~

0 (1?,!1 (""' +y"": !(),,: + q.P

tia' systemn arising inl Stepl 2 of the iuigorit.Itii call kv written it.

whlere K = SB. Due to the bilock t~riuullgililar strilc(t.II.t' oif t' dw oluion~i) ()l(rattl. S1

theit apl)HEiiCt~i( a of IX t,( Z I('II ryirt e iIts (t thesqentital s011It.oi of31 (ifatt dvoiip!( sy~st~em

of diffe~rential eqinit-ions. For ex&mli)it', givi'II _+ =± 1 It; 1. 4PIM. 4 PI)*, tltv jini-itI(t

(-t. p u,) = K_ý call be eVaLillat.('by fin rst Solving the Seconid eqilatiolln ill (3.i)
with wu'2 2-a+ + k~~ ~findl cre~ll(spond~ing hoiXdttlhy ('011 it~ionis. Thleni tie
so~lutionl ý an it h)(' it~et'( inito thet first. equtationI wi ti e tiuhrst equalltionl with
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fil 1 \J)+ call he: solved for v. The thirdl midii fourthi (oilonijO(lts p) anid 1;, c'iii
be: coiulpit~ed similahrly. It siloiihcl ilso 1)(, ilotep(l thait for the: seqe:1 l'it~ial sollitiuii wA
onIYlyivedJ'( to solve li('it. v(pCjlatiolis. There exist. s('veral effiientie int. Iletocis to pertformi
this ta~sk inumerically, such ms wiultigrid miethodsl donitinai dte:v iico mp itio i licii ttu s.
OrI liiidt~ilevel p)WVoi1(itioll('( colj itgate grad:ieiit. lli(t.l1o(Is. If th(w,( meithtlod:s nre'
Iised:. thenl the tunei nleeded to eviilmiatv Is'5 for giveli z is roughly Biwa(1 ill the
mllliilM' of Variable)s initroduiced~ by t he (liscret~i'at~iou.

NIoorP ver, ishing the' block Itriangulair structure, Of S, the Smioothiung proper-ties
ofi the, hieuit. eeyjuat~iou a111( Solbolev iiiohce:miding tlheoreiiis oiul( call sihow thatt K is n
comipact. operator from L"(Q)` to( L'(Q)". [10). Thiereorv (5.1) is at compact, fixved
1 )oiiit pr1) vl'l)'~ ande one call utse illliltigridl miethiods (11. (31]. [91 for the: solution of'
(5. 1). 111 ourm iulipleieiit~alt~ions we utse the intiiltilevel intieloci from [1], [31 which 1151's

affhlc( and1( a coarsv: gridl for tilt' app~ro:ximiationi of (I- .) Given an approximation
u 4 for the soluitioni of (5. 1) thle co:rrectioni b vichltng thev exact sohittioii. + 6.
sat isfies

Using

(I - Ký) I + (I - Ký)'-IK ;:Z I + (I11 - IviIC,

where thel( imidvlx I deleotes at v:oltl'5e: grid 11nd (1, - KI) - Iis tli' imlveisi (if itci (lU5'C

grid operator. oil( fimids that.

S[I + (11 - KI) -'K%7(b - (I - Jg)9-

TChus the( iteratit 101 csed to solve tile:' systemil of, fomi'l limieorl parabmolic eqwuitiouls ill
Stepc 2 Of theV ahgOritlhiiii is giveni by

(5.2) + 11 +f- (1, -- KI) h'(h -- (I - IQ: '.

Ill our imlipiiuhtmemt at ioii We st art. this iteroitiomi using t lie( current Newtoin it-ca'mtc'
ii' . '. ) .One iteratiemmi requlires Q t~i(' appliCaioiil Of t~l fll(' hu rid 0upend or

Kýwhlmeiih 1. be' cit , cii ' v efinc(tlien tly as explaji ied I reviou 11 isly and the s iiilt-n um oh
aI c earsi' grid syst~emi with uiiatrix (I, -- K,). Altlheough the c'ourse: gil' systemn is
COnlsiderably simelemlu thli iuith finle gridI systemll it is still harge. Ill thle numiierical

experimniit de~lscribed below. the coarse grid systemin tins S9:1 variables. .hiereforv it.
al~so hlas to he soluvc tl ilcrat i\'e:Iv, sinice K/ is lions vuiinuet~ric, Wv cisc'(\ IS 1]
omi, moillinrical e:xperimene t~s onle itera-ttion (5.2) with starfing value(c( Y.p
"WaS suihlfcejet- to co~uilpltc' t~he( sohuit ion _ (11' , 1p P, ~ 'Withl reqnire:'d ne'--
'miracy.

For the:' discreth'.atioui of the patrabolic partial d~ifferenitial vequlationus we usec
linevar finlite celemneimts iii space and biwn~kwared Eider inl time. The elliptic ditfervi'etial
e:qupat~ions arising ill each timili' step are solved lsinig at hierrcu'e:'hienls 1)115jrvcondhi-

tionel ec uikugato gradhient, method 116].
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The examle~J~4 we' use to lIClilnst-rat. thel projec(ted Newton mllItilevcIinc hod' 10
is taikenl froil [6]. The following p~iaramete'rs mid functions nre used'(.

I )( 2 .)7, ().()5, f, -. b=O= O -, f;t = lrzz.05ý 2 = 10)2.
2 2

P.r - 2 +f (y-1) (..o 0+sl
2 2' 4 V'-2''~' 2 1)

- (n7+:nt - fxr -)). : -ý

'2 .+ Ia'

wherev 0 =L - ,'). 1?,) =(.05, R? 0.15).
1TheII weighitiing pl it Iirmt~ters ill titi' Il )ject-iM filit nt io mv ('oslt lo~I I Iit

o = 5() !1 =50, ý=1 2

-x 1111(1 one for a 'ilt.costainiedt problemi where w' used fh.= - 1.3.frp 1' 1.3. Ill
bo,1 c t.ii(l5(' wt' li('( it iiuted.V ai)Iol'l icii stairt~ing oilit ca II415( gri a1(1 it( Isil ig thel

As 1141ivt tioned I jllvi( a slY. we usc5 a.ii fii t4 ('1c11livit. disclet izat 1141 ill spa~e laill

1)ackwimlr Etlder iii tiniie. The t rianlgulat~ionl of' the spaitial tioikitiiui is ol t iill'(l b

c'(itc of'fi t euel(~iIt~ing stlbsqilarl's into two'( t~rialigivs. The gridl is rvfiiivd 1), dioubl)ing

thel( itmfinber oft subiniitervals ill the .1, anld y axis anld dloIIIiig divc lilt~illiblT of, t 11111

hicri( 'raciicid wis i151 ll lour * H it 'ci 'lvil(lvit 5spilvv(' [](;I. The I levl -I I =()o tllt' spait iall

by oiy 01 is (lIsl'I'i)lwl abv and 14cee iVI' 111111w oi iiS' .il iiiii' f trialli gI(Slii bY 1 f lctr 14ili

tour. For ottr Iiscretizat~ioil theivl' I'VI spiatial grid conisits ii4 2(" 2+ H) riungipl's andt

(2' + 1)2 VI'It~il('.(S

spatce -tinie grid. The coarse grid is given by f = :3 Winic = 10, which linlatis that

inl the coarse grill is given by 5 -891 = 4455.
Till co(ltumni iitj shows the iitiiher oif CIR ES iter'atiotis tll''( l'( to soilve tihe

coar-se grid systemli intll' th iimltilevel appr'oach. The titlll's givl'ti sholw the aeetliiliu-
intc'd thilil tl'l(edel t~o 81)1W' tlil problleml onl the mpl'Cifiel grill.
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Nested Multilevel Newton Method
(l IT1c st.1aimled IlP'r l h'l , .fb,,1 . -- =, ( )

r ' W t i , ,i . n , , d . . i • , .,. I I F ({ : ) I I 1 1 .I i t~ l i ff) i c! ,

3 10 891 0) • O68sE - 01 0,467E• + 00 7
1 0,.31(6E•- (01 0.35•1E + 00 9
2 O|.10•- 01 0.593:E- 01 K
3 0.1122E - 02 0.108E - 01 12
1 0.151E• -03 7•5

4 20 6069 0 0.145E + 00 0..139E + 00 17
1 0.98.1E - 02 73

5 ) 4.1I0164 0 0.448E - 01 0,851E -- -01 15
1 (1.7591E - 0 2 324

TAII,.1 1

Nested Multilevel Projected Newton Method
(Cozixrsiaic, I,1Pr hhII. J',,, = --1.3.., o 1.3. r1 (=.9)

:3 1I) 891 0 O.6iO}i - 01 0.467E7 + 00 10 7
I 0.316E• - 01 0.359E +-00 291 ( 9
2 0.102E• - (11 (1.103E• - 011 .136 1
31 0. 152 E' - (02 01.2S5]-' 01 .163 11I
.1 0. 110OE -- 03 7

-1 20 6069 (0 0. 150E + 00 0. 140E + 00 1I 17
1 0.987E - 02 2.1:19 "2

5 1ll .10.16191 0 0.175E - 1)1 (1.5231E - 1)! 69901 17
1 0J. 62.11 E-02 354

*rAIII.;. 2
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UNIFORM STABILIZABILITY OF NONLINEARLY COUPLED
KIRCHHOFF PLATE EQUATIONS
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IF] WeU choose) the limiihica'ir fcibacd)4k controlsh of tOw form

!ii =: 111

fJ2(

g". = L~lý

fili I iot l .1144 ii 1111d f, la (ijlt ' ilitrv s 41iM IIICCI IIt I ie Zero1 hi Ii'i he II)~ )1igil a !/ sulic I( f he

Followin~g gt(4wt 11 i'oII(hit ionsI~

l[ ) 'I.'1m < J.*(.m)I <_ Alj.'. for I..I > Li . 1. 2

for iiC p~osit iv' (-()list )iis tit and#i Al.

('[hi'.iegy funci tional is flefivld liv 1"(1) E,.. (I hI'j(V). whviv

(1.11 I ,,( tV - PJ o)- 4 -. Wit I fi . III

' k 1 i t i i s?)) %III

lithu ith IN y 1.-Ib u 0~.I~g. %m . *I .n h 111111

(1.7) EU ) -. ( * ', /I .

weahIV lifeu 0 misu~lunt.s may . enue uiu tuld fill h"(0I. huill w I 1iui ueu dt n IN-u l (i~h ,1 f I

Mid (.



IYjpirlllly restric~ted~ to onew d1imnionaIi~ilI problems~l. Nloreovt'i. [10] aiid [111 sI ntc ex-

p*cd'vta othr .. kulg + s~uch -t mut ipler (Sv[] rdi-c ~fi (sev . 1)

li vitl coulingo .. Silt lv 1 u I)tt]I dimensional wav ylit iolv With lI) 111 disipathdit on. \q.

shiat sciI thillu 'P4 di 1itS t.l and ilt 1 gvca l~t ''.%oic bs e oi 't ii ntrIa insi compli-suu i'
ofll ,t vl~ip) i c binjol o1f1 ( I 11V ', I IN filICll,1 Wi 1111Vi011lolt 1 ttHllIol

il t is laore co pi cat ed s ' it, 4/jiat4ijll II *f/,i. to fli*))si

A/i 444(1 %1ic1 rol l P In li 1411tie/, proof of I /clit l (1.i)I 1 is pla/Il /-:, 11 4(04/ ll oilsta'.

nbi's~lit tot it ttitiut Il Kirchhoff, t ptlicwt mE.vr oliilYcndto .. Sl

this ren 1 .3. IA ( it 4(4 /4 ld i I. ilirs. w .% Sl~i li4 (/1- l it below,2 Ii i cII s,/i~iI

jiii cI it, 1 I.4'/1/ I 1P314/ .t i veiiji . Ovi. li vii s)N1. Illhe (ý fibui,,v ) (r .1) c *('( x :L2

ColsilerI 1v olowig yla ill f t (]lt Ilol.. N illlilcil.Kirhh ff1la;v



'hcr 'y S( t -. 0 as. t -- -x am/,r is tilt soliuthon (contrac~tion.' xirtliylr)Ip) of 1il1'

S(fl) = ,()

cod q(.v) is a st'rictly; 1nontomi faumboll constru~cted i- tcrolrs of y (1(1( f, (sur
Rvinutk brlouw).

Rcunaeik 1. 1: 'Tk e(Isistrul3t the finiit.jun q(.r), we proceed ats follows: Let. t lIe( huict ioni

Wiere I 11.1.) ar f li '3)IvIvt. st ricttly i11C1't'llilg Ctill3.t-i(i with /1, (0) (10 suichI'that

(Sud) fiund ionls ('an ix' ealsily vonstructedl. Set, [71.) Then /i (.) entjolys thle sailic
jpt0)Wrt~i('. ixe.. it is co~lcavr. strictly increasing. andt fii(0) ý-0. Define

snile b is a 1(1111 to0114 inl-ctasinig. forV every v > II. cI + 11 is illverti 1 lh. Set t-ti g

(1.1) jx) =_(cI + hi) I(o.).

where t - (mi + Al). t-he constant, K will genevrally dlepenI oio E~,M() linh'ss
V1 and b. A% I art, linearly homna ed. We thIeni deffine t(x) bY

Remarnk 1 .2: In thel( speciad vause whenl t.lie growthi It. tliv a' rigg of Ow Itte11ioniti Wll

aces 1for 1.he tni iegy fm i ctil . E1 (1t) . hidi evd . this i an he.1 1)' 'silY accomp11)1iSlished I Y

thie (Iigill, then'i (1.12) speciadizes to

uie'flrt,.A i .:?': 1114' resl d. (if ' lit'lcitii 1A .shoill bel comparV 111 l .ed to n1 Il ec.4't resul on tl

liiiifrin'i leckly rates obtained in (121 (mfid r('tkrelles therein) for it linear E1itler-

Bv'11141 ili illode w~t~~ith ii IIItlih (icar 11(114ludaly disipai~lt~ion. 1114 i'' . in [121. tit(' unif ilk I
j(t)IylliOiail3) i(eanY ia.1tvs We're otailtllt'l t1llier tilt' following hkypotheses: (i) S2 is.

liiiinit-Y and1( pIolynomial1(. growth iint thet torigini (hypotheses (1,25), (1.261) in 112))ý
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(iii) k = 0, ) =(0, (it,) / is liiiear. Un der thet aix ve hyiv It livses. it is shown ill [121

it, vimw of* this. nwi(orein 1.3i ('xv~eiidl thli ablnv'' it'silt. ill HV(werIll (lifI'(t iolls: (I)

it tiots not. rt'qiline 11ii% ge,)1'l'iefi hiypotheises to ) limpse 11111 Q54'i. (1) ill(- iesiilt
of* Thet n'ei n 1 .3 lelinin i s va lid fo r all weak s( IiiticI ions (7ii) it ailw I (ISti It(, p "~e'ul' Ii of

Needless 1-o sa 'v. HtlI( vecliiquojlleS ('llink, to t ht(, proofi of' Thleoremt 1 .3 are verY
dIiffer it. (unotnit E1111it.('ly ll v ( in iII comlIictedt ) from1 thloscil [ 121. liIeed.v ,Yalpoiinv-s

wit.i tow lv( lve of* geýiwit ii ty p r sel itel I (i it, l nw11111 1 .3.

The oitline of' our1 papewr is its follows. lii sect 1(1 2. we prulvi th ll( Isilt of'

o)Irll~ n ilt' in 1.3i is nit 'lt' teli to ) Ml I.It ion :i.

2. Proof of Theorem 1.2

2.1 Preliminaries

0111- goall is t-oPO V ililive tl('g 1I'C'Ily filts tIm liroblviel ( 1,S). lit iiiiti to do ihis. oilt'

hleelIs to0 p('-frf cvIl rt~ai I Ix par ja dcivi lie'litul v('411lll io taciit ioni lls oni it iii ii )ien i.
Thiese calc I lilt it)nIs r(lt'( -j 1gili it r ' i hhtY OI tlil sOl lit i lls MIRig ti t hil is aVa ilal )ll. SilI it
01if 11(111111 iear uproblem iikny inoit hav liV' sli itivieut-ly legli lilt Soliutioni (evet i if* tile
initiit.jl dii ta attle 511i II thI), we lesrt xito 111ilp )t i ill x ilt tioll aIrguilivl 'lt ( thliis a igiIll eit'i

wais li 5(1 ill tivcll' 1it-et'X tof, walvv equ at.itons ill (7]). llt faet.. thit idvt 1l'lietl( is to

(linear) problviiis. Siince thfis Iilit'a iproibleml unlihit~s regulahr soilutionis 1vit siliulitil

initi itdu at~a. t~tl pI itlt-iltl diifcl'eiilt ill plt't lll calculaI t11 nsi cal (111lit hv pl'l110111w oeli Il t IIis

ob tlill Iii ee I t 111 hivrgy it hi it.it.is fo~r tlil 1 giia 141 11(111 vat ii l it pr llm.

ITo follow ourW pr~gnilli. wI' start 1)iv tllfiniig (lpiloltii'itt' aithllxiiiint ions fia

(2.1) f,(.N)a fi (. + (I, ) - f, ((1i): e1(,) = I(- + 10) ! A. .

(2.2) fi < •"s Al.

A A mIIoi~lhiiI'MM lsumiption wiLm not mutatvi lit [121 bilt ipicijfittly mmuniiidf (ito validtctI ltrgui-
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Corollary 2.1. Lc. i- Iw n,. .oolutimi to (1.8) such. that (1.9) and (1.10) hold frae.
LOt 7' > 0. Thvn'

( )(,) E L20), T: L)(l)).

(2.4) .O h( ,,,) C L2(0. T: H '(1')): E L2 ((.) ': L/..( )).

(2. 5) jf,(y ',) E M-. 7T: L2•()).

a - ;

(2.6) 0(u')- -- f(- 1v) E L,(2(.T:( H (F)).

Proof of Corollary 2.1: Regnulrity in (2.3). (2.1) follows using Soohhlv's Inmld-
iliugs from (1.9), (11-1).

Hypotlcsis (11-3) •ogethlr witlh (1.10) implies

(2.7) * f a(( ,) EE L2 (ET).

Ilim.'(',
() i)

(2.8) Sf2(-"',) E L,2 (() T1: -It(I,)).

On th' ther hand, with E/, E L2 (0, 7'; II'(I)),

(2.9) '( (•/ I (ci )ll,,,, l ,m:,,(f)"j', d< ,('.I" .II',,, t l ,, , ,

where thi' firsl imequality follows from h i ypvttlivs ([1-2). thw secmnd andt third

follow firoum Sbomlv Imlulddings auld tOh houndedness of 1', mid the foIrth froum
trace theory. Hene',

(2.10) .(w,,) E L.2(O, T;' H I( )),

which, t-ogether with (2,8) prowvs (2.6). n
Let ', he the solutionl of the original problem (1,8). By uming the regularity

prol)erti(s in (1.10),.(2.3)-(2.6). along with density of app))roximate (set' bwlow)
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Sobolev Spaces'. Wcav iliVl a JX)Mitiolhl todli) lCii(

a a 0 0
07 0r Or 0 r

(2. 15) An, E 11' *(:) I~,-(,-f

Wv1ic'e (21 -S x (0. TI) andt P x (0I. 1T). We~ conide I r till(' f~oth axiiig alt; ay li-

W I',.It' t'l.

(2.17) 11,4 ie 1h~, 0:f -ii ~

and1( ( u."() I',, P. w~iCI'( P. asM deiltI' Met. of, R. (coil~ist.M( itt1 ',I c 11.'(12).
G, fi~ where ?I",,. Ii, silt.ksfy I l' ip'niiwtt tnliiintiltiblit., v cond(itionsI

oii thc bo)undaryhU By st~flidr IClti'(lii~ lj* McII igrt ll!) 11 lt. iod I. onelt ('silM show HIIA tin t

(2.18) i',,, C (O(.T: H I (s2)) n0 (o.((iT: -1 (s2)).

Proposition 2.1. Lct Il,, (ruspirt~iti'eh. wi) be' a molittioi of (2.16i) (csilcchircbj.
(1.8)). Thew as it oc, fla- followirkq contit-tyrnc holds~.

(2.20) V,,Ir Vu in L s)
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Proof: Colnsidcl the equilatioli .iF~tdiV(I bY the( Chitf(TvIWOIf!, Wm - . Tking tiu' inner
pruchlt of this ,(luat-iotn with l,!," - i,,, aintegrating th, result. from (0 to T
yi('hll

(T)~~ ~~ + ~;. d IV~l¼ 121f1E,,2.,. ....... (T) + J . tjj,• I. '• + d,•, dlx
(2.21) =.Ilr.fJ~f, -f, )-h~d!dt ±fT f,.(f 1 , +n,,- - o, ,, d',t

+ +li l1.(f ,, + it, f,,,, - I... ),,di'dt + E,,. ,,. (0).

where li, I v,, - 11",". Hence,
(2.,2M2+ II"'', +i + 1m + II

D- IL I, - f"11,,, l I,, ,,, (,, + 11i, 01111'.l,,(~ l,,,d
(2 .2 2 ) + • f ,, - , - f l,,, + ,*,,,11 2. ,, ,, 1 1 1 .II ! 11,'. 1 0 :

+22

and

(+ i 11 &,(T)I, ,

(2.23) +111,, , + 1i.f.2" _ f

Where" tile limit follow" by us•ing (2.11)-(2.15). Thus•, hy (2.8) mid Corollaryv 2.1.

(2.24) it,,, -. it" i i C(O, T; H2(Sl)) nC' (0, T, Hl•(Q))

"' " 7.',.th- • •'"'1,- t L.,(E-r-).

Thiis allows its to p)ass with the linit oil Oil linva" v(iuation, (2.16). Wc oldlin

( *- -y~'yw* + A'u,* + k(u) =0
"",' (o) a '0 ; ,,4 (UI) =' E' H2'(•2)

(2.25) Aie + (1 - jt)IJi ,," + //-TVI ( ,,t ',) + -,L l't

J•A-ro,_ • ( -- ,Q')1u' - -/•77v , 1 w - w7 +±'g• '
TTu1 + +~~t--1u-Sw') - -f 2 (. A ý -7 t ) - + '- , I" t + ? v)- n kT° . • , ) .

Since wf sat.lsfieu; (2.25) and the solution to (2.25) is iniquec, we infer that it, u,*
and

(I,, -- u, in C(O, T; H2 (S)) n Cl(0,T; H W())
(2.26) VTw,,.tlr -- Vu'tl,- in L2(Ej,'),

as desired. 13
Now we are in a position to prove the fundamental energy relation for problemi

(1.8).
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Lemma 2.1 (Energy Identity). Let i, bIn the .Molution to (1.8). Thtn f1" foi-
lowing energy identity holds

(2.27) E•g,( .)- E,,,(0)
li~~~l~~t ) "+j , i +f2 ( 0 iv, ) a ,,p ,rit. = o),

111W1-hv --r' 07

I f 07

and Ký. H and C arc antideriva, tit,cs of k, -and I1.

Proof: We first prove this energy ideuutit.y for the, .solution. Wh,,, (if th( approxilxm-
tiou probleuk, (2.16). Ildeed. by aptplyiig a standar(l unergy argaullit (valid diu,
to thte .sioothiw(,s of sohltions iv,,) to (2.16), we obtain

E,.,,(T) - E,,.,,,(0))+ l:. 1', . ...

+ . (-,,,,.) 2,rit. + . E:.-. I u ,,j,,, j 1dt(2.28)1,:.O
- * fn,',j~d .J, . (fj,, - (1, it',,dt(Id

- .,.(f, - (, t.

Using converg''ice p)roperties. (2.1 l)-(2.15) ald the result of Proposition 2.1, we
obtaini

E,,(T) - E,,, (0) + it.,. I• if~r (t

+ (12... ( -', t) , 2dt + ,.t, ) ++" I1 ((It
(2."')) = - fJ ) • k( ,)w,,d~2dt + .I;:.,. -f, (A*w,")+- . ,,,]- ,,,~ h ,dI dl

- .A.,. t0( "', ) - f2• ( 17 " dr + .1I.,. (uO -+ Ij A ,, )dI'd,
- 1 (/. , ) It ( '),, + It Ili),,,) u,, ]P r(t.

Afte-r (..liceling )bolitl(lt•y tei-'ls nn(I taking inlt.() ac((olnt. tliv detiition t)of E,. t).
we, ob~tain (2.27).

2.2 A Priori Estimates

To proof Theorvin 1.2, we first show the following ine-juility hohlds.

Theorem 2.1. Let t,, be th. solhtion to (1.8) and T bc suffiieintly lvy . Thlir
there exist constants, C > 0 atnd Cjr(E,,,(O)) > 0, such thadt the follotuinu inqruality
holds:

.fr Ei,(t)dt. - CE,,,(T)
(2.30) < C7-(E,,(O),I~bII.,, L,.,|-,) •.({Aw')u,, + u")( " ," I',

+f( ,),,t ut)drd..
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2.2.1 Extimatex for the Approximated Problem

"Too pl tvwe Th, ,Itorw,, 2. 1. we I.,•iII IpI - i'i.IM it Ii lt i lir t).if tIF'1t h , i1 .11 I IIi -61 Xilii III I i 1l,

lro•delui (2. HO I it PlrAV 1 1 41 fhll4wilK 0lr4'liliary . 4,At iiiilit,.

Lemma 2.2. l..t f,,. u ) o u) ( 1) .0 - "12. 17av I tlb nruaj mv ,s l

(2.1.i) . l.%fii.J thi foh l)m11081 1j t.'.i lto, :

.I ', " E ,,. ,,. ( )I W t - j(' I "• I ,.... .. l T , 'A (" I ) . , . . , ,

+0l + 4-11 ,', 11., f , I .I. .. +• -( ',1

(2.32) I.of.(, ',,) - In1"',, I,,,, ,, . ,

(0 < : < 1/2. and h .r - .r,, for so*in, ,r, E RI?.

Proof of Lemma 2.2: Shp 1: fdritic.s. Fioee [,5 (1). 84, (4.5,17)). with ad-

justiniefts to take both the itonhlioiiogencous right-lianiid side of (2.16) and thed(
1ounaiday (conditions into ac(ount, we lawve

(Ir E.,,,,, )(t~ - ', , jd
+ 1[(,, t ),. ',.,d + ,••( ,, we,, ,.• +II,. 2

+ • ,r ,. •, . +,, + 2(n"' ,,.-f ") '.•,> ,, ( i . ,d'l

- 1' [- ( .lc ,,,, , , f l t) •, , +,,, I,]t +, ,

+1le +htin in'..I 11,1.1

(2.33) (h + (it" V ou d liy

(2..(34 C +,,,,) ),, ,,Fdt )+ + .(1,2, +1 ' . 2
-[1,1 .JJ,'u~'.aa + till + 21t',..u,.,,+ 2(1 2 t~ ~,,.,.uId

Not~ice thatt the re~gularity of the solution giwi n y (2.18) allows its to justify tlht,
calcutlationsm ill [51.
Stc'p 2: Bountding. Lim'ar Tt'rzns. All termls which ii'e'd to he v\'ttluntel •tit 0 anld
T. including thec first and second linecs and the( Iltst t-ermI oil the( right-hand sid, off

(2.33), (-kil be Iboundled b~y

(2.34) MI(1 + ýy 2)E, I.. (T) + C2 (1 + -y')E,,.,.(0).

Finally, by using duality to split the terms involving 1,, and 01,,, noting that all

boundary terms involving second derivatives of the solution can be bounded by

_ _ _, _



-44111-4 41- * gd i., , d.- '.4 til voe- w s q,, i~t e in~ I / ''ilv. 1. itv 4 I aIW kiii,~ sw - no ,t *9--ijo It-~

1-4 1111 4N Wi- .11 ) 11111,

I I lil '.,dI I t f . I *, bI t

I I

Pro~dioMIt1o41 2.3 1114 fi-1 itill,, mt I l l, I4~llII Iii1a (2. 'It I) 'I'ut Io 41f 1/2 i% I : I itta
11) lis t I .0 1 1%iily, N-iiN-f.% t1ill fo " Ivlr ilt 1 o ainu iivil 1%q: 11"la ,1 f tIi1 .

(2.310) lit.)-l./ 0 ) i

Proof:p +e Ip h 1('ut 10111 Prpston22t sse (2. !1)wi4

combinig (2.35) appli on* [aysio T .2 v s]wihal PpoItion 2.wnesig(uilt

brooundthe t2rms involv#,ing th A. ttnI)(.Ii) ii (t iyT2 (

2 > > 0



2.2.2 Enia~tenmM' for thew Original rrobletx

L'ninum 2.3. b st III~ *~ A, flitsi tID m h"ll (if m.4.pat fit N) *.sIa~~N

Proof:. Slirp I: ..ljpviiiremitimhrt iusi T ikitig t lle limtit Is iý xc~ ilk (2.31). hY
virtm of ii (2.11F)-(2. 15) miud I'ropejxeit imi 2A1. wv im hu

(2.41) Ic)hIdc -,.C ( I + 4T C-(.

+-M I -. IW(cs)

+) +

0r(2.42).

(2.44) C(t( ') II g!t. II H

(2.46) IIVfI~tIIL.(.t H (f ! D
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As for thev i..n with w( hg W isC Ilij)h)Itle~iS (H-3). 1114114'4'(. 'l-0mn ill- he IillP(Adilig,

H I (I') c L I (''.

Whiere Wv have 1used Ilie iiiilwhiing 0iV 'W( ) C I,,( I) u er liwith fi ll' Tracs
Tlieorv'iii inid( d ie iesiilt of Leintii 2.2.

Strip 4: Not icilig t lhat

Fiiii2 22749) (1-)

,~wvae k. C, eutvisiui (212)-(iiiii2.11. 1111U p~hgv~mv 21)(.I)1)(.1

Hereu um the funetwn Cr(4(O,vibIciii 2. 2 .(r)) fill, not depend on) t~ v wit (251

IIi~d I _u _ocuino xiiu ..
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2.2.4 Completion of the Proof of Theorem 2.1
('11 hile re'--1-oi~t of Itleiuuiu 2.3 withidn uf 1 1x(rintimIJ 2.A ituul tu,44 (2.2) t(Jgetliii'

2.3 Final Estimates: Proof of Theorem 1.2

Dulw'aing y -. 0 I', It~i)i ~ !!n J, (JI~ 1 ),I) eIl c.w ( aliit

Iiiiel IJ'Y Leulini 2.1.

I lvniv1. irc~ditIlhg (2.27).

(2. 55) 1 I".() 7w

%%., 1111vu jpr4J-I.II 1114' huhe iig JIJIImsiti (1.

Propomitioli 2.4. ifet if- he Ifie Meolitllm ito (1. 1) onvi I- 'I Ibe III/oi v (J7spodffJ edf
f m 1-i i t~ c oi f 11C P. If 1' 11 .%f~jjiC/t'IIll!1 dcii!j .e IteifeI thfr eI- , st. (I monr n , itmne If l Eil.%Iii

funrieiwn, I), stich thal

To I lli v( itt tIt( clle l ( ioi( oL~111(J livo r( inX 1 .2. we' tippjly auuit ((ini (li nt' gewi- i( lt

linu nued1cc here.) iresult of Loiiiiiit 3.3 inI [7].

Lemma 2.5 (171, Lemma 3.3). Let 1) bv a po.xi ive. incicirsilig filitiutn sa1 OlueIth

1()= 0. Sinewu )) i~q flnc~~ivoin, umc' ran dejfinc a function q sucli that q(.Ir) =
X- (I + p) "(jr). Notirc' that q~ is also anv iflcinv'ing function. Conmidrr (I.s-qurungcc

s,, of poqi tine( nutni ens 'which i alisf y

(2-58) ie+ +I(sa+)• 5
J
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TIhf-11 "m, -_$( mi ) .h tv~r S(t) im o svdiiwv ofJ ( diffi-rcithiu cqwl~hitJ?

"; (I
1
~) +4 q(8(1)) ()

Ahmnn-cr'. if p(.y) > 0I ftw .- 0. I/lu,, limti SMf)U

Apjpl~'n , hit the reitt ofi lProposiitmu 2A1 muidi Itioticig thIi 4 II tll lierIgy iFC,vt) i

I(riml. Thils lpIn Lci)i 2.5wiii

(2.62) <~.(T S(I). tpIn L..

Solting f /it Il' -1: 0:: r*.I.

3. Proof of Theorem 1.3

Theorem 3. 1, LOirif (' u-mi .it~in 14n ( 1,K) withi 1-t!/!lhuitI propi-ItnA ( 1.9). (1 . I Ii)

=1. 2, anud b(.u) be' duh'zd a.s ii (1.14). (1.15). By tilt, hypothevsvs imposedi('( on1

(32) 1) 0 , 2 iru I tv tl) J'I~ f .1t1 nt

17,1

.IT--...-..--. -- J..---.-.n--------...- - . -__
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f [

f 4. WI. l

III . . .IlI

S lflil. 1 11, V si 4lt 1%1'k'~ll~ I 11 + g ( 14 I,)u, II c/i 14I.

1i 0 ic

w3.e h,(



anid bY Luinutit 2.1.

== I,,.(T)d < (',*.1(E.,(u))IF + hC.jf)I

E,12 p(T) < ,-(E, (0) h +ifV

(3.12) if)(''T I( ~ p 3.

As ll veton 4.3.np~igfi -ut Proofito of Theorem 1.1i

xv cr sseta fcct) lctI at 'ut+ i (Ms (T '4)3Ii 'i (I. 'II T'tiu ).'11 it

for lmck 0. spa. ' ... shu ll np lhic'uLemmat2.5 tiwit' h 4rldjat ) lttitii11.i'

Min1
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4.1 Change~ of Variables~

r 'f - " ) A11 1,1 + S l A-,(- It-) - v)sa

100 1 (I . - fil: t ',i (0 7-) haVI - III+*~ 7

Awv pviii iv4 If, (1, '4-.f

ii #i t tI
It- ~ ~ s 4 J08 Ii'

(.1.2). T t u'r i t cr -~ Iu I, --. lit' c 1-0 Nt't /

nhuy'~ ~ ~ O C. 'ueyd'ud 1sOr g1s t'~,~~~~i i) ' n il
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4.2 Analysis of "it" Equation

tTs.iig t lie vairiabll( iv, wv vcV that thle equittionl f~. it (xeu (11)is eqiuivalviit to)

lftit - ^'Zt2Aa 1 + A211 *A..,( ti') iJ u((1 *) u (,) = lit) 11( ' 1
(4.6.) Alit+ (I - /1 )8111 = -f:( i Ult)

+ (I - /321-'Y )I,

-L Mj-L.' a, + 1 2(-11- ) i

(4.7) II w'(t ) H(s < *

With tIvt coiitaiits C' iiild ý (leldlullg mi E',.(0l). L',,(U). I 1 I~ I "Hu
1111 Illil/ 'll. il' L /I 111

Proposition 4.1. Lct E,.(0) < R. L,, (U) <U. Tlivinfi the itist cnt~miiitl c,
,u~ > 01 sit ichthat foriall f .

(.S,() 'H • ("<

Proof: hiclimlI~it.ivs (4.1.) mnid (.I.!)) f'ollow olirvct fit nn (.1.7). li.yiathvsies (H1-11) midt
Ih IIILIW id)ý((ilig 112(q ) C C(S(1). As for (41.10), we have

(41.11) < Cjh(.i.Awt)I2r Autk

whevre tiw' eenitl ilie(Ilia1it~y follows iruzii thet ildiidihtlig 111/2(1 ) c L..I') fohtowtd
Itiey ow tu Theorem. (.1.7) togeterivi wtl11 (4.11) i iiphfies (.1. 10). U]

W~e iiext cmisidi~er the iulh wilig liiuiatiituliiuiiolls lihieal. problvielI.

r ~~ + Aý'it = kQ. .r) ill 2, 1
i t (0, u) lu; 111 (0, i) I ill Q

(4.12) Al + (1 - p)SBI = fit (t, F) i
+ (1 -+ ji)B2 11 _ 2  ,It

gIt d-U . f f 'l +. (t-1) i ,
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(4. 16) in• (t. .) <! A (t..x) E C

(4.17) 1k'(t. HI m

Not icC' thiat. it I1Iioulogcuvous1 syst.cm (.1. 12) with1 A, =- I (=I is (xpll)Iwft ially st nl Ac.
Hence1(I. (li ca 'il ~li shw 1) .ý u sing I iii, CC? eve')~ iii l tile Unce. adI. thlat. t his xi aiit yi is pv i -)r
serviedCl.fu a MVstvelII with lliioiihiigeliveemsl' )'It ('Xxj)II('ItiflhlV (k'(llying tt'IiII. rniis
is St~atted hvlow.

Lemma 4. 1. Lcl ~i be' (I solat~ioi to (4.12) *~brFto rissumvption.s (4.1.13) -(-1. 17).
Then) thely' 'xe.01n.4t auit. C'. W > 0I dpclu11iimg o) C(). ";(). Al. fto sifttle that for. all
t> U

We noutv t hat t hev xeoii.ieoi if t o (.1.7) sut isfics (.1.1t2) wit 1

0 0)
0 r Or

(.1.202) f U~ .1)

(4.22) t..) E

11~'jotII'i(sv eixt.mutede in (H-1) togctl(It't withII II(e rexultl (i t' Propsitioun 2.1 iuu1 lY
that. (4.13:)-(-1.17) hold truec.

'11115 we Cut' ina~tIlmsitiOml tii CI))Y the'4 rvPsult of~ 'vlcuuwu.2.1 toe tielt.dttlienim 11
ofi v~util (4. 1).- Thim viv'i ll

Theorem 4.2. Let. I be a soluttion, to (4.5). Then then vdrist ronstaits C. W > 0
fpritf'Jnrgeu on F,. (U). E,, (U) sarbc that

(4.231) 11"(011112m) + In(~,e,

(Conihining tejgetlier the results of Theeue'in 4.1 and Thevorumn 4.2 andI rec'alling
vi =, -I + u yields the finial conclusion, (1.7) in Theorem I.1. r
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BOUNDARY TEMPERATURE CONTROL FOR THERMALLY
COUPLED NAVIER-STOKES EQUATIONS

KA'/IU4I~ ITO

C'1It(r for Rexehlrchl in Sciuntific Cnnp11tat~ioui
Deimrticiaei. of Mlat.iemiat~ics

North Catrolina Stalte thtiiveriity

Ai (slUACT.III t fi. papur (t( opt mimal control p1 ob(l)uI i for the~ thewrmIally co upledI in-
compresib~le'MII NuieVri-Stoe 4xilM(li~t tions 

1
7V th Mii'c),i(Cet. h7 IlimhimV tenli1wrad III-c (UlitrlI

IN(isdicUl('(. \NelI-poiled urss 111(1 exCisteceI oIf I lit optiuiad cont rol lo t the' fiul it (' tilli( hurt-1
Vona problem kund 11)tiluial conitrolI prob(lvinh f or thle NIItittiltary equatIionIs lit( v.Mtab)iMhel~l.
Nceessary (11 ttiniality coni~tlt)ions allrI' also ob tained7(.

1991 hAnI/u'mal ic.s ub jccl ( Ih.1ific(LtimJi. 761)(17), 931( 20. *9)1221

KF / '11 b10- (1711 dPit I'N I '. 13)1 H I I I ('1U5 I c(I I I It i I III III whi jara1)T l. I II' ('11,-o lt-o lCOSSILOV

1. Introduction

Iii thisi pjiawr we dliscusIs t Ihe ((ptil~laL coliti ul1 probtil ofII the t lherinatly N colupled
illOnl~cmit-.tibl t Natvier-St~okett ttuqutionsi. Cons7iderv the fol(lowinig ()ptimilld ('tllt.I'l

over(f1~~) E C

siubjecl. to

-i+ it - Vu + V'p u'Att + -y(T - T)cI + f

-T+uVT=V-(KVT), T=qoiir

where f E L 2 (S )d' is a source field, u, P, T stand for the nondimixiesionalized
velocity vector in Rd with d = 2. 3, pressure, and temperature, respectively and
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C is the losed co'ivex sci. in L 2 (1') si ChI t. hat.

(1.3) T (x <_ T2 a,. .,'.E 1'

Here, T, 5 T i < T2 aiid : whlcr(, r > 0) is i (ioinstiantt rlceli(rue teiier'attlre

and q is the gravitatioinal coonstaant, tite vector ,l v(Ihlotes tIl(, d - th nlilit vector
of 10, Throughout this paper we assume that, S is sufficienitly smooth, 1/. H are
positive constants a•ll #(t. .) = T(t . ) - Ta. This .ilcotlln proi lii alud the c'r-
respoindling problem for thei stat.hoiry flow (sve, secttion 2) are motival,(,(l rloil
(oiit-rol of the transp)ort process in the high pr(cssul'(' vapoxr trailsport. (HPVT) ,c-
ac.tor [ISTI]. For examphl we consider the Scholz geometry dlep)ictecd in Figure 1.
The soaurce imiaterial ain the growing crystal fre sealed ill a fiised silica fniip ailel
that, is heated 1)y a furliace liner at. its outer cylindrical smrface. The sulbst.rate I'u
(the single crystal) is located on a fuse(I silicil wiindow (AV) which is cooled 1by a jet
of heliin gas fron t hli' outer st • c'isiie. HPVT pro)cess(es r ,i' I)(, I oil phlysical vnpor
tralmsport. and (,ill he (descril)ed very roughly us p)roceed(ling Vill evalportioll at the
polycrysttallinc suirce u and conideinsation ait. the surface of the cooler substrate. The
systeml of e(uinutions (1.2) is (ailed the Boumssiiicsq e(luation where we aisshini that
the flow is in.coiiipiessibhl knd the transpont pt lheluoiitil of a single (cairier) gas is
modeled. The oh|jcc(tive of our (colltr(ol l) hleil ilchi des the Illiifri llity if I.lie tilil-
)eraturv iita neighbo(rhood oIf thc su| strate (W). Fo i emamilvh, thi, lcI 'nrman mic

index 2 appearinig (1.1) is giveim by

,)- ) = o / (Iu,(.x) - I,,(.,)12 + 7(t..) -+,(.r)1 2 r.

where the pair (,11(.r),.Tj(x)) is the des ired stat. \Ve refer [ISTI].[IST2] lr tihe
specific choice of (1a,, T;,).

Also we consider a family of control p)roblems pitraimieterized IY f > 0:

(1.1) mninimiize .(!;) over 9(t) E C

subject, to

I/ + (I V• + VJp = VA,, + " (T - "/,) (,I + .f

V-i= 0, ufil=l,
(1.5)

-T + a - VT = V. (t; VT).

KH it VT(t, .) = (q(t,.) - T(t, .)) oni 1'.

where a is the u it.ward norinal vector at the haumndary r. mTv inaunhtary conditioni
for T is given by the Newton's law of cooling. Problem (1,4) - (1.5) is discussed
in JIST2] and is much nicer to be dealt with both in the theoretical and ninierical
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po~int 4)1 Viem si~ll'( it is tiattitally h)1litiilllt('( tnicer tihe G('iflUI(tri)I(' framtework hin
[LL\1] .[IST2]. Ili t his patpur we develop it weak fornuitiltioti of th(' Dirichk'vt boundary
'onitrol polemlk'1 in ic t.ivrintlllrl equationi of (1.2) (see. Dfleintiotis 2.1 ande 3.1) which

is if(NIM' oll the trl-raIisOSitioii of the Gelfundl triple. A soluitioni to eC~pinttoll (1.2) is
dehuecid by anl lusy111lptotic limit of solutionis to equation (1.5) whien F -(J+. This
limiiting procedlure is necessary sinice our wenk formnulationi does ilot allowv its to
use the (weak) mtiaximuh~ principle to obltaini a prufl'i b)0111( of soulitionis. TimsI we
analyzv problemi ( 1.1)- (1.2) as till limiting ca.Me of problem (1.1) and (1.5).

Tliv( outline' of the paper is as follows. Ini sectioni 2 we (iscuss tihe cIrrspohld-
ing conitrol prohlumis (2.1 )-(2.2) for the stntionary flow. Basic functional sipace
framework and the definition of weak soititioin, io the stenaty-state "ecjtatioii are
given. The existence of weak solutions then is shown by tlICt liiiuiting procedure
described above where u. prior- L' -hound of the thermal coniponeut. 0 is used
itill lii(smeiltitl way. Ne~cessary opt~iniality cond~itionl is olbtainled b~y applying the
Lagranuge multiplier theory [MIZ]. In sec'tion 3 we' discuss the finite time, horizion
problem (.1- ) Thec existence of weak solutions to (1.2) anid nvee(ssarY opti-
inaiaty 'ond~it~ion for d =2 are ('staiblishet'l by the limliting procedure.c

2. Stationary Case

III this Section we cOllsidi.e control lprobloins for the stationary flow:

(2.1) nuiiininue .1(g) =ý( u, 7' - I;)) + 2 To- ove'r g E C

Sill)ject to

-v Att + it Vui + Vp = -,(T - To) cI + f

(2.2) V -u = 0. t~il = 0.

-AT + itVT= 0. 7' = our .

2.1. Weliposedness. Ili this section we (discuss ('Xist('vi('( and regularllity of' Solui-
tioiis t~o (2.2). Let V11 be the (livergencc free siil spaee uf ( 1 (i))I[CR] mid 11(1 is

(lefihl('( byv

A ci{ E L 2(1 I)d : V . 0 ItIIel -11 ooir}

VO isI' c .Ltp 1w w it th e (Ii ae u rip p e w2 ith I th e n tu rl V 2 n r n V 1 (

equipped with , = jV~j],-,1 1 . If we ident~ify III with H,* then V, c HI = H* c
V1*. Let A de-note the Laplacian and A0 = A withl domI(AO) = H2 (S2) nl H,1, (11).
Then -A(, is positive selffad.joiut, operator on III, and1( -AO E rC(V 1 V,*) with

(-A 0 ,1 0) =(VO~, VO~L- for 0, V/' E V,
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where Vj. = H-1 (1) aid (., ) deIlotes the dual produc't of Vn* x V. Momeover, V"
can h)e equippud with

(2.3 lV,. -- ((, (-hAo)-•)

i.('.. (-A) £(V,*, VI) is the Rivsz timtap of V1/. Colisider the suc()d 'c(piat.ijol of

(2.2) when it E V04 is fixed. By Green's formula we have from the second equation
of (2.2)

(u. VO - K AO, t/) = m (0, 0) + K (g - To, n -V,)r - (0. i. V) )0

for t', = (-Ao)-d., 0 E H1, where we msume1d that 0 = T - To is sufficiently

smooth and (f.q)j' = / f(.m)y(s).d.s. Thus, the seconlid vquation oif (2.2) cau )a,

written as

(2.4) K (0,, )1, - (0, it. VI+ ) (y -11., n .,V/,)Vp=(1. whoreq.(-A)-

for 0 C H, = L'2 (1k). Here, we assimie that the doinaini Q is •5lfh('i(,iltly SillMooth So
that

1( -An) E11 J0  iIr~~ 1~ L'(S?)

for some, n > 0. Hence, we hawve Vi, H'(Sh) and n • V0' Hl(I') for L, -

(- AO)-0, 0 E L 2(p). 1,(,t - 1)( the comph(tin)l ot L' (jj) with rvspl('('t to in 1111

I(--An)-*-PII. Then, V = (Hi)* where V1* is titk(,i to be time pivoting space
cquilp•€,C with iiiiwr product (2.3). The dual producl)rht o It x 1 is d(,iiled a.s

(9, ~u ~ = ((-A -9, P), E It' and 0 E Ill.

Thus, t1, C VI* = (V,*)* C I' defines the Gelfand triple aid results in the transpo-
sitioni of the staiilUhird triple: II,, (SI) C L2(S 1) = L2(S?)÷ C H- (SQ) by one, Sol ol•v
hiodmx. Morcover, (2.4) is (,(iuivalently writtei as

-N. Ag 4- V . (0•) + r =- 0 in 11

wh)(,r' r E C ' is dhfi Id) by

(". 0)n,1•u K (!J - In, V 1') i . with ,= (-An) 0. IE Il.

Now. we dhfinm, tIc" weak solution to (2.2) by

Definition 2.1. The pair (, 0) E Vl' x L"(12) is a weak soluh ion to (2.2) if

(2.5a) t' (V t, Vv) + b(t, U, v) = (-y 0,,j + f, v.)

for all v E V0 amd

(2.5b) K (0, )• - (, uN V')I+ h(g- T, it V)r-, (, where g,= -)

for all 0 E LI(Si), where the trilinvar form b on (14):, is dehfimed by

b(u, v, i) t(u . V,) . wdx for u, v, w E Vn.



It follows tlCoii [Tell tlint

Lemma 2.2. T/i' tr-ibW711 fotrrn b) sattLiusfc

(b) b(Ci, v, wi) +i b(ut, tv, v) = 0 in?. pllrtjinldar Ii(l. -I, v') 0

11,21,1. 1 /12 1 12 1/ 2 i/a1-

(d) Ij)(it. I,. uir)j IIILI7 ~I'Iu''~~ ford =3

I'Hi)' scleii ilina fori n 11 oil HI x H~ Ih 11CC 1 1 by

for 0,, i = L.2 E HIl arid n E lii giVvin. is hIM)IICV( blit. is inot. lii(U('MafiI
HI -covi ('civ( uuvs I iC I; is sulfivl~iti I y snitill I. ThusII, C ill)' cUitint. sho w t-l at. (2.5)
11aM it X()llit~ioh (u. 0) E V(,i x Hj ill geneid(h. We overconiii t his difficultY bY nu

approach hi [It] ill which it sohhitioll to (2.5) is dcleiiiec by ii weak jinnit. of (ui~. 0,)
where- (u_ (, ) E V x 111 (S 1) isi at weak soluitionI t-o

-vAl, + it V 11, + VI) - A , + f

(2.6i) -HAN,( + it, VO, = 0,

Hl it- , (g - To -7' 0,)oil 1'

A v'iii-it iouid~ fori'i (ii(2(i) is givenl by (2.5nr) iind

(2.7) Ki (W.VO ) (i + (a , WI,') 4 1 (0. 7o - g j.v
f

for (" E !III (Q ) . Then'i We hljvc

Lemima 2.3. For I> 1) uerd gJ E V2 (1') 'qiuottrio (2.51 . un) d (2.7) Iha. ft moltidioul

(u,, 0I,) in Vl x H'(11). Aiorcovr'r if T1 :5 T-< 2 ite. n r t 1' i 0, < P-2-

(I.., ill 12.

Proof: IA't. Ft V(1 b) givvil. Note dint. (it - Vv'. tup) =- (V ii ,2 .Ti-
it. follows tribal 1xiniiii 2.2 thiat,

f7((iI 1, 01 ), (112, -',2)) = 11 (VILI. V112) + b(ft, 111, 112)

+K (Vg', 70 2)1,1- + -(411, 0/2 ) r+ (it -V Ol' iI02)



for iii q ,) 9)1. (2. dfiw") it b9e d'd , elipi J.piilci v)il +i (Vi, x 'j,&)* 9 ( I /

with ~ ~ I a((,, +, (11 .IVI u 1,1 • V,)1

f I

eF iiip huis t it, tiv vit i) I'ieon ep it (i 1. Thitliwi iti follows to lit La~ x-N,1ga (( it iltln I a i

tha11t. (iel (hli( EI 1/N)I xt h 1u (2.5) i (.)

(I o~ + + (9, - - n 0)~ 1- 0EHbQ

wherei an(9,i souto (it d ) i n Vt x H'(11),I' INIeu c vifI 1 w ltx0 •,ii
Simlalywemu 10121 t. 1 m 9, + Il -T 1 cI nt~iu , ii( i.t

iLemm 2.. A1pp.~(1 (MI"'. (1 E 2 V .De ine r. so luto (,', . ) oi , x 1i (9? ) b ly/i

i)ýL~f Wf 2 T) n 27. Tiden. r +.u eIPIAt a rtndi I!-- }d~. Ip~tif'aab'.~

,.awh tat. Hii, vb CO clI(ff nJ'(I v if). f ixe poi 1ltiuvl (1( ~h ls1 ft)I iCY () I I mil'ii i ll 1,; x 11 f, (12)
wHint (1fi,.9) Et sou io to ( 2.5) .'d./w.d (2.7) wt. Ti- a -T 1 (I'1f5.

Phroof Setting -/ 7=) 1;,, 0 h i x (2.7.lii~ vi,;I, ud hi), <e T2hti7ii

(2.8) a 2.4 IV')jsc +, 1. y 1 - -- ir oi, (? ufi

solution to(;2.5a) and(2.7). Thrn thcrc crmb Ia -ctint f opsfv iib
muchtha uconv7T~s uaki- toIt n V a/u19,vol-licyc.4 -oca--ly to il

114in, (t. ) E O xL -(Q stifisics 2.5 wit T,- Tl :ý < -2_________n Q

Prof-Sttngt----i_(.7,_ebti
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Hviwc 10,f 12, IisIifCoriily h omi(tl('( ini > 0. No te thatd troin (2.5a)

P"Iu (0, I6 .ý + IfIf"

It follows ft-ii i Lemma~u~ 2.3 dlint T, - 0, < . T2-T() Hviiev 10,~1, : iea(?)
uiiix( IT, - TOb I.T2 - 7b I) mnid 11,jj( is iuiiiforily Ibahifletlv iii c > 0) Thnus tiivr(
eXimt. Eii 0,V) t 4 x H' (S ) x L2 (F) tuitl a sequentce { } of positivve mimibieis siiili
thaot the trace of 0, + To oil F' maimiges weAkly t~o jj iii L2 (1), o, C oiivt'rgt's to 0
weaklyN * hin L''(Q2) mind it, converges to It weakly in V), ais c- 0. Fromn (2.7), we
huve for o' C H'(Sl)

(2.9)) (0, (qO - Tl ,1 )I+ ' ft (K (VO, . Vi.") + (at, -O. 1,;,)) (I.

wher-e it follo0ws fromt (28S) tliitt.

iiiicr cVO 121(,I* is 11ifilo linly boult(Iedl ill > 1)

for- saint Al > 0). Thits. fromi (2.9)

RA(~ + TO) - Mi /)I•A 'V,(1111

for some A/ > 0 iand all toE Ili (S2). whichvi impllies fhlt. yj = 1111(1 0, - g - T,)
,IS r~U inl 11- 1/2(l'). SeItitin 00(-a '/.4J~ 1 L ) inl (2.7) aud 1).
Cheeviis fbrnaihi11 we ha1ve

(2.10) K (fl, -. )I~ - Pf,. it, V0!)f1.-unj + (0 Iti . V.

Natv that. vtl' E 111(S2). aj Vi" 11 111/2(11). antlI

since- IV (l?) is c I 'aitict.IVY t'ili)(1(Ilv(1 iltiti 12(s) it follows fiom, (2.10t) t liii (it.()) E
t')x I. I(Si) satisties (2,51)), Sance (a, .O1, ) cotivveiges weakly ta (u.0I) iii UIx .2(SI)

Rijl 11 (Q) is ciainp~ildIY vilihet(I(1v~ into L (S), it fbliaws frinai Lenimia 2.2 tHint
(ua.) E Va x JL'(12) sittisfies (2.5~a). M

2.2. Necessary Optimality Condition. Let, um enuoue 1),N S(y). t he solutlioni Set
at (2.2) for. g E L2(1'). Theai. wv( linvv thei exist eiee at' miniaiizvi' loi (2.1) --(2.2).

Theorem 2.5. (hnxitlcr IN- miinimizatiant probhcm. (2.1) - (2.2) whtich Is~ eqait'a-

?utUiftmuL *1(i, T - To, g)= p(u, TI - T1,) + Ig - TaI 1'IA

~7e(.,T - 71() E S'(9) and g E C,
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Idierty C is~ a closed convlex- sc,' in L2(r). Assiotn that ý(i. 9) ro-cti CO(1T.. in E
HI =L 2 (SI) alld sati.sfif's

~p(z) (u T - To) E V4) x V (Qk) J? Ri-is ronnrx and lovirr se'mivotittoi.4
and 1) < p(z) !ý b, (S K~ 1 ) + b- for 1)1, b2 R 1+.

Then Probh'mn (2.1)- (2.2) has aL solution.

Proof: It follows froin Leninia 2.4 that. S(q) is noioliept~y for 9 E L~('.Let
(14,0..O) E S(fgk)- 9k E C I)' 11 IllilliuwlIzIg NCillii('ICI. SiIIC' /1 > (0 gk/ - 11,2r is, I
uniiforinly boundtie( in V. Fruoii the aNNXiijptioll oil p wv JlanV( 10A11. is l unifornilly
hoInlded. Settinlg Ve = I~lk in 2.5n), WC obtint1I hoixi Lvinnin 2.2

Hence, ilti is 11niforIiiiY !)0IIIl~k'(1 anti thils tht're ('XistNS Ut subs)M(jui('Ic of 1A.1,
which w~ill be (Ienot~ed by tile Nflh1C llendeX, Ni~ll- thalt. (IlAk. .'U) c(nvvrgcM weaki tou
(i1,, 9,) E V() x III x C sintce K4 x IIIj x I (F) is I, Fiiii),rt. spaee and c is oo),l ad 11(

('oIIVeX. Si~l(c 1' !(Q ) is collij)IXt.I-y vinihe(I(ed inito L' (W ), it. follows froiti Letinnin
2.2 that b(lk . Ilk, Vi) -, b(., it. ,) for I, G Vi. Notv that

for'q (-AO) 10 Thius, (Ok, Ilk VIP) -(9, 'It - VIM' for ( 4o)- kI) 01

(io. 9) S(g). Now, SiILC( ýO iN (-01lVX Ux C In ower N('lllicoInt~inotl it follows 101 f l 7IIJE]
that. (u,O9 ) InliIniIIinzt (2.1). C3

Recall that. I is I the (onikIlut~ion of HI - L2 (S ?) with reNIpect. to 110111

I (-A4fl '01ill Pioblt'ii (2.1 )-(2.2) is vtjiiivitndit.y writ~tv'i as a (1Inst.111i11(d iiill-
hiizat~i1 on ol;I- = (it. T' -- T I),!)) E X V( x4 ) III x L2(1') With1

lI~lilki~lhi'/A J(x) = ý;(?u, 7'T,, !~) + 1 ! - 71)11.2) oenr Y E: X

Nillbject. to c(x) (= 0 nd gi EL C

whevre t~he vqitalit. (o1nst.rnint c : --- Y = V, x VV1 is d ehod by

((.0). 0, vIl) (VII. V11) + h(II, ?I. v) - -y (011. v')

+x (0, 0) - (9, nVO) + K (g - Ti. n -Vih)jý

for 0)(Av ) E V() x HI with I/, = ( 4)-'.ANsniv that.x*= (I .9'. y ) (lelloteNs

the optilnud NoIIutio' of (2.1) -(2.2). Then we howve

Theorem 2.6. Asmumne that ;- i.s a regular point. inl the .4wnts /MZI th)ot

(2.12) 0) E. ivt {e'(;v*)CV,,/I :bi (1),0') E 14O x H,~ and h E- C - gi } in (Vj4) x It'.
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The.•, then cxi.,ts i Lagr.ngr I midt. plif-1 (,) E VO) x (Hi2(I2) f H, (n)) ,•',/,
th.at

t/ (V,\, Vvi) + b(o, i,, A*) + b(i i? , A,)

(2.1,) - V/1*, ) + (ý(u ,( "1 ), ,) = (0

, (Vp, VO') - (1* - V/t. -. ) - -Y (,\. Od) + (k01(1,. o'), *1% ) W),

for' 11 E Vi andi /, E 1I,' (Q) 1.,,d

(2.14) (;1 (g* - T0,) +H ,',ii. VI'*, I. - g*)r >_ 0 for all 1) G C.

Proof: It follows from Lum it 2.2 and (2.11) that .c is Fr6,clit ditfi'tinhle aUnd
the F-duriwvt iv, '(a ), h) is given by

(r"(.,")( , /i. ,I), g/,) = v, (V ,. Vq'i ) + b(,, ,, . /"k) + b( 1. ,, 0,) - Y ( 0/1,, c/')

+-h (0, '"02) - (a'. 1" VI/') - (6c, 11' Vi,) + H, (h1,,. il')r

for (I,.,q',h) E X and •', = (1, 1. wi,2) E 10 x Hi, where 0i =: (-Ao) -111.2. Sinn.,
X, is regular, it thcii tollows from IIMZI that thler(' ,xits a Lnagraiige miltipliei,
A = (A',•) Y*== V x HI such that

(2.15) (1, '(),,'o ), (e,,,;)) + H (g* - TO, h -, - )I" + (c"(.,")( (,,,¢.I, - ) A) - 0

for all (v,, 0/) C V, x HI and h E C. Setting (vi, ,1) = 0, w, obt ain (2.14) if we t1eine
i ~ Ii = (-A~l) ¼r1.

Next, set.tinig , = :1 in (2.15). we hlvew

I (•;'(,','. ), (,.,c/,)) + (p'(.,.)(,,, 0. ), A) -i

for all (,. (1) ) E lj × ilx . Thus we( obtllailn

II (VA*. Ve) + ,(,,. a'. -A') + 1,(o,,V,,•') - (0* VW,. v) +. (ti,,1(n. o.). 1,) I

fotr ill ii E. Vo and

K ( -A ý'. c/i) .• - (." • V/-,* ./) - -•( W ,,,,,) + (•;o(,'. (r). ,) = 0.

for all ,/, E Hi = LO(Q) which ihpelics (2.13). El

Note t hat if the linviar operator E E L(Vo x HI, V1 ' x W), detined by E(r, f/)-
'(, )(e,/1,0), )is •luijecWtiv, then the regidar point. condition (2. 12) is satistied.

Moreover, we he hlie following lenuna.

,I

. . . . . . . . .. ....----.-.----- ___________________
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Lemma 2.7. If y* E jut (C) 1/nthe'1 I n'Ith~ur point covditinit (;2.12) is~ cqiiiu.ivaldo

unid II j - 1II=) on 1'.

itiuplhe's (A, j)=0.

Proof: ItI*q E iit.(C) thenvi (2.12) is v(jtlivill(11t. to tHIM. C i(. is sttireut iv.
Dflueh it b iwa(rl n~in) C C-- C(X. 0 x HI) 1bv C(I'.c'. I,) =(U. H-) wliver( (U -E

1"1x It, is thl(' 11 Ilt'ili iolltit oll to

11) ( I') Vo l) n ' o +P2 Si~tt*, v.0 () - is~j (U 0~~ v l~el

jut ~~ L (H i. Ibhiws 11it LCIli, 2.2 v ut ) +' (o11)Lt. it hiu Volw 0oi

Iliticih closed riimgv aiui Ifusz'-Hvhf~uhldi thclworinls thit r( is Su-etir~tt vL it 1111(1

onlly ii' kc,((G) = {(I} [1)[1, which is cequiviletit to) (2. (6). [1

3. Finite-timec horizon problem

hi this 51(1 inn we' discuiss thel tjiniti'-thiiv horizoni pro' itlvi (1.1 )-( 1.2). First.
wc torinulttvt~ lthe weak fortii of ectiiitioii (1.1 )-( 1.2). Bly (h'veti's fonwitti we tvi
rouit (1.2)

-- H (OM@.) -H (uU) - 7;1. V'r) + (NO.i) IW(I. Vt.)

t~'' (_-A,)) C' 11, -- 1i 2(j2). wII(iv(' W(' 115511111't ti hat 0(t) is slitlicivnt Iv
siiioot~h. We ildhitie the wevak sohiutitl tit ()1' .1)- 1.2) Ill

Dfi~fnition 3.1. The pair (,I, o) c iL"(tt, : vl, x ili l 11,1"(. T': I,,* xI) With
1- is it weilk soluttioni to (1 .1)-( 1.2) it'

(3.l1n() (i0(t), ')k.- U'l, + I. (vi.(t), Vv) + b(I,(t), 11(t), I') I-- 0(~~ ) - 0

I~t

for a-ll -~ hIII wherei 0 (- 0)



Recal'l Qii III = L'(S ?), l = H1 l(I oinic V- x III c Ho x -, = 11, V')* c

1,*x It' (IhilIvs tile' (;cfirnud tripj~le w~wtt''i 1110 x V*is tlil jpiVot )ilig spanIid( 11111 1 is

l'luiiijt-d with iiiiivi product (2.3).

Hiiii 171 = J-,l x 1,2(SI) For' r > 01 tlhiit' it Mt'silifiinvitr~ frfni h0 olVx V by

(3.2) c-'.ti) = v(V I. Vt', I) - -y (rp)2 (c,f- 1') + H (V(16 2. VIP-) 4 - o. 2)

foi' ..',= ((,) I -~) (PA = ((,"I -0 2) C-I' V. i Sill i ~t kh'

Ii~ti.'i"l SAl i' t/l'for c/.., 0 E V Ilnd

>'(p %i. P\'~ IP~ for 4') c I'

fol. ý. > 0) 1011 Al -_ 1. wivi'iv Wu' lime'd tfhi' fi',t thatt

for' < 1. 1)(611C' t ill' It-i-iii~ill 'U)i' oIn I) ok b~ Oi )

b(ii01 ).(v0., w0:1)) = b(n. v, w) + (it. V020,()3

siio'c'

(3.5 (iiVOj V02 ) + Vol. V, V02 ) -(V ( i 0)11=2)

fi.it'i givexi by

36f d1(- f). +~ 7, ~ ~ ipx
(It

(I Ii(( ) " (1..,/

f/ ).t±i~() i' ~()-)'' (f.li'.') ± (Q(I -- T1i. '2

foi t;,' (i;,'. . U) E 1', wlio'i' I) (u,( 0).(1)). rNot(, Hint

Theorem 3.2. If ( = 2 theni for' anyj Z(U) E 11 and g E U = L 2 ((), 7%: L2(1')).
*CqUiltion (1-3')- (1.4) has unipf-QUt .140111601. ý-(t) =(11(t, .). 0 (t) = T(I. 7') ,) E
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(7(0,7'F;HI) n L2(0), 7>V)n 11(0. ': V) ..atim1i4ilim (3.6X) ftw'. i' ((1 7) for. (III TF
If d = 31 then. eq~uatio~n (1.3)- (1.4) hets a ityak m.oliutimi 7(t) E (",,(0, T: H-) nl
L 2(0.,T VF 1) n It' -11:h1(()j; V*) for tiuiie z(0) c 11 etud g E L 2().7 7': f2 (1) unt)

hound

2 ,it(S~)I + I V()(.) +1 ) 2 I

(3.7)

Ter f > 0. 1/it (3. 7) cejittJ,:ity holds. illishad of the. inerjeea-fity whf-1n d 2.

lAIx K I)( tih lose (1)('(I(iivt'x so,. it, L2(0. 7' : L2( 1')) deliued I lw11

nr lieu. ow iC' fn3ohwi cc vi-e dniy isen le ini r IST2J.

Corollary 3.3. Assumei/d tha !I r K i.c.. T,' - 7, g~(t -) <i 71, - 1 it?
(0.,T) x S ? and 'rs :S r(o, )ý T2 7a i, in. it. Thow, theril ,rists4 a, .'botio~n to~ (31.6)
micub that T,~ - I7t •7 0(f. .)< 7*2 - T1, ax~ in (0.71') x Q. Fort Sitic t iolufmin,
0(t) = (t) - 71, c: C((.7';, I 2(~)) nl 1,2(7 11' (12)) nl H11(0.7,: /P (S?))

For' 0 < ( < 1 l0. cis deulut-e' by (11, .0,) the' soluit ieni to (3.6) ill t 1ev euilse ()f
TlJie'niiii 31.2 3111( (!enollary 31.3. Next.. we show t 111t (1'. .0, ) u.olvte'g',s to it sollit icili
(3. 1) in iv theXiist' of Dolinitlioi :1. 1.

Tltoorern 3.4. Supposer g (ý AK mid T,~ S 7'(. T2 ) K -a in S2, DiTl On te
f'xstsa (.'4cpaficc ( {I } poJ )ittivc utiutb-rx s itci t/hat ii, 'e0iiiii1-ps In) 11 tIii'iak ill
1,2(0. T> V')) and l1.l.((,T V1>,*) (.s z- 2 if d ý- 2 find m ý ~- 1/3 ij'd =3) (tW 5flf xrll.1IY
ill IA(0).y : H(e). aid 0, coill-viycs' to 0 hin mcuki! * int L 1 ((). T') x S?) uIM/ xdslrnnqi
iii L2 (0. 7': 11I (S2) ) (ISf_ (-I . whej.jc tiff paru (1. 0i) is a Solut ion Io (3i. ) withi

-( - ) < 0(i. Kl~ If e. n (0.7') x S 2.

Proof- 1II('proolf isi give 'i iii wwrai 'I i t.(

Stop 1. Wo,~c e"ol.Ihibelis t he 1111ifn11dI~ himild~e fol (t(,, 0, ) mlid t 11v t 1303 14, 0, (1) ml 1'.
Siiice' lOr 0(1) c L 2((0./,: 1/j1 (0)) n 111 ((1. ': 111 (S 2)*)

1. (I. T ).I

it. fohllows froli C 'troeifhiy 3.3 Itld (3.6b) thatt.

I I),()J, t.V3OIi)1 +2eIv Ii, (t)~ 12 <~.k

lilt .egicit iiIIJ t~hisc wit-h l4u4pe'cf. to f, We 013t11iljI

(:1 i o ~ + 12h IVo (.4)12~ + 110, (.,)12 (j.. < 1O0)u + !/(. - 7,(,1 1,
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for 1 1 U T cic j', (.~.41 &.4 is tiniformily homi~ded ill > 0.
Frmii (31.7) luid (3.9) W( haIv('

whelCZv !5i L1 ~ It follows fromn Corollary 3A that

ill c > 0. It follo)ws friffh Lv,,inni 2.2 thut.

II"~) (I.' < for t/ 2 1

l-h'li1v'. frInn i(3.611)

lud d 1 (/) / it is uniforinihv boill fo di :- SI'iiilariv. for d 2 We-

havc itju (f). (11.

settillg lp (-n)1 ~ , = L 2(SI) ill (1)ib 1uh li ,'u lwu

We12 ( (I O'ifill

+ ti (t), (1).u it V) 0. .

for soniuu Al > 0) it. follows fro (31.12) t lit, I d (4I (t)l12 . f is 1,uuifl.1uhl'y lill~'

Step 2. Nk'e, shuow tial (it( (It), 0, (t)) andc the tracev of 04, (t) + T oll F111 havc flt.lc
alplrolprilltv minit.. It, followvs from uuu \d11 Ivzinta [C'FJ thatt there (vxist. t/(t) E
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L2(l.7~1 -1)), it) M E L'(0, Tr: I/)) )e W"'(0i, T: '.) ~tlL' I((). T) x xZ

111 (0. T: I V) mitd it sXibsIl~Wji('1lC c( I of posiit iv( Il~lIistflrs s4uch1 thIIIl

(f), (t) + io,)Ii. ( nv(rgvs weiklyv tn( !t(f) ill L"2 ((. 7: 1.2(1')),

it, (t) -. iit () wvakly h P L(1). T1' I,,,) and st rotiglY ill L (0. T; I/,))

#,f (t) wenckly * iii L'((0.7') x Ql) midl stronlY ill L'(0.T': H (S)

Fr'uui (3.61)). for' c,(. L2(n. 7': 1!1 (S?))

'It

utid I'-oiit (3.5) andl (:3.11"

4'

(3,1(f) + /T g(0,) it ±- 0'1 i- L2). 11;)) 11 1/2 V7 i'1)I)).:U

Step 3. We show thlit.(u).1() is n weak solittioli of (1.2) ill the selso (it
Df~ciiiitioii 3.1, Fromt (3,12)

(. D !CU(

4,;,= (A,, rl E L(Q) Si~v ver L2-ouvrgvt scluece ms n amos

V *FWIr mltievlvlg~l ils~uic.W all.,lll'ta
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f'nr f . (0. 7"1 \ E. whonr, E Im.,i z'ero LIsgue muiiiurv. From; (3.6{1)

(3.15) + v (V i, (s). V v) + b(i, (.s), it, (.s). v) - (y ,(.s),, + ,f, ,)d ,. = 0

for v E Vi. Nott thalit

.t (. , e~) -, (,,),(s) -(.(,,)) ( 1,')l .

w Iere W( I IsVII t 11v ffadt (hat I c v • 1 m A~u axi dj~') 11: c (;,Io for 0E It' (2)
auth that' 1l6)ldcl ilaejIulfit.V. siiiiihiiiv. %V( Inwec

< A I (•) - ()1/

Henuce, we (-,ill Im the( Ilmit. of' -(i iii (3. 14) miud (3, 15) to obitain~

+ J V~) i)+ ((.) (.i.)-(,lsej+ f )es-

(3.16)
(0,M) - O(,), 0,)

..I

+ 1 t 0(0(1), t ) •,? - (O(M, 11(t) - VO) + <_ M-It) - V)1/ -1f )

ftor v E Vu o - - AO ) -i( ' p 6( L 2(ý.) and I E (0. TI \ E(. Siuce the wtegrniitk
,jppvi(lg ill (3.16) m-r mtegrabiv, (3.)16) ho"lds for all I E (o. 7'). nieretrv (u, 9)

is ;t weak solutio- tA (1.2).TI

Corollary 3.5. Suppos.' u(i ) E Vi and d 2 2. Then th solution t) (II)- (.)in
the scivic of Definition. 3,1 ,,5iniqtu and (it, 6, (u.0) in L2(0,T: V( X L2 ())n

H~0( (0 T; (*x). ,,
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Proof: Since 0(f) E L2 (O,T;,L'(S])) it follows from [TvlJ,[WvWj that. we have
u(t.) E C(), T; V(,) n/ L 2(0, T; H 2 (SQ) n" V,,). Not., that.

(0,, u V •(-A•))- ') - (92,112 V(-,Al) -'0)1

(3.17) < 10I - 021 Lý "12111 , II 1 ± + 10 1,l 112
- /' 11;,2 ' ,I I /I 2 .1 01/2

for 0i E L2 (11), ui G H 2 (0l) n V,), i = 1.2 and 0 E LV(Q). where we uscd the1/2 1/2 ¢, H

fact. that I¢'1, < ti ' I' ( 'I, 11 t for I, H (12). Suppose (uO1i). i = 1,2 is two
solitionis to (3.1). Since

I(0(t),u(t), (- A -' ) _ t I ( ) . I,( l, I l. .

we have 0 (f) E HI(0,T: IV). Then, it. follows friom Lemma 2.2 and (3.17) that

I,, N• M,,',t llt, + 10 1(M )- o)2(t)~ 12

HvncV, by Gronwall's incIqmility we havi, (. ) 0,(t)) = (112(t). 0-2()) for evCry
t E [0, T I .

Let v(t) =, (t) - u(I) and ,(f) = 0, - O(t). Since (v(t). u,(t)) E L (U, T7: lVt x

L(fl)) nH'(0,7T; VO* x W), it follows froin (3.1) and (3.12) that
1 (1 •2 d. + + ,(,(f). (f), ,(t)) -y ((t))

2 (it2 dt .'(t)1nd 1 + ,h I.'(t Ill, + (19,(1).,,)(t) •V - ,) • ,( )

+ ( 11Q ) , 1, (f) -V (- A ,,)- . , / ) + , (10, + T O -- g. (t). it -. t(- A )" v( t))r . 0 .

Not' that

(O,(t) + Tlb !1(t), n V(-A4,) l1,(t)),- ! Al 1(< , (I) + 'I) - iA')i,,, I(l
and that from (3.13) 0, + TO - q(t) in L 2 (0. T; H1I/(I')). Hence. from (3.17)

I,,(t~lff•,+ + .,,()12;¢, + K• 1(1),; ÷ " '(S) 12., d.,4
4 Io'(t)II, +

The (I + 1,,, (•)vrg, + 1p r (.Sr 12)l 11f. I,(.,,)12, ÷ I ,nql ity(.) ,

1+,• ( .(. 4) + T ,,) _ ,g(. )1 2t ,, 2(,.) d ,

The desired convergence property follows from Oronwall'm inequality. [
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Let is (denote 1)y S(ej), the solution set, of (1.2) for g E La (') in thvsn'Mise' of
DvehnitioI 3.1. Theni, we him,

Theorem 3.6. Considcr thcr Jin~itr'-t~iMC /107izuel problci (11- 12)wich, is

S(u(t). T(t) - T'o) E S(g) aiid g(t) E K.

uwherc K is~ a cdowel connerx set it? U1 = L2((), T; L 2 (r')). A.sseunc thal 'p( ,OI) is~
cocr('ivc in. E: H, = L 2 (1) and sat~isfie.s

=(it, T' - To) G Vi, x L 2 (Q) -JR+ is convex andLUir xcnini cotfi(Olt1us

and 0I < V(z) !< bi 1' + b~2 for h1 . b2 E 1? 4-

Pthen Ptbcroble (1.1)- (1.2) h~as a solintia-..

Proof- It follows froin Lvcnav:i 3.Hint S(g) is iioniept~y for g E LXI((O, 7) x r).
Let. (uk-. .g) E S(9k.) X K lI) 11 11iiiilhliziing 5C(jilvielcv. Sillvc /I > 0 Ilk ( t) - uis 11tni-
forinly houndvd int V It. follows froixi the asmtunipt ion oil ; that 9i t)IJ~(,:I(t1

is uniforinly butuiidtc. Front (3.1na) w(' have

for t E [I).T7]. llelle(' 111ki!' a,(t)121 4+-" Jj hA ()12 (It is 1111iftori11ky I )ou1l(Ie(, I.ThiS
iinphexs that troin Luininia 2.2 ( ut19.. ) E 11" 1/(m,1' V,, x IV'). It. tHills follows froml
Auithiti lvi'i nni that. thiere exixtix usuihxeqienee of IA-1}, which will I i dv (Icttel b)y the'
SMalI( i~l(IPX, SulCh thilt. Olk-f.QA-) (oIV('rg('S t~o (u,O0, q) weakly in L' ((. 7':i) x
L2 (0, T'; VA(Q)) x K and~ stronigly in L2(0, T'; 11[) x Hl- ) since A is c'losed' tulId
con1vex. Hence, uinilg the skunt argiunielts am in the proof of Ilicorvin 31.4, it canl
1w shownt that (u(t), 9(t), q(t)) satisfies (3.1). Now. since (P is convex And lowerl
SCelliicoitt~iiotlx it. follows froin [ET] that (it, , ) miniminflis (1.1).

We have the following iiecv'ssary optinmahity condlition.

Theorem 3.7. Let (I = 2, K be qivert by (3.8) and 11(0) E Vo . If (0*,0*) E S(g*).
g* E K minimitizes (1.1). then thcre mxists a Laprange nualtiptier
(A(t), pi(t)) E L2(O,T; V 0)lH'(0,T; V0) x L'(O,T; Il2 (il)flfII~(i))flH' ((,7'; L2 (il)),
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s•uch that

A(t A), +' I- v (VAUt), Vv') + bO'), ii*(t), A(t)) -4 b(nu U), I, A(f))
dAt

-(O(t)Vp (t). ,) + (p,, (, * (t). 0 (t)), v) = 0i with A(T) = 0
(3, 18)

d(I- ti (t), 0,) + "( p ), 7 ,) - ,' ) • j ( ) ¢,

-j (A(t), 0 C,) + (P( ( It*), 0*(t)), 1) 0 ,) 0 ith. vi.(T) = 0

for I, C V and 0, E Hil (S?) mtid

(ý3.19) (/1 (!1(t) - 7) + h'. -V/40), O(t) - !*(t))j, > (1 for (II h E K.

Proof: Consider a family of control pruoblenSi

(3.20) :iniiizv ,I ( .1 , 0. g) = .1(11, ,. g) + I!J - 12*I•, Slll)j(Vt tO (1.,5)

for I > 0. It. is, showni in [IST2] that (3.20) Ires It solution (it,*. q0, ) wlire It, E
L2 (0, T; Vi)) n H'(0. T: VO*), 0* E L"•((O,T) x 12) alnd l yg E K 11d they satisfy thetlece~s ,•ry optillia ity 'ondtition

Sa
A- , (t). ,,) + ,' (VA, (t), Vw,) + b(,,, It (t), A, (t)) + (nC, (t). ,,, A, (t))

- (0(1 )Vj,,(). +)+ (,,( u(P) , ,,) = 0 with A, (T) = 0(3•.21) dI
M-t , t , 0/, + H '(V I"•, , , + 0 "( 0,,( 4.'Or - 0 ',*(t) .- v il ( ) , 0/,

-Y (A, (t), 'P",J + (o(n (t), 0(I)), ii") = 0 with p.,('1") = 0

for I) E V and .¢, E H1(Q•) alt(l

(3.22) (/'0(g(t)-T|,)+(q,(t)-!n*(t))+K .Vp,,, h(t)-q (t))j > 0 for all It E K.

Here we used the fact that i, (t) E L2 (0,T; H2(Sj)) and l K V?/L,,(t) + 1;1,(t) 0 on
r. It follows from the proof of Theorem 3.4 that there eximt.M 11(t) E L (0, T: V()) e
Ill (0, T; V,)'), 0 E L' ((0, T) x Q), g(t) E K and a s.quenlce f of positive numllber's

such that 07(t) converges to O(t) weakly * in L-((0, T) x Q), u,(t) conlverges to
u(t) weakly in L (0. T; VO) and strongly in L2 (0, T; Ho), aid gy (t) converges to
g(t) weakly in U where (u(t), 6(t)) E S(g). Note that

• • *1
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where (u0, 0,) is tiht, solition to (1.5) fOr g(t) = g*(t). Then, it follows from Corol-
lary 3.5 that (11,, 0, ) , (u*, 0), strongly in L'2 (0, T: Vo x L2 (12)). Sit e .1 is lower
('lllic.Olltillols,. We' obtain

Y(,. ) + Ig - g' 12 < ,1(11, 0*o.,g')

which implies g(t) = gf(.) and !*(t) -9 !*(f), strongly in L2 (l, T; L1 (V)).
Now we show that (A,(t), ).(t)) converges to (,(t), 14t)), weakly in L2 (0, T;

VO x H2(Sl)) amd strongly in L2(0,T; HO x HI(12)). Let V2 = f.¢, E H 2 (j) :
ii t-, + 0, o= 1 1F } and consider the smsquilinear form er oil V2 x V2 detiiied by

Then, 5~ satisfies
sill) 07(t-.0 ýh 4'2)1 <ý- •.AII, I + "I1, (O)IH" Iv•l Io.

a1(1

(3.23) 4 (1, 1/' Ai' Ž , 12.,t~ - P2( t IV-1'i,2 for i) E V2,

whrv p1(t) = v Ihi(t)11,• E L'(0.T). Let H' (Q) bv equipped with

I¢•1•,= IV•'•.•(m+ 1 •l••l

Then, LP(QZ) is the itdal space of V.2 when H'(Q ) is identified with its dual. Since
for A C V2, t!' E H'(f2)

K (VA. V/O) 4- (A. i1')1- = -- (AA. U.).

The ('s('ond equatioln of (:3,21) can (kll writ ten its

<- T141, M.) 01',> -, v., + Nt(, it, (t), 4,0 - -Y (X,(t), -Ao/ ,.,I)
(3.24)

+-(ko(-(t*), 0M0(0)), -Au') = 0

for 0 C V2, where the dual product oi L2 (SI) x V2 is defilled )S

(0, 0,') ,, .. I = (0, -At!) for (/* C LEP(Q). ii' E V2.

It can be shown, using the Galerkin method in [LM] (see, JIST2] for details), that
ytlatioul ti(' first, equationl (If (3.21) coupled with (3,24) Ims it ni(que solution

(A,(t), It, (t)) C L2 (0, T; V0 x V2) x H'(0, T; VO* x L"(1I)). Moreover, we have

d 11I.(t ,12

< 2p2 (t,)Il40)+,. I + -f ('Y1;(r(t)1i +)2.

K.. .
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Henlce, b~y the~ Gronlwall's iniequality SluuitE10'T. III( (t1, I+ fK jail, (t)I', (it iS
timifornuly hounldeld ill 0)< < 1, Which imipllivs it, -(0 n.c. inl P unifotrmly ill t E
10, T). Thus, it is not. dlifficult to s~Iow that (A, (t), 11, (t)) coi1Vet$ges to (A(t). JL( I)).
weakly in L (0, T; 14 x H2(Q)) and -itrongly inl L2(0, T; H11 > II(!)) itild (A(I). 11(f))
saltisfies (3.18). C3
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ADAPTIVE ESTIMATION OF NONLINEAR DISTRIBUTED
PARAMETER SYSTEMS

(Omter for Applied Mathentatical Sciences
Departmixent. of NI atlivnmat ics

Utiiveiriity Of S0ItItrior Califo rnia

ABS4ITRACT. 'I'ic &tdIIIt- i.vv (0on-filat) 4cut lI tt. lla Of piutiull(It-Vor for n It~ dAl Ofil 11111iIc'l~
(listrlibatoI parahl let or Syt~tvimIm uconlmidered. A comiiiil wlittv m ioO id jpitrainc tur I11111tto

State volivorgen!eIsC estabtishe~~id vin t nLyapipunv. i ke ('Mt imatv. J'r finitte dl imtoimionii1
niotion of persistecew of excitation is toxtotikdod to the infiniteo d iniiisgiuonaI viti mitd

timed to establishl paramutetr convergecluce A I iltit dineitlolniotl appro xi maitIon tlwi ry Iu
I)ITCelted(' I titu It CotlVCergolttot'8U Isut. Is provim. Ali txiutinple Itivolving tim Irtoditi ut I id In
ol it 11011ittileal ltivat eqiltitloi Is d8imcumml will I tiid t 10kMtf it 111immeicitl sud y are presvIilovd.

199 matiu-matirs Sujbico: (homification. 93~1130, 913C25. 93SC20, WOW 1(

Ke oij ufimd witd pSityl-tsis. (I1-ii Itiv vK.ut1lotullo. nattIplivv deifftvlol l, k n. ;,1it 00 I ot l 11-

veigence. puruMitomir ofem-cltat itl, (list 1-lh1tvi'd pitritillott'r Mvstvlin, til inii i'(Iv l d imenional

systemsl, Ii otte di tiviiuloliliil npproxlI nad Ion.

Ill this brief nIote' we' consider thle it(1flj)tiVt. 01L C)11-liIIV i&ilctjii.ah~t.itii Of 1111_

kiiowni farttllketers it; lIollilueiU itifhinitv dimenisionial, or dlistribuIted' pa a)int orl~~t. sym-

tents. Our estimator takes thme forim of aiti, iii geiieral, iiihiiitvt dimensional)t libolmh-

tomloiflmltls t-iliffar (ylyaimmical syste'mI. This systomit is itommtitomoludluls ts it resuilt, of

its (II Vj)('IN( 1 11(1'h)( li the st~ateu of thI e pliutt tWhichjl is 1t551iitot I o bv a0tVaIi laid 161.

ineastiremmeit. ill its enitirety kit alil times I > 0. Tilt, t-St~imutttOlm iS iilIVgUItVIt oilli

reail thile p~roduchingi estnimates for bothm tilt planttt staite ando time unikitowm pitraiii-

etvrs. The e'st~imator equtationis are( conistrucitedi so its to force the dlerivaitive' of lil

associated energ?~y or1,Lyapniiov functionmal toj be mitiii-p)sit~ivt, It. is 111., ihowever,
ilegat~iv(' definite. As at re'sult of this, it. is poissibile to arilett. Vill t U ilodihtit tmiol of'

a restilt knownm as Barbitlat's Lenina (it uniformly cotinti~motis multhii~aibi ftunctioni

hli11Ht. tWild to) Zero) tulimlipitticially, see [14]), thati the state er-ror converges to) zcri

ams timemo tends to inhunity. To establish paramleter co~nvergenice, bowever. reqiires4 kil

add~itionial richn~essq conditijon oil tilt lmunlmure(I planUt data. [it thet adapljt~ive control

literat3ure, this cond~itioni is referred to as penrixtemflcc of cxucflation. We def-ine it

T1his reseairch wamm upportedl In ptrt ;iy the Air Force office of Scientt-Ifl liesearoli illider granit
AFOSR 011-0076.
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patrt i('lar niotionl of ri('liiems o1r per'sisten(e (if 'xcitnat~ioi, auld tilitil lise' it. toi) li--

gnuc that. the parameiter' error converges to zero itu tinite tendls to infinity. Fimiilly.
Slli('( thet. est~iniatoi' is infiiite, diimeinsionatl, its integration rerjilirc's so~ll(' folI'in of* fi-
lute dimenesionatl app)Jroximlationi. Conseqiuenitly, IA'C also devlopVal~ l lus111te f15 ( ifltC l Iit('

dIinienmioniil.u appr'oximiationl and conivergenice theory.
The approach we take hiere is motivated by the( hnitv dlimenesionial trva'entiiiiis

Iby Morgain and Nareuidra inl [11) and Nari'edra. mid Kiudva inl [12). We are not.
the( first researchers to suggest that finlite dimienisional adiaptive technliqlus he ilp-
pliedl to ilihuulite dlimuensionaml systemis. Inl [1) Alt, Hoffmnan n mand Sprekels, mid( inl
(S1 Hoffmanna ndt u Sprevkels conisidIiered till ausylliptotic elhtibe( ding hhlut.t()( forn the
identification of hinear ellip~tic partiatl dlitfferent~ial ('quittiouts. Thit( elliptic equation
is embheddedI inl an evolution equattion So that, tihe ellip)tic vequationls suit itionl is till
asymptotic s~teadly state of' the e!volutioni v(lllticiii. Inl [9] (svc also [71) lloffinmin
and1( Sprekels provide ail ab~stract functional inalytic frainework for their earlier
results anid extend( themi to certaint classes of stationary elliptic andt evolutionary
parabolic nonlinear variational inequalities. Our treatmient. here is mtocst. closely re-
lated to the work of Bla~umeister and Sconulo hil [21 (see also [31) mid1( thev restlts- inl
Scondo's Phi.D. thesis [10]. I'lle primnary dliffeireice be'tween fi thee 'ffor'ts andt our-s
is thiat. theirs is at two-.sparC theory, while our2s is set ili only at sintgle' Hilbert. splice1.
Mone precisely, their state est~imiator is ulefined il via a elfanld triple of'spaces (i.e.
V --+ H -V*) and it strongly V-coercive oper'ator. Our' state estininttoi', oil thei
othrlihitnild, is set. inl the samell Hilbert. spa1ce, H. as~ thev planttitla([ is governed~ by an
H-ticcuetive op~erator'. To establish couiVVergeui(' inl (Altit cse, we I'.W to appropri-i
ately niodify the( requisite regullarity anld richness condtc tions onl the Iplaiit.. Ill outl
dlehuuitiolts of adlmiissibilhity ItIid permistenlce of' excitation, the itnt~erauct~ioni let~wveii
the platilt tuill the( estititato' (ylylaittic' s ISlr 1e01!(xplicit. thlanl it. is inl the tmwo-slacC
theory. Interactioni betweenti the plant. anid e'stiluittot' dynltunlics ill the( two-sjpti('
theory is cortaiiily Jpreseuit How(ever, it is somewhat subtler'. The iiu Otte-Nte thevory
is inl some ways iore versattile than the corr'espondinhig two-slpcev thieor'y, TIhis is
particuilarly trute in the (,ts(, of hereditary or deilay systems wltere inl genleril there
is nlo tnttuiral andI simple choice for till (meli'gy 5Jpt1((.

This papeir rep'cemvifts ou r firzst. reporatinLg o fout r findIings midis b( 51y ati inleais
!ompihlete. For ('xtunll)u, at ca-efuil exittnimimtioil mind dutrtct~eri'Aation of thel h('rsis-

teitee oif exc'itationi contdit~ioni givenl inl Section 3 ill the spirit, of' the( onev given for
the two-space theory ill [6] niust he carried out. The saine is true f'or tit(, adunis-
silility coniditionl given inl Section 2. The( significance of such stud ies steilis from
the( fact that iii actual practice, with the possib~le cxcep!Itionl of only thev simplest.
plants and estimators, thevse conditions Are vxtreimiily difficult, if riot hIipossikl e.
to chieck. Our efforts inl this direction and others are, currently mnderwtiy, When
these stuldies hanVe hevenl completed, 0ou. ini' nigs will he repor'tedl oii elsewhere.

Ani outline of the reniiiaiiier of the paper is m~ follows. Inl Section 2 we define
the planit and the estimator. The notion of anl admirthible plant is defined anld
the estimator eqluations are shown to bue well posed, Inl Section 3 the uonlveiprgen
of the state error' to zer'o is4 established. We define the niotioni of at plauit. lieing



persist('iit ly exciting. and( list! this to estab~lish jpalailieter ~oiivergV~(,j('. Ill Sectioni 4
we dlevelopi our ab stract. approxiuliatioti theo,(ry, aiid proid)i e suifficienlt coinditionis for
kil flppit'xininatioi schiemec to ho' conivergent.. Finally, in it fifth section, to illustrate
the application of our genieral approach, we consider tlic idlentificationl of at gradient.
dkieiindent. tiernmil conduictivity in it one dimensional nuiolinear hevat equation with
DiriehIilet bioundary conditions, An estinantor in t~hc formn of a simple constant.
coufihciet iithat operator with Nemintiinn boundary conditions is definied. A linear
Milline binseol approxiniation sclieme is (levelolwed. Numeurical result~s are presentevd.

2. An Adaptive or On-Line Estimator
Let Hf be at real Hilbert sp~ace, with inner product (. , -) andl corresponding

tinduiced normi I -1 and let Q bev a real Hilbert space with hinner hirodlict (-, *)q anid
correspondinlug induced norin I I 1. For each q E Q lot A(q) :Drn.(A(q)) c H - H
he at poSsibly nonlinear operator onl H, where Dcvw.(A(q)) = f{V E H :A(q)ýo E H).
We a~ssine thatt the mnap q -A(q)ýp, v E Dwni(A(q)) is linear front Q into If. Let.
f :10, ox) - H, and leIt Tri E H. Let. Tj E Q and consider the dynumanical systemn in
HI given by

(2.1) J.(t.) + A(17).T,(t) 7 (t), t > 0.

(2.2) T(O) il

NWe a.isuuume that F1 is inikimown aind that, the state of the plant., (2.1), (2.2). JT(t)
cull he liueasured l and is available ait. aill tinies I > 0. We want to define at linear
dynamnical systemn onl H which uises the nuo'a.survinent of -r to a.Mynuptot.i ally (i.e.
its t. -0) estummlto' i'J.

Let. A0 :Don( A0) c: H -H boe a linear operator onl H sittisfyving thev
fo llowing two w~sumnilptiouis.

(Al) (Accretivity) Thevre exists (il >ý 0 for which

(.42) (Surjectivit.y) Thev operator A +I A,) Dam,,( AII) C H -H is surject.ive for
sulnec \ > 0.

It follows (see, for example, [10], [ 13[ or [17]) that. Dwmm ( A1 ) = H, and thant. -A,) E
G(H, 1. -a,.That. is. - A0 is the( infinitevsimal generator of a Co,-seriiigi'oop of
h~olunded, linear ol~eratdors onl H, { Too(t) :t > 0} , sattisfying

(2.3) I2T(OI <_ c'", , t > 0

Our on-fin e stinitator is then (hehuleol to he thme dolyuicomial Syst(.mn ill If givenl
b~y

(2.4) J,(t) + Aux~t) + A(q(t))Y,(t) = 7(t) + Aoo1(t), t > 0,

(2.5) (o(t),p)Q - (A(p)~T(t), x(t)) -(A(p)T!(t), -(t)), p E 9, t >0.
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(2.6) x.(0) = .,I E H, q(() = Q, E Q.

The definition of our estimator given in (2.4)-(2.6) above is primarily motivated b~y
the analogous definition in finite dimensions (see [121). In the fiuite dimensional
setting, the construction of the estimator in this form is based upon the desire
for linearity, liomiogeneous error equations, and the ability to ol)tain a particular
Lyapunov estimate. This estimator can also be derived via a gradient argument
(see [16]).

We assiiei that T is a st.roug s•olution to the iuitiai vathie probleiim (2.1). (2.2)
in the snse that 7 E C ([0, x,); H) and T(t) E Dom(.4(g)) for dll t > 0. We wakv
the additional regularity assumiptioi on the data. ., that for all t >_ 0), T(t) E
Dom(A(q)), for all q C- Q. We note that if the operator A amd the parameter space
Q are sufficiently regular in the sense that Doum (A(q)) = Dor (A) is iiclepenl ilhnt of
q G Q, theo this additional regularity assumption on the data T can he cliniimattl.

For t > 0. define the linear iaip 13(t) : Q - H by

B(t)q = A(q)1!(t), q E Q.

To establish that the estimator (2.4)-(2.(;) is wll p)ose(l, aid to (,staiblish outr
convergente, results ini the next suction, WV( require the following (lcfiviti(n.

Deflnitiomi 2.1. Thlu triple {q,.-ro, f} will be railed A, *admis.-ible if

(i) for each. I > 0, the Opfratitr B(I) is bhoundcd (i.x. B(t) E L(Q. H)) and

there exi.Sts 0• > 0 such flrlta

113I (t)q j <_ ,ilq lcj. (I E Q .

(ii) the operators B(t)* E C(H, (2). t (., art, strouIllj crn tinll l1slt.i diJ•fiteri-
tirbic on [0.,X).

(iii) T(t) E Doni(A,,), for t > 0. arnd A,,- E C' (10. -x); 1).
'(i,,) 7f E C'[ Q,);1).

We IlCtv that. when B(t) E £(Q, H), its Hilbert space adljoint. B(t)* c
£(H, Q) is given by

(B(t)* c,q)cj = (A(q)E(t),•, 1 , 1 1 H, q - (2.

Let Z = H x Q with inier product (., .)y given by

(2.7) ((p.q), (t', p))z (, ',) + (q,' p)Q. (q q).(h", p) C Z,

with the corresponding inhced noriii l)being denoted by I .lFor t > 0i, define the

linear oplerattor A(t) Doin (A) C Z -+ Z by

A(t) A, -B ~ t)

i '1



with Duii(A) =Doni(A.j)) x Q~, dctime P'(t) E Z byV

un.1( set Z
0  

(x~ ,q~j) E Z. Note thiat. Down A) is cleiise, ill Z. Tht,( ('st~inint.01 (2..1)-
(2.6) can the'n he' writt~en ws the abhStrat, inlitiaI valin'V pWONW111 ill Z givVIn bY

(2-9) z (0) = -

Assunn(' that. the triplv171,T0. ),71 is A41-adnissibiv, atici (h'hik(' Oth operaltor

A):Domi(A) C Z -~ Z by

and for t > 0 thefine thev operator B(1) c C(Z, Z) bky

L() B t)- (r) 1
11w AMt .4t = Au +13 (f), t > 0, and' it is nasily arguied that. for I > 0

4111(1 ~ ~ ~ ~ . !Sni wht () . f > 0. Tilt' tut, that. - Au E G(H' -. 1, -ot)) im iipi

that -AO is the hiffifit-esininl generator of it C(1 -svinligrollp of conitract~ions. 274(t)
t> Uj, oin X, That. is, -AO E G;(7, 1.0U). It. follows thait (see, fori vXalniple. [m]

Theoremn IX.2.01 for viach t >_ 0, -A(t ) E G(, .1. o)0. Consequentitly. theit famally of
()1)erit.)rs J-A(t ) : 0 < K T} is 41.Lbh' (set, J IS] Ddleiiiitfioii 4.3) [1)r aill T > 0.

The fact. that. it wits assitined't that.l is it a ti-olig so~titioii to thev phiiit. eqllat-joils.

(2.1), (2.2), and that the triple {r!, :m,7ý is Au-amulissihll, impllhies that. thev niap
f-~ -AC))z is strongly conit~iiitulSy difl'ereft~iabl d ill 7 for ech-i E Domn,(A).

It. folow from 14)) t~he( corol lary'~ toi '1'h'elivovt 4I.1.2 inl 1181 thilt t iiicr c ('iSt-S at tIIin hp
ivtdilit~ioii systeiti. I 1U0. .m) : 0< s <_ t .},with Ii t~ 1 (,) E C(Y. Z). ) <_ m~ < t skit isftying

(a') U(I , *) is strongly cont11inuous41 inl m and t' U(mT.,m.) = I, anid 11 (f.m.j <

(r) U(t, 4)Doml(A) c Dom(A), for (I < .4 < t,
(d) for .- r- Doin(..4), U (t,.)z is strongly continulouslly (hilereilt labl, oil Z hil

-U(1, m4),- -A(t)UJ(t.s.)z, I < .4 < t,

-U(t, 4)- - (t, s)A(4) z, C) < .4 < I

with both sidesM of these eqfuations leiving stronigly contiltIioLS Ill Z.
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Theorehmi t.2 Sassuni that, thei t-rip/c qi. T.-. f is Ar -nh,, ssh/vintiv dflic t

finifo C'' 0, TI: Z). for al l 7' > 0) byd.z~~u.~ 28 rd(.)

Thorolmr 2.3. Suppose' thait /III' friple .j IFu.X17 f}S AII-( 11-adisshir',an t/hat j Q

and x( C Don,(A.4), and fmn t > 0, wec wrifte ý(f) givI'eI by (2.10) (1- (f)
(.e(l).qr(f)). TIlt'i x E '([Q0.7T]: 11) and q E C' ([U. TI: ). for all T > 0), (Ind 11,,.

Fof> 0 S'O' ( (f ) = (t) -. P(f) 1111 r( t) = q(tf) - Tj. It. thivt follows I luit I mid1(

(2.11) i-(t) + Aw-(/) + A(i'(()).-(f) =.0. 1 > 0.

(2.12) (i.(t).ý 1p)c - (A(p41'(f). r(t)) = 0. pC2.t > 0,

(2.13) t*(O) = ni C- . I(0))= 1- E~ Q,9

whvie c() xj - P,~ fund I,() = q(, -- Fl,. Une *yst.,i (2.11 )-(2. 13) niny~ l'Cptlviduti(lly inc

i,(t) + A.(I)y(f) =0. f > 0I.

u (0) = jut

Whel-(vl(' h f >- (), y(f ) = (c( f). 'Qf)) E Z midic yoi = (co. n*i) E Z. It. Follows d.int.

= ( U)(t. -~~) 0 < x' < f.

If' t.Iit' t ri pl 1v j?1, 71r1, 7 ) is A,,-kii(m~isibIe mnid (-it E Dote, (A(0 ) mid r'u E 9, Ownet

E: C'([0, T]; Z), c' E C' ([0, T]: H), antd r' E CI ([0, TI; Q), fjut all T > 0. I11 t Iw
lvt wvtl~e~olk we( fuglivt thilt Iiulit,~ r'(f)i = (I 111d, 1ulidell fillit 114)ipltii~i'ltt uutldi-
tioud riielivnsm wiuntiiptioll onth le phinlt. dtitit. Tr( ), t > 0, (ixe. Att-p'r-sisfnriw of

exciatin) fintlillf-,jr~tjcý= 0



3. State and Parameter Error Convergence
IA'M c' IIiCI v bv thC', N~ilitionls t.. Ole initial vahu ie IwlviII (2.1 1)-(2. 13) tuid(

d1&fili('

E(t) -__ ml + Ifemt)~~} '>0

Leninita 3.1. Suppos' thO thN' triple {. i~j. f}j~y i. A(, idin. iss ibIe and thant xrj £
D'm,(el(1), Thirn

nwhrinl E( = F i) f.{kiW + I'oI)J 1.

Proof. Us~ing (2.11) anid (2.12) We' obt~ti1

(it (it 2

(3.2) ~~~~~- \(Aou c( + I f)r). c t'(tB)) c().1 ()

< -0e)k'(t)

lilt egrnit-iig bothl Hi(I('i of tl( lebdovt' t'xprsiol'8i1 110111 0 luo I. WI' ob taili1 (3. 1).
Tilt, ('UUv(1gcll(e of thev st-itoe stiinitui is e'stablislied hil tilt lieXI. flivoi'eiii.

'Tle pi-oof W( give' i Iit varitilit ftic i te'nginienlt. us~ed to ('stillhi M ki-bul aat 's Leuiiilian
hi [14).

TIheorem 3.2. If tMc tripl' .fe,.f is Aj -itiliiismihe aind. 1i)iE , Do(A 1 ). Mitie
E ix niotli-nw-cWUsflr)nel hiiiii, ., -Ic(t)j 0.

Proof. Thiat. E is noitine'rvn~inzg follows inniuedintvely i'oi'u (3.2). let.t t2 Ž2 tl 2!(

(:3.3) -2 ~ (A )r.(I), c(f))df - 2,!: )r~) 1) i

< - 2rtoI 1'(f)jI~dt + 2n ,t)1e(I)d

2( Ic 1e(p)12 + 1.e(t~ll~ }It

K 2o((t2. - t1)I

Z_.I
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Now stipi)J)(sX that bin 1i- jc 10t I 1). 1lhcii tfhc'ru exist r :> (] luIIC it M('(Ii(lre t

with1 Xlla. , I c for whlichl

(3.4) ct)
2 > e. = .2

It. follo)ws firomi (3.3) itud (3.1) tI int for (5 > 0 ,wcid = 1. 2...

> sb 2o(c (t, t)d11

(hios~iicg telr(2rv(), we,( obta in

T1h is con tracdIic'tsx ic fact 1.1ta t I' Lvitin :3.1 iinpl )ies t-int

kt <- (, < )U

and colsv ( II lel it. liay ..- 1(e(t/) j2 0. 1111(1 di-U d.ivorc'iti is )i-ov('d. 1]
Ill oV( ci, to ust-tlisixi )tivaxtetI(t. colielp'vve'c'n', We v 1 1 req - t.ic' followMing l 'ilii

Definition 3.3. Vic tripir fq iTh -r. f71 is~ si.ei to bc v'itltu' A1,( -f)cl-sis tchi flyt c.rcitin~fl

ori AO-ricb. if tlte'VV cj.ri.t j)sitivc( V~tcntanits' ro, . /'. and 1--( ... cl Mhat far cat/I q t Q2

ivithi jel~jc= I flit(/ t > 01 Sltffivuntdly /ar-f1. I/ltCr exi's ts E [t, t + rolS1 1] .thy /a~t

liji( 4- 6(- s)BI(--,)qd-%j >Lo

Scondoc ill (21.

Theorem 3.4. Suppov' /that the triple' 0. -r,7 1 is fl -.niue is.sibli ftind .u-1)1 V%IS-
tenthj r';rvithy ill( aat Ilu.t E Dent, (A,) . 1/itl Hnitl, - , l(t )q = 0

Proof. WC I )(illI by do4tinlg that1. for' t2 > ti, (2.11) iniiphies flhnt
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It. then follows fromn (2.3) that.

(3., I(t,2)I + Uj 1)~ if U-1 )I,

Also. fromi (2.12) and D~efinitijon 2.1 we ol ,tajin

jrý(t 2) - rý(t i)IC =Q sup1 I (r(1-) - r(tj ). q)(2 Sup 1 ( idtq)

ýI'iK < I Il j <I *eI t

(3(i11 up) (Ai). q~),,1)dt j sup i/jj ((1) (t). )dII

ff22

Now. froiti Theioremi :3.2 we know thnt. E is Iioniiicreasinig. Silice E(t) > 0l.
t > I), it. follows that. hint- E(1) imost, exist.. Also from 'livoiciii 3.2 we know
thant Ijmn, 1( V(')I 0. Cohmsepmuicmt~ly. we 11oist. hakve thatl hill"... ., Ir(t)IQ = 1. ior

~ ii Up >(1.Si tI)1)( )S(1 tillat. J) ý6 1. Ilion Hiv hre vi'XSt. 1 ( 1 Seu'IIc( of pt sit i v 11111 Iii ( '1

I tA i> with IUUA =. (X, and ý > 0 tor which I'(t~ )j(j > 6~. k = 1,2....For
vach~ po sit.W'ive it-eg('i A- Suficiten tly hin ge. let. ii be i)fs ill Dcliniit ion1 3.3 (trrl('5j)( in ug
to q = (tA )/l'UA* ) q. Thon. usinmg (3.5) mimd (3.6i) wv oitaill

'1;)A 0 +\ h-)- t)UB(t)r(IA/)(ItI

4- I / -'0I(fA* + 6~, - I-Mt)rd A)

C ((4,.± ~ + ~ I~

S I"(ik + ho)I ± C.""'h1 1 ( ie~k)I + (k
2 60jr V -+To{J[ 1(,(M 12'I)
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It tOlwn follows front DeI-iuutiuiu 3.3 and the alXovc (It.itiunute that for till positive
uuitegurs A, sulfhwuuit~lY largu, wc have

E(, :s I1.(t*)QIc TjIA. + ho - t)13(t) e/tI

(:3.7) •5 kc(l. +s 60 I + c"u'n If YOI+ 61Vo+h r ((t)[ 2d11 ) i.

Letting k -. x in (3.7) . and rem llh ig Lema' :3. 1 anud Theo~rem :i .2, we ob tai n
it conltradictionk. Taiis we niust. have thtt hjint, -j~ r(t) cq = 0. and the theorin i s
provedl. El

4. Approximation Theory

The estinilator, (2.4 )-(2.6) is. in geuieral. infinlite (linueivJiisoal, Consvqwiut~l ,
its impijlemeitntationi reqjuires5 sme1 forill of finite ChiuivuIiisohal alplw(xinuintiouI mid( ai

co~rrvpond~iulg (oIvergellee thleory.

Fur eatch n = 1. 2.. . . , let 11" Mid Q', be fill te d it IlvlesUiulull sl I )¶)iul(( of' 11 it 1(1
Q.respectively. Let PI" anid P" eullote the (orrespond~iung orthlogonial jprojct i nus

of H onto H11 and Q outo Q". respectively. Let. A,; E £( H".1H"). Ini order to
es5tablishl it cohllVrgeullc( result, wc will reupuirv tlI( following three assuuillptiohls..

(AM) (Suihspace, Approximation) For each ,ý- E H tind q E Qwe hiav('

fillx) PI p', - 0 = () iild ,linl IP~q - 'IIQý = 0.

(A44) (Uuuifurin Accrvtivity) For (b11 0 ()its ii Assumpl1 tioni (Al), we llv

(A5) (Strong ConIvergence' iii thev (;(eri(f1lljed( Sc'ii(') For soii* A( wII \ itlJh cA >
-0(), WV lif11W

lint I(A + A(;)'I'~ (A + A,,1 ) -%j 0, 11.

Let,{T''(t t > Uj dleul tv t.he C() -sviu aigro 1t of' bounded lletI rn opea: or o (11101

H" wvith lifiuuuuitesiuuual generator -A,';. Thiat is.

T,' '(f) = ('xj)( - A(,'). t > 0.

It follows front Assiumptionu (M4) above that.

and front ssiuuptions (AM) - (M5) anld the Trotter-Kato thevoreml (see. for aull,

[10] (or [13]) that

(4.1) hinl IT(,(t)PU', - T1 (t()c[ =0, ýO E H,

with the convergence behily uniformn in t oin compact t-interva1s.
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For ,aCh t > 0 deiiIV( B"(.) E C(Q", H") lyW

B'"(-)q" = P;;AB(tij' PyA(q").(t). q" C Q".

If the triplh {V7,.i.,f} is .- airnaidihile, then 1B"(t)j <_ o, t > 0.
We C consider the following al)pproximating estiI•at.or,

(4.2) i-"(t) + A,.' (t) + B""(f)q"(t) = Ph"f(t) + PJtA 1,,(t), t > 0,

(4.3) 0"1(t) - B"(t"J'() = -tP•n()'•(., I > 0,

(4.4) .,. () ., " = . . q" (0) = q ')' P" q,,

and argite that.

(4.5) linm Ix" (() - x(t)l = 1 1nd lira [q"(!) - q(t)jq -= 0,

iniiformly in t on (')1m'tic t-intervals, whlre .x" and q" art, th' so)hlutionslii to t.li

sysMte (4.2)-(4.4) and al amd q are the solutions t.o thlie systen (2.4)-(2.6).

To establish the co(iVergeiiee in (1.5), w(e rewrite thei initi 'al1ue l emohli

(4.2)-(4.4) ms, an equivwdeit system in thet product space Z" = H" x Q". Note

that. Z" is a finite dimenlsional suibspalae of Z. For t > 0. define Ihv linear operator

A" (t) E C(Z", Z") by

T. A,; 13") M
.I -= - 1"(t)* 0

For each i = 1. 2 , C(Z. Z") dv('iot.v the orthogomild projc-ti(, of Z
ol1t.o Z" with ro •t-e't. t Aliw . t'r piroduct giveal ini (2.7). It follows thmt.

For ncoh' I > 0 set F"(t) = f"F(t) c Z": that. is

P ",f(t) + !

We set. ' q) E Z"T. Tic estinator (4.2)-(4.4) can thewn , writteni as ti'

initial value problein in Z" given by

(4.6) i"(t)M + A" (t) z "(t) = F"(t), t > 0,

(4.7) z"(0) = 0"

where zt1(t) = (x(t),q`L(t)), t > 0.
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Amsune ditht th ctrl)1( 117..-h. 71}is A,,-adlhiiiisibh', u~dI let. f U "(t, M) (I0 < S~ <
tjbe thc fiuudalivitilu~l operattor mohlit~ioii to the( iniitial Vahii problemi (4.6), (1.7).

It theaI follows thalt,

auid thalt.

aiuldv We ant. to lo .dOV.ta.

niiiiioriiily ill I oil coluipnet. t-iiit-vi-vils, w~vliei z"' is glvchl by (4.1.) and is giveul by
(2.11)).

D~efine tHie opelatol A() E C(Z". Z" ) by

auld for t > (I deine theV operait-orlI"( E £(".Z")IY

TIliven A" ( A),' + 13" "(t), t -0" (1 = PB (t) , I 0, andl it is ellsil.N ar~gued
thait. for t 0, 11.3" (f I )ý < v. Let. I T1," (t) : > 0 beI~ thei C(,,-SVInigroiip of emaIII 1,110 iolis

oIil Z1 Witih iliiliituesiiiial generattor -A,,. Tha. is 7j,' (t.) exp( -~A(;0. t >- 0. wit It
j2'~~~" >t ().~ . It. id~so follows tiat

intiiornily iin t oin (uipiiiat. t-initcrvils-, wihnm (RmI(t) : t~ () is t.1i' ( ,-Seniligrolip
of conitractions oil Z with gelierator -Ali.

Theorem 4.1. Suppoc Mtheit.r' A~s.munipt~ions (Al )-( .,V) holdi ande Mat IN- trmpfi
17171)j)f is~ Avadi-udmj.iTh. Them

UIL

un-ifarmtly in t 0-1 compact t-intermi-l.s, wheri , is~ givco. by (4.8) and is~ qirn by
(2.10).
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Proof. From (2.10) find (4,S4), it. is clear that we iieed~ only argliv that

(4.10) Hlln IU"(t, *S)P",P - U(t,s*ý)cp = 0, w E Z,

tiniiforinly oil the triangle &1- I (.x t) :I 0 s __< f 5T), wlmer T > 0 is hix(.( hit
arbitrary. Now, for (s.. t) E L-j we have (see 141, 'i'horinu 5,2)

Ulfl U-471)", TO M (t -s.)P" ,2 + J To~" (t - -Os" (r)(J" (r% m)'P" prdr, ýp E Z,

U (t, To) - Q~(t + / (t( - r)LS( r)U(r, N)yeI, p E Dmon(A).

('onsecitwntdy, for ýp E Drnuc(A) and (m~, E) ir,. we hiv,

Ul +fMP 'IO U(f M)P"ý m j1"(i )'"p-U;x.)pI

+fJ

IT"f "v V .T)'P" - ~~,.Ad
hi' t u~Pg~ +c I'5 T gv I i 49.tle5~(i gV ii~ 11iyU i'IIi~) i ~

ihe conalitgeny tlic' il nu i vvIy iii (')vr4(u( i(4.9),) to ~w()he stog otmiyui~V1111 ilornu

('xpoul(Ivitial boliloilit CI U antId Ulf foriall if = 1.2- .tougvt'wtr wit~h the fact. thaut.
Domt(A) is dlt~is in Z thenl Yield the desired resullt, for till ý E Z. C3

5. An Example and Numerical Results

In this setimuio we illustrate the( ap~plicationI of our sc1Le111( to Oil,' vst~iiint~ioni of
the thernial cothuicutivity in n one dhinvasinnal nonlinear (strictly mpt'akiiig, qcuumisi-
hleinea) heat; equation. We nlote that. we (to not. at-tvnint to verify AO-adlniissibilit~y or
AO-pevrsistviicet of excitation for the examiple presenited ))elow. The' Auu-aclnismihilit y
Is deternihiieti by the regularity of the plant. Amstiuptions, albeit rather restrictive



D1lCflV 1 Nllwb miade which wou~ld gmtraiitec that the' state of the 1 )plant is slufhcivcut.Iv
regular to Yield AO-adtuissiblnit~y. As for AoI-ixrsist~enct (if ('xcitaftionl, thev cond~ition11
specifi(1 il Deuliitioi :3.3 is rather difficult, if niot jitpossibld to (check. It. is p)osmilde(.
however, s tmIly this condlition andl its charac1it('1izat~ioh ih soulei wry sinlpl vipi'uses.
Such a stim(L' provide~s vidulablpk insight. inito tuikling 0111. ll~idptiv(' esthitittor wlvhiei it
is applhied ill the( conitext. of iiiCorv vom1plvX (Xampllul. Ill tlic ('its(, of the two-ml)&U(-'
theory (letnilech ill [5] and [16], ani investigationi of the pvrsisteiiu' of excitiuttioll
Coiuhition itsWL rej)ortVc oil iil [6]. Ail muulogotis study for the one-sptte theiory
tr('atcd here is cu-rrntly underlQ 1k iy lu11( Whe('l comple)hted( will lhe reporh'd (Ito

Wt, eozisider the i(1('laihcatjoll of till thernmal condciihvtivity, 71T ill thle oliv (Ii-

together wvit~h the Diricldet h)01111(lry condit~ionis

(5.2) 1T(t. 0) = 0 ilwd -r(f, 1) = 0), f > 0

Itiild the iiiitial cond(itionls

(5.3)) 7(0, q) = TO(q), 0 < 1) 1

We iissun~ic t~ha&t.~ TOE L2 (0, 1) anld 7(t -. ) G L.2 (0ý 1).
Let. R = L2~(0, 1) 1be unda h iweI i th t he stakndardI inuer produIt 't, a t(['id n

thti' Hilbiert. 51)l(¶( Q its foillows, Let.

Q = {po : ýo G Hj),.(R' ) andii p, fl E L , (JR).

Df~einv the innulr produllct, . *(. )it (ý I)v

whetre wo, w' ý- LI (IR+ ) rue posit~ive weight ilig funt iet us, Let. It, I denotev t he niorlli
iiidlucevh by thev inner product givvelliln (5.4), mid1( dlefine thle Ifilburit spave Q to
hie thev coiiiphetiioii of' the ilower product. Sptilc ( (2. (-, .)(J, I -Iqý Let Dom( A)=
112(0), 1) nl H,1 (0, 1) alid for q E Q and p E Duini(A), set A(q),ý -D{ q( V;)Dý,I.

For our e'stilinitor dynlamlics, we liste the sumn of it linear constanut. coefhciielt
heait eniluict~ioii ()jwritor andiit dua ( y turili withI N('eumitn (himiisitted) bo0unldhll1

coudliti0 ills. Thnit is, we (lefitir' A : Doini(Ai) c H - H! liy

AOnp -a I Di D2 + (VjIiuý, ~p E Dmot(Aj1 ).

where a(), a I > 0, With

Dom(AO) = O p E H2(0, 1), DV(0) = Dso(1) = 01.
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It. follows that for • E Dom(Ao) we have

(A t)ý, p) >_ •€1• 2

It. is also easily urgued that. A + A(, : Dom(Ao) C H -H H is smujrutive for aney

A> -1o.
WA tipproximate using linear B-splineos. For n = 1, 2...., let {py '. hv thet

st.andIard liuear B-spli)vs on the interval (0, 1i defined with relpect. to the unifonm
esh (0, 1,•.... .}That is, for i = 0, 1, 2,... t

,(.,,) - { I - I., - il, [U, x E

0. (,lsewherc on [0, 11.

Set H" = spmn{ •p. I'! ~ For each , = 1,2,... , let PSi'1" denote th ortlhogo(1nl

projection of H onto Hi". Standard approxilnation results for splin, foilictiouls (see

115r) can be llsed to estal lish that thc stroutg (convergenIce to the idoeutitY of P1'
required by Assumption (A3) is satisfied.

Let. .'r,(t) E R1+1 be the (,oordiImat. vector fio .r" (t) with respect, to thit, basis
{1';}•.- That is.

tI

i~i)

Let. Al, , oheit.e the Gram matrix corresponding to the hasis {,Vc } . We have

2 1 0 0(
1 4 1 0
0 1 4 1

Al,, IA I,,,. L0', = . .

1 4 1 0(
(0 .I 1

60 40 1 2

Also, let K, bu the (n + 1) x (it + 1) ma1trix givw' by

IA',, =1), 1, = [JD• (.'1 D•.r(,),l,,'

I 1--- 0
-1 2 -- 0 0
0 -1 2 -1

0

-1 2 -1 0
0 -1 2 -1

0 0 -1 1

--. - at
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We( tip~proximaI2te( the opurnt.or A,,, by the operator A" econst~ruc~ted uiniig it staii-

(hi rd 1 0 lerkiii appro)2 i. 111( r ECICI is typ ofe appr I)ox imaition,2 it- is (uCil lyv argi i'( that
Assinupitionii (M4) anid (M5) alve si.CtishC'(. It- i,- ,1ISC) vilily ('Mt-Cllislic(C tliat te 11v2211-
t~rix relpresvia tt4,tioni toi tlji operator A(', with respecet to tlhe bmsiis ~ } ., At,,,. is
giveli by

AO, J, 7 nI + i0 Ii)=e AI k + !,

wwhre ],, Ckie~otC' tlhc' (it +4 1) x (it -+ 1) ident~ity iilatrix.
We iilxo use hinctir lil-sphine(' to diseret iz Q, Foi- eiuci -it = 1. 2 ..... midul ih

r > 0. let. t i I/-' off. V 1 t0l t.he mt-lit id h ll incar 13.mliisj I 2 on HitIa interval [0. 1-J (let i 20
with wsechet. to t lie uifioriii inesh {(0., ~ r j... . Let, Q... spaitn .... I'l 1),.
whiere

With \. d (enotinlg the characite(rist-ic funiction for the iiitvervid .1. If we let- P" dc-
nlote te l~itothoigona~l projvct-i( 21 of' Q olit.1 Q9..... the revjllixitc' strong cC)IIV(r'2'iveC to)

tOw Hiclet-ity ('11 vdill l' I(2iCsIt.rat-e( I.(nisvequeit.Iy,. Assuitiptioll (M3) holds1. Let
dezao at' th ( m + 1) x (11) + I ) 0 i-n22 wi tx ix correspondi Iing to Htil' hi s is {i''', j

nriat. isJ:

tOw approC x imat.2ing ('st. 11210tI' q""' ~( t) w.'ith I rvspvvlet. toI Ow' IlMis {ý ..... . Th'lat is

(/"'(t ~ C'"' I 0.

Tliviv is SCiIIIC p)2lct~i(ca aCVali~taCg( to lhe gnlilleil 1y lisilng it finiite' d ittitil-
sitlliliiCj li IprX illIttio t. (21I t~ht 0'12int- (itto. Tr(tI), t > 0, iii thei v'5thiw 1Ctir Iicqu( tionst CI.

Thie (conivvlgvnv theoIrC Iy givt'II ill Svc tCioii .1 can IC bei~ Ivit i Cl( moi fied to pm.11 ' i it thl2is.
()1ui re'Ii2 Its oiii th is wvil 1v 1 IC'lel (d Ci oit CCI 'sC'l~Iive. ) To doI t IIis mv'C iis the or I C-

Ithotgioiai j)C(I.jCel lolln . C"' t ofI H(1). 1) onito ic stheSil)Mjne ot i!''. II' ileiCC(I by

.V0 M ~ p = P"r .(. p

(i.e. IC't T,, (1) E R"? -2 1 thei coxrC Ihia~tvecV(tor for T" (t) with respeet. to tIvt 1 )2Cis

=ý' I`, the,(Tl))

d:
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wwv.'4'( for ,, E 111
1
1(o. 1), It, (#p) E IR" is givell IYY

andl L,, E i~tl- 1)~ is givi'iI bY

2 -1 02

I-I- 11.1

DLL... = Dj "p(x(dr)it 0

It is vilsily verified that. for E 111 (,1)

Thla Owit appoj l lKltu1..1tg ('finut-iItoV ".e. (4.3) -(.15) with T rupincvd bN Tr" ) doi noIPt.

ax(1iri1U spaiall~hy chistrti)lt((I (ljita. For1 it giv(II voic' ol (if . Tr11'i oweIllay bv SlIM111d1%

I1or (11(hI t > 0I. dehi'ivc Ow (it 4- 1) x (In +"I 1) nit rix 13,jj, ,(t ,(1).

.) J

Uis im-mthe fcoit. that. 111 (I) E ptmz p',' cnvenio Ilat r,,fd tWe'etht

otaihtii thilt

and
[1 ..... ýff = 0. i 0, it. z= 1), 1. 2. tit.

Thev mittrix form of'fthe npproxiiilainig est~imator, (1.1)+1, 5), is filven givc'1 IcY

+ Anx,,f) +Al_
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wlivI( t hv (it -+ 1)-vvv(t.oiis f,,(t) tind mid01( tht' (ui + 1 )-vector fjI),,,,. ?U'( givenl by

[. 7 0, 1, 1..

(qo.*~:'*)~

;xw(~q()' (#)(10 +.1; . (0) 0qo((J)DoJ ) (()dU. i 0. 1...t,

-iO = .!( 0 > 0,

0, 0 < 1< 1.

tund .tiIIuIlat-ed t-in' pintit. (eujuat-hiMl (5.1 )-( 5.3)) usinig the IN~ISL, roitimit DI)NIOIX.H,
at douleU~( pr cision Ill in it.Q III ly mict ini bii thscd ini it'l. o(1 f linv II'D III) Ilveri. Ini olti

-V I. < 0~ < -x .

= . < it < 1.

=oO 1, 0 < f) <

NAG( Libra'Iry sttiff syslell I Mt)vC', D02NI H. Thet VC'(IisitC' iint.('grils w('i(' (coion~iuC

usinig it. composnite t.wo p)Cliit. C aliss- Lcgt'udre Cjiiidnitit~r oitlv. All votidt's wCT( writl-
~ten in FORTRAN midt run0 onI n i Sun51AR('stauttioi 10 midvr U N IX, In Figuret 5.1
wI! Itav( plottvd our finial (i.c. at t hun' t. = 100) ('Mt~imitteM for ih oritriu VUlhXval~livs

(if ti and tit. Ini Figurv 5.2 we himt p~lottedl the t' C!ti1I1/tt' for1 q tit. Vtitlrits tiliC'.

Them~e e~t~iut&Lt( Werv gmellrlt.UC with -o 32 and tit 16.
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DECAY ESTIMATES FOR THE WAVE EQUATION WITH
INTERNAL DAMPING

VII.NIO!' NIN1(ut NAK

U Iniversite I ,tuis 1listv(i i- vt. '. N. fl .

""LIII I Alng Ih riIt i gy., . (( ciljI v of ll"SJi(1h11 .. ai oll wit5 t ht ) lt-u nodie t I'w lnk

1. Introduction

( IIM teL I I1wi t o n c )IIl I d ianikR i> I)IIig o l(II\ f(Ii,

and('11' ge Rs t-Rh e 11) it loll 1Re {(t. a -x ) Wint cleitoll flcthel sl eisfV o 0.1 slt 111

4 this systvlI by

E = E(l) := /* hI(t)2 + Iu(t1 Cx R_~ l

'11111.4 plbviultlisi 113wvII-I)1).4( kind d~issipa3tive'. h1d(Ivd(, wI' Ilavc 0 flloin I1Ii1M t lvltll

(IIie to 11 all ix: it ili 1 -1ve I Sw1lle earlier yresuits ofi I Lion s Sti.1ati ss [11I aid a I I 1tYis

Theorem 1.1 (Haraux [41, (51). a) 6iv'n (it. a ) c 11~(1)() x L'2 (Sl) arbiP-
trairily, 0th prLobict'n. (1.1) (1.3) hta. ri tifliqure sait~ltiot~f (th'flw'd ini. at s aia bb wcuk.
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(1.4) C C(~R.,; If,',(S?)) n C'(IR,: L2(S?))

b) f (n. ~)E (112 (10 r) 11, (n)) x fl S)and q( iii) C- 1,2(Q ). thcu the' *solutifll

f(.1) ( 1.3) has tihe foliow£~illq ffIrglai~ti plirpci-tws:

R., IuI.g1 + I~'t. .)12 11d.

is rif wi'-inlcl'irtiiu/. FinalUlyi. t/ffIf / (/f/ ii y1ff1ch isi, iou)1flIlly (I I.mi(I.If/f (nfllt if i) / (lIt!

(1.1Io) E' <~ 0 '~')d

1lP 111'Ps ofI Ff( I) this lfmpeff isi t.() rh iidl thle f'liiigv d'fv lift('11de siii''&litfhl'

gromi' tb 11 asllil)1ip hl lt ios i . III thew ifMt. of' t he pillwif wVc ailr~iii( t hiat t hlf't' e'xist t hill'e

io. l4iii( obfcl-lfcl(ia' Iit'itheineluffi fit of' (1,11of±x), trs.lof'i (1.12)) tll avsisC ift imil ,i

Hill lI~io-dclcmV4ilig p~rope(rty of g/.



Theorem 1.2. Asui (1. 11) titul (1.12) -with

(I, 1:) 1) > 1. t- 1 and q >: i stich (hat (it - 2)(/ < it + 2.

Theni for cnert, (it(, it1  E n1 ~)f L 2 (j?) the' .'oeution. of the' probicn? (1. 1) (1.31)
.seiti.Jie'.4 the: i'.8ti-eeiilt

/urucn C' is a ci onstant. de'jndjinej ooh on t r' ittitird ti eerry E(O) in neuntittuons

Remarks. -- Thei' is u i atilogotts resuth. it' We assutiii (1.11) with It 1) 1: 1 bell
kil vasy a(hiptuit ionl of' olur p)roof given helow leads to te et, st-itiaitc

where ,) is tv p~ositive cotist-tit. indcpcitndcut. (if t he initilid data.
'rlwoi'eii 1.2 impr~love(S Mid SiinlihetiS seVera1 Vlet-liet' t.1CI-ieorts of Nakao (131.

l11,aia iui and Zlna',.a [6]. Ziialzutt [141 , Conriad. 141 dood mini Maianiorit- 21] b. wealk-
('1111 g tIlviri gro)wt~h kssu tii t ciolls oil y lican z erot.

It is clusy to give' cmoiiipiis of htilict-io li g sat-istfying (I. 11) (1. 1:1). Foi. eXilitl)11'.

It' it > 4 andl . > (/1 +-1I)/(11i -- -1), I lien We caliliot. appl~y thteorvej 1.1 becalse' therei
is noi q sntl isfyitig ( 1. 12) kill( (1.1:1). \We( ('iliiiot apjply this tdieoreiti ('itliel. it' 1 < 1:
OwIn the~ first. hiiequality, ill (1.12) is not satistied With I. = i. 111 the' reninliinig

kases. iie. wheni J1 > I 1and( (11 -1*)il < 1 +- -1. we, 111.v apply. l~ieoreliii 1. 1 with
1) =iiiax io. I /eij q = 4 and r 1: [or p) =- oi I we( rathercl applY the coilnicileie'it
of, the t~hieoieiii nlient ozied above ((ef.( 1.15i).

As V.C(olliahkititly i~iiii Ol i i''citlotheiti1.2 al in ' hprevieus

resul ts aill have' at drnwhawi k 11ont tl('hid pint. of view if' appdin it io is: theluy t ~ieve
apl)Yl if h' d ic intcioii g is boundeid.'il Iiideid. Ito bllohitdcde fitlittioti (-ilii Vvi'ntv the(
first. itiqulPIfit.) itt (1.12) if r > 0. ()ti thle ot~her hiMIid, ill Iliaiy Apltlh'ttt~iOIIs thei
filict ionl g is bountded, as Lotr exanitile flic ini' ction initroduled'( iti (1.161) if J = 0.
T lie fo llowinug ni stilt ap pli( s iii sitc1 situaition s ats Well, at. ltwst lotr stile di d1l initiai l

(data.

Theorem 1.3. Ass'umic (1.11). (1.12) ...ithi

(1.17) p> 1. (1 < r < 1 and q > sixh that (it - 4)q 71i + 4.
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Furth crnn nrr. (si.oU.rI- t1-1

(1.18) 4Ž11+ (2 -n):' and 2)>- it - 2- i

Then. for cipcry (ti 0 . eet) E (H2(j2)nHfl,(Q2)) x fl1 (Q ) satisfy~ig qt(ti ) E L2(Q?) their
ri7st.s (a (flfstant (7. Sch that. thec *.sohetio,, offi th j ~m~hen (L. 1) (1.3) .xUtLis ic. Ihc

Remarks. -- nthe t~e('ieinct coll(lit ioll (1. 18) is easy t o sittisf~y. In1dele , if (1. 11).
( 1.12) and (1. 17) are satisfied. thlen, replacing 1) by

(1.2(0) luaxlp, (I) + (2 - ii) r)/2. (it 2 - iq ')/21

(1.11), (1.12), (1.17) runinina valid (wvithl the sanie constanuts ., ) illd (1.18) wvill bc1

saltishieel t(oo. Note thai. condhitioni (1.18) is nelta niticiatfly sittisfied if 11 < 2.

Consider. for eXalllll)1( tl~w. hinctauio g elefiiie 1) t lew 1orcliulla (1. 16) with1 (I > U,
;I > 0. If it > 4 andl ;I > (it + 4)1(11 - -1). tOwn t Iicrc is no0 q satisiving ( 1.12) awl
(1.17). On the other harid, if (it - 4)1 < ii +.I, then we iexay applY tleoreiii 1.A withi

I- Cill { /, 1. q = UnIxl I. I I and with1 ally p > I satisfYing J) > ~a~' I/n I andII
(1.18). For exaiiiple, if o 54 1 anld 0. Owhn we iiiay choose 1- 0. q = I and
p) = fimix{ (, I /i. it /2}

Another exaitipl'' is givenl bY

ifx• 0.

lIn this case thieeirvii 1.2 canniot bie appiiee Iiec~itse (1.12) is not sat ishevd withI
r=- I . If i I > 1 2. O nt~le .11f( 1wri 1 .3 cannII ot. h e appl ied ( ther b caliise t here is no q

satisf~yinig (1.12) and (1.17). Onit he otherhainel. hin ase i < 12 t~heori'e 1.3 applies
with, I = 1/2, q = 2 anl wit~h J) = 2 if it < (i. v ) (it + 2)/I1 if 6i < it < 12. A inore'
general e'xamiple' is givenl bY thc foriniila

where x,~ = oix(.r. 0). x- lllax( -. 0,). c, d. 10,. (1, arc giveli positilve 1ijiojihers.

There is a result. anialogeous to thceorenil 1.3 if ( 1.11 ), ( 1. 18) are- SiltMisid with1

1) = I and q. I- sattisfy the cond(itionIs i-- (1.12). (1.17): if it > 2. thenc we also nveel
thee 1)55111ipt-ionl 1 = I . If the ('se elonlitie a is ci le Siltisfi ee . t hell all easy~I ladilpt~il toill of

the proof of tlcoreecel 1.3 leads to the' est iinatce (1.15) where w is at positive (olns-t-lit
dependingq on thec initial dlata.
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Let its' li (t~e t i jut t. wiorcin 1 .3 inipic s an1 ('arivi fd .(l'(ivoi- of Nitkno [131; Ii is
original~t. .4trl(El pr gr' w t-li as )lt~io(l oiXal y C'X(1l (Idv( I .i'014, hli~v fleEIic lioti 0).

Oiir inllti~od of proo~f diffvrs front thiose of tlo' varlier woi-ks I'ho' idvi is toU
1prove, tliut till vIIvr1gy funIction )iut~istiv ' tit(' illt.(gVrtl iklc(p(ilait~i('

(1.21 E"r'(-) d., < TE(O)"E(t), Vt E 1Ri

witli (w (1) - 1)/2, fha it silitatliv ol e c(Si.I('('11t.itt. A. Tiell we caul (onceIu(IC by
ap)pl~vilg tile' followinig resiult- whfich iniproves oV(' va0110' C'1Ildl .11 vlins of 1naiwix [3]
andIii(Lgues('S [101.

Theorem 1.4. LOt E :R± - R+ he ai Iiofl-incrcaflmin filu-Ncol and nsui
Majt. Owne aot twor co.011tanf. o > 0 and 7' > 0 *-act Mhal. (1.21) iLs .at~imfid. The-n

(1.22) E(t) !•EO T + (vt V
7'+ (IT 'V

Remarks. - Note thiat. tilE' inequality. (1.22) is ob viousl~y sit~ishC'Cl for, ( < I < 7'
too: thenl it. is weaker: tlien the ti-ivikil iniequalit~y E(1 ) !! E(0). Tlier(' is iiii analogouls
(arnd sinpler) result. if (1.21) is saitisficlI with1 n 0: t.livi1 we lulve

(1.23) E(t) !,< E(0)c'' ~ Vt > T'

iiistviid ofi (1,22).

Our up)1roaclli sedins to be siniplei- tlan hiat, of Nnukiu [1:31 'enulse wt, apply'
sin111)er andIlion 111 a'ittiI'il iintA'gial inequall~it~i(' tu1 aclso15( si111)ldit tfliaij tilE Linpuuov
typE' 11 tetI 10( of H araix and zl('uia,',ua [(;]I bc'ca l15( Wv('to III t. ]Iiiv( t. ii it~ro IiUce

atrtifijciall L in)ujiE v func1t~ions and 11( i( coresponingi ~ I111 i tifwiviii ph lll I't.('ivi

Let its n115( inII(ti011 tflint stron~g 51 uihiit , 1.dSlllt.5 (witla ulit- dclui C'stiliII~t.(s)

weV- obta ilw vtt I IetI- ivli (b~ app 1ly ing I ,ask iel' s in vaj-u'iutle1)1Iv p i 1 de) 1Y Niv r\In at i [121.

TIc ne ionIi, is grawute li to F. OEiii iu d aiiI A . H Ella] for E Iniili~~1 d isEciissios 1

11101 to di t olE'ngllzllj/es ofi tileC 1993 \'(ll1 I I C A Ill vlvO et oil ('ai t-lo l 'Ii (' ll'' for t hic'i
ilivitlittioll.

2. Proof of Theorem 1.4

If E(0) = , tijon E1= 0 a1n1 tlierc is ulotiflilg to) p)1-VC. Otlherwise, i'jIvI~lilig
thit' fun~ctionlE by ti( finictiol E/ E(0) wC'111 ii Stldý sui tuat E(O) I = ( 1 o hil l 'Ijivi'

T + aT
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11tiitdicclit tlic' taiictioal

F: Rk IR+, 1-(t) V " ds.

It. is 11(11-in clelisi hg a iid local11ly aslu~(d t-oly cout int.iii iaii Differien t. int Iing and1( uslin g
(1.21) we finid thiit.

(F -')' Ž! n'r-" ax. ill (0t. B), B := suiipt :E(t) > 01.

(Obsemve t~hat. F~(~ ix tefiiic for f < B.) lteita9"t ilig ill [(I, ] we uhliaitl

(2.2) +(~ (v'- (-O 1.4 + 14 ) for every .4 c- P(.1B).

Siiiev FHm) = (1 if' s > 13, t-hix ilieqiiality is vidid ill [aet. for evciv m~ i IR S. incec
F(O) :5 E(O))' T 7 by ( 1.21), the right.-han~d side o' a (2.2) is loss tba Iiii(p(ittl to

Oila the otidin iii 1.wd E b ein g 11(1111 cglt.i e an icitt iu hnic I xii g. h left 10- I1id a ic of h
(2.2) imkv~ 1e ICet~iiiiit.eul its hdlows:

F(M)E'" (it > " dcIt > (T + (1.4)I E 4. - (ci + I x)4l

'II erefor wie( dudi(v41 Lee in i (2.2) t.he ext iiiat.('

(7T + ox ( + ((v + l.Y < /f I/.j.+ a)1(

E(T + (a + 1)4 1 + vs >!" 0. _U

(liaaxiiig t := T 4+ ((I -I- I )S hezite the iiicyiiiity(2. 1) follows. 0I

Rlema~rk 2.1. - -- T[lle t~hearcii ix opitimial ill the [1oiuc nvig seuxse: givezi (I > I).
T > 0, C' > (0 and P > T iuliit~rarily, t here vxixts it iiui-iiicrelliiig f'iact ian
E : R+ R satisfyiing (1.21) iand siiehi that,

E(0) = C7 anid E(t') -E(O) T + fit'

Tr+ a



\V v viL'aX' t o) tICit i(, - lulc t oi vei'ft Hiniit t~lir follow inig exfliint)1 liwt.' O wsc U pi'()I)V t~i('N

JC(i ±oC "tlT) '"" if O0 < f (P'- T(7"ý)/(fi 1),
(2.3) EUt) C +)'" 1+C='T if (t' -TC" )/(ev + 1)S~I < I,

10. if f>t'.

Lvt iii ts M( iiootv thatt fori t < T' we canniiiot mity iiiorc than~i till trivial st~iniute
E(t) :5 E(0). In(1.ccd, for any givell (I > 0. T > 0, C > 0I iiii P' < 7' tlill funictioni

(2.4i) CU) if 0 < f < 7',
0, if I > 7T

sittislics (1.21) iind E(P) =E(O) =C.

Remark 2.2. - A~smuic that. E is niixi coint~inuious. Theni tii( inqit(1ilit ics (1.22)
II- t~rict.: ini particulair. E(T') < E(0). We rtefer to [9] for thisi resuilt. for itlet-itilecl

Mt~ihly of' ititegrid iiic(pllllitiem o1 type (1,21) (tilso for (v < 0) miid for I lit, stitty of

3. Proof of Theorem 1.2

A pplyinig itdi eisity and tici i;)I xiinaitt-ion ii i guiviltl 'its in [4]. 15] itisk xu fib iv 'u.

((),~it 1) E (H 2 (j) anf~i) 1 ~) d y("i )CO(QL).

III this (.1isv' thU soluition it'o (1. 1) (1.3) lin's thle ieguiliirilyv piopurtics (1.6) (1.9)
Itold t hiis r 'gIt la-i tv is suficien it. to ji 1st.ily ill] coinpti ) tat-u as d. bt. flloi~ w. Let. Its b egini
by iec-ihliig tchi( ro'1)() of foriuuutl (1.10) in tlic'iitin 1.1. Nfitiltipl~vitig (1.1) with Iit'.
itiw~grotiing by pittl1s in 1 x (S. 7) mitd using (1.2) we, obtain ('asilv 11h11

'1'

Sinice *iq(.) > (0 for all .v C- Rl. it. follows thatt the energy is noui-iiicrellsiig', locally
abslus) tely (oilt ii 111)1iIS fui 0

(3.2) E' = .- ]ig(u') dx ax. in R+.
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Next, we miitipiy (1.1) with Er" 0)/211. W, 111v(,

0=. E(- 1 )/2 it (it" - Aui + g( .') ) cX (It

-[E(" tin)2 o' lx] E(I - : ~')/2E till' cix tit.

+ / E(P- 1)/2 IVII12 (111)'l + o (I (c' l it.

/1E~l 1 d/2ct. E(_ )1/ till! ix] ' H + f1 '" 1) 3)2 i;'l /t cit' cix (1

+ / bI- 1)/2 /2(ti')' - dc(o)cx (i.

U~sing tit(! 1lc1-11('inceaiIg propvrt.y of .E, thoc Soiholvv jiIIIIwclc hg H1IM( ) c L 2 (11).
the uiefiuiitioul of El and the Cacuhiy-schwariz hiiiecjiithity Wc hIuvc'

I (-1)/2. (tl cc,' x I :S c l' )12 < r.p

/ E("-- 3)/2 El. /1' cli x (it, < v. E.("- ""E' dt. < --c E' dit. < cE(S

(Heore andc in il t v~pie' NCIC IwVit, I( iotv hy c poix) 1t-Mc conta)~tin ts Whic jhi 111y bc dciffe ren t. lit.
Iifferc'ut. ocxcurencimc.) Usinog t.11c'MV est.iII 11tvc' wc' ic iziciIc from I thet abo1 ve i dvijiit.%

t~hat.

(31.3) 2 E/)E"- 1)/2 (it, < cE(S) E J ' 1112 /2( 111)2 - q(111) (IX (It.

lit order'i to ut'Miniait(' the Iwl~t. tecini of (3.3), we xc).

(3.I :=Id E it : Iftl 11, 112 : -- C I Ic' > 1)

anid we remark thitt dthe ituisimpt~ioic (1.11) imiplies the following two hicpuleqaitic.M
(wu aliso uset (3.2) andic the' Hldvr hic('ialiity):

(3.5) 1 1(1)2 cx•(IX J (. t/ji')1  ix < ( )/P+1

(3.6) J, g(ut') 2 iX e. lI"g(nyU1)') 2 /(p+ 1) dx v (-E')2 1 (P"'I)



Now fix mi nrbit.rariii MII6i > () to 1)( ehxI itpci). MIsing (31.5), (3.h)ý t.1Iv
\'~Imideducs Kofl111 E"' foi- mijyn( >_011c Obtw(Iviollst'Mt~illhlt(

ajuld lipplyiiig tiu', Yoliug ijyillitY wv ob'(i t-1il 01v followin 'tilig v

I/2 2(a' )2 agu(it') (Ix (It < rE' 1)/2 (-E )2/(p+l rE/( ll/(1`- )

(3.7)/ Il/ / 2 u'V- (i') clx (it. < /s ~ ~ (t + v(c)E(S)

and iil uii)M tittifing t his intot (1 3) We oh it.liiii t-hatI

K3Y) (2 E(" 1.:u 1' i2 (It. • '(s) E(S) + fEt) - H/2 /2(n') )2 - uj(Wu) clx(I.

A~ssuma e fm- it itiou ct dit .1 est. inuintel

(:1.1))E(V H /2 .(W)'V dx < e-E1 "4  ~)

(3.111)E(Il 110,(cqu) dx < d-E(I 1/

Ticut we Iowv' (shimilarly 1.1) (3.7))

h, (l, H/2 /2( u' i ql(u') lx (it 2- ' V/ (i' t. i- c)E( S)

h1i11 wv( colihlthl( broth (3.8) t'hhal.

(31)(2 3e) I H 1/2 (it .

(1hwsittK- 1/3 andic A t'(4) wc hle(hice f( oti (3.11) Hit h

1,(,11/2 d11 <i .4 E(S), . - S : . T

11,114 106119tl 7' --- +x rth ,1is Yic Is tOW fuhowiig(rhicI l (st~illlllt.L

(3.12) E] 'l ')/ (it < AE(S), VS > 0.

We maIPy thlns (om1pk't( thev prood by a~pplyinig theorvn IA..
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It remraii•s to provw the estimates (3.9) and (3.10J). Sime now r = I by] Il~~ypothesis• (3.9) follows• vamuily fr'oml (1.12) mid (3.2):

E 1)/2 (,I)2 dx < r i• I g.h (-u') dx < !- ': I 1:El.

riTurniing to thi proof of (3.10) first We upl)ly thel' HC6her inequliity, the S I ol•v
imbedding HI(11) C L"+'(S2) (this follows ftrom hyl)othemi, (1.13) on q) a11 t.lh,
detiiitioi of the (lie('r'gy:

i~ ~ ~ ~ ~~~(j '")/2 1 Iuy(V/) dx < E(I- 1)/"ljjl,,jj,lljj!(,,1)llj,, ",()<P•lJ")l,''l,

(Here and iln the s5q11(l we (k'1U¢t.(' tdhiv Inolir tof V" (S?) Iky 1II I < v <_ -x,) Using
(1.12) alu (3.2) t.o est.ilhat' thi htm1t.nrm wt , ,eobt.iin thit

E 1 1( ,')1 dx < (,/./ 2 U . y(i,.') p)/ I ,'• ' 1111(1 "0,

Applying the Young ie('u(ality hence we col(hih, that

E l-')/2 / I rty(,,.')I dx <_ E"" ' 1)/12 • - ()E',

Sinev p(q + 1) _> p + 1, he.ac (3.1(0) follows (with anothmr C).

4. Proof of Theorem 1.3

Adapting thi pro)of of theor, 1. 12 we (tdy have t.o modify thi proof of the
,.st imawst.( (3.9) and (3.1(). Let us begiin with thill proof tof (3.9). II' r = 1. then the
I)ol'Vi(1 I)p'•oof r1('1aiUIs Valid. If n = 1. then 111(S) C L* (Q) and wc c'loclude
t'roni (1.7) that u' C L- (R.j4 L' (S?)). UJsing the' obviousM iehiatioli

I: , ._ in{.q(I), -. (- I)} > (1 if 1."1 > I

it. tillows that

1 (IX I <_/1O - E") 1)/2 (- ') < - / 1.

We miay therehl're , amum( that 0 < r < I and 1 > 2. First we show for (every
fixed E' > 0 and .4 E (0, 1) the incqpllity

(4.1) E' - )/2 j (1)/2 )
2  dx < e'F"'E( '--' 1)/(2(l--m)) "1I i-(2-(,. t)m)/(t-m) - r(cl)E'.

1,12
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hikdod, wt, haive, pUttiing (1 (2 - (r + 1),)/(1 -, s) foi, Irvvitly,

E("- (I,), dx S (,E*(-')I' ) I,,l 1( 1 -M ) I-n'g(. ')Y' d iX

r P 1)/2 11 11 100 ) I-N) 00 gI" 111

Choosing m~ 2/(p + 1) t he' right. hand( sideit of (4. 1) becoaxlcs

Assump111tioni (1.18) on1 r implije tl' Std ,v jiilhling H'(SI) C 1)(S?)

(Thlisi n~.s111l11tioil is l'C(( onily if t >. 3: thv (11.91 it = 2 is trivhiid) Usinig alixo
(1.7) Wv t.iiix dedtiecv fromi (4.1) that.

I 1)/2 j •(')2  INx < 1e'E,' I1)/2 -((e')I

with Moli)R (collst alit c which (toes lnot, (pc)Ci~l oil E' Coosinig ýF' :=1/c lu'iice (3.9)
follows.

Tiniriiig to thei p)roof of (3.10) we inity awxsitiii that q > 1. Iiidved. if q = 1,
thieni v, 11 replace q by I + h with at sufficient.ly simi.ll - > 0: th-en ( 12), (1.17)
hM11id(1.) lii (1.18) Vaii. The vase it < 4 is obviou,: the Ow•h w Invi 112(1?) C L' (Q)
whlic U i E L'( L(2)) (c. (f1). Therefore

E('-1/ ig t'l -I <

Now wissuve that i > 4. First we show for any hixod 6' > 0 the ineiuality

(4.2) E(p- 1)/2 ] jug(u')l dx <_ 'E(P I+q)/2 'lul/ I -(-)E'

,#q+
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< rE1)-1)1 )q (1. I q

is valid fill vvery x~ E [2ni /(ti - 2), -t-.,) lliul t E [0,1] sm-le1 t 1111t.

(4.4) ej1 -> it- 2+I-f

Chioosinig

t= mallx {J±!+ t - ~0}
+l I I

(1114 (11,1 rai ldily v'erif~ din tt. f C- (0, 1]. Furtherm~iore. it is ('lI$ to) show t hiat ill (,list,

it 4 (.4.4) is sittimhiv' I if we choose a suxicitheiiilv airgv m~ > 2n /(t - 2). whivle (,itese

at > 4 it. follows fromi (1.17) and (1.18) that. (4.4) is satisfied wit h x~ = u/n(n -- -4).
(lioosiiigs. ill this wiiy, asing (4,3). the Sobolvv hiuhwddfiugs ii1 (Q) C Of"("~' - 2)

H12 ( j) c L-4( Q) and applyinig (1.6) we ()lutiiiti that.

Ellpt --2)(

(ill t Ile last. Step) we iisetl I t'1 ilehinit ioii of I). We thius dlvihice frinui (4.2) t hie est iiiat(c

E(1r i)/'j kqI (n' I (Ix < ce'ElIp±IH/2 E (~ '

follows.

Now tdi( proo4f inny~, hi' (omplolc(t(d ili t lie( salilt' V/ as I hat (if i-hiore~ihi 1.2 il
114e preccl'(lig seetioli. m

Remarks..Un thlike the sitilatioii of the preceveding soctionl, ill the )ivs('Ilt. case'
thu' cons~tanits ill the estiliiitt.4' (3.9). (3. 10) (1o not (lehmfld onily oin the initial vnergy
of1 the soti~tilun. Tlierefort, we ('itllot applly h421't a (l('isity arugiiiet. to ob tuniiI thlii
e.st-hiiiate (1.19) For till soluitionis with inlitial daita il Hfl1) (Q2) x L2S)
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it' j) =1. Ill Otis c(ise( We ('1111 n('IXnt (lit(, lbuve proof, excep~tingp t-hat we' ni ilmot

1i111y Ithei prove' (3.9) Its. h)Iiwsý ill the hici('(tilit.V followinig (4.1) we hanve n =2
for elny tlioic, (31 8 E (0, 1). Hence

< v5`L(I)-- ')(/2(l E) - ve(l) P" < (h - ce'(l) El

tal 1( (3.9) fo31llows 1 y choos inhg E, -. / e. TIhen we (31tnuin again tli jii itegiti v stih mles
(3.12) (with 1) = 1) and we euieliulv by lipplying the v(3rnvspotldi(ng vmili-ut (with1
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ON THE CONTROLLABILITY OF THE ROTATION OF A
FLEXIBLE ARM

W. N{AB1S

'Tv('lI Iiselie 1-I(oI schuile Diu-nstm It.

axis I Iiiitigh t Ii ll N arm's fiedvid and ciivvik by a liolol Whose t.Ul~lll is conltrluled Tl
illlt)(il Wits ll~iv'(iv and1( ilIV(stiglited tclIljlt-ittionidl~ly Ily Sakawn fil- li vth u ns that d
lmit~ is livl'Milil(i Its4 it litiiiiguiiiiils K114.1. lwnuit. Tvi rcsillt~iig vclllt~ionl of louttloll is it

pl-aikt l liffTvlt'lial v~laClktioill of t ll(' t.ViM of it wave4 v'irllltiolll whihel is linearl with rv lpvvIt

to1 t ill, stit.l., if' t.11v uillt ioi is fixvd.i andl iiol-liniiiii With repci)'t t~o the colit rol.
ConsIidieredN is thu polumll~l 01' stet-lig the lt' ll Wit-hiii a giVenI t~illl(' jilIteI'iii,

h'loi tlit Ilmmition ll r ust Fo II liii migl' /ul~l ilili' 11tili poio~ill of rtest IulICI U Ci'tiiill

givull I111giv.

At first we shotw that.. hao (vlVr 1A-cnliit 10 which is sulitalbly bonlicled, t Inn' is
e'iilvtiY 0111 ( wunk) solution ol 2 lie initial blaaiclarv vallill prll~h'll WhIiiiI dulsutilms il(

199 Mo A(l/I (Ultc.j(. Sub.1t. 1~ils~ifi((l idr. 93ll1105. 93U1it. 93~( '1I5

11(.411111.

Introduction

1)1 ilg in vest.igait-ed ill I5] wits slIightly un ,dulh 'd ill [(31 atiii als LIt) -i '1lud bYI i ) t iiIII

Ilii this paper we conideri~ tlit' niodll which Wits dekrivtd ini [6] iaitI t retteu

(10lidlijIjols (1.3) ftuld iilit~iat. condlitionks (1.4) whiceh (l)Iwel)0IId to I li(' posit-ion ot

rv('st of tIII' syst(ill kit. the 1 gitilifilgp of the Iiilov'lkihilt.

Ini Section 1 we fin)1'ilit 1, ll Iv t'teproblvllil of conitrollabilit~y to be solved l 12 this
paper. Seetiuii 2 is dlevoted to the quvstion~ of tiolvability of th lit liotel v('C ltitioiM

(1.8. (13),(1.4. Hre we also derive anl integral (hff('routial evjt~ltt~ion (see (2.7))
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tiolo if' the cotroltl is siiitahlly houtilded.

III Set tiol 3 We i (' ti p-vii kittll .1V'i titcaw lotho in Sotlv iniV g tici lit 11 )l( oIii con-( l

1. The Model and the Problem of Controllability

thr ug iOM (' 1(1' illils ftixed tri li d c . V e alli c 'j lit t .11 IiIlit rit. taIct. i i' t Iii be diven ii , N itt l( o giV'i

t~ot- solli given lit, Tut' > 0. whore o' =~ )(t) is tihe angle oif rotationi. it! ti'(t) is

111v 111illiliti Veiocit ,V,anid ?/I , (I = r(tI)/./ WiieiN 7T T(tI) is tii( tor~iN ut getieI-tt-evi h)y

t.i(v illto 0 anid J isi( tlilt)!0 itit ofi iner't~ia of, the Illt) to. ff the buldienitg viiat-iotii 11

(11t. le ait ii) t are sit ii, we (call viLs5iille .1 toi be c((iist itlit.

Iill i additio i (tii e 1155111 i the '1ll 111 it'o 11)11 h lit -ig lv l t 'tll id of1(i.1'! eigthI 1. Fotlltow ing

[1We titlote theit Jiispaitieeiiit y = y(t, a) td, t1e4 11-i1 Fitoim the iot-attiligt Zero.( tlin
liv he tillet'ii "tieqwt it n

(1.2)~ . ± .) - __ ( I _-.)I
0x (0. T) xE(01.

At t lie logititinig of'l the itotion th l rit l! S is asuniitd to he ill rest whiuiti Ivus ttt

lt( jinit ial etul~iidj lljti'

(1.5) ,:,(0) -- ý(O) 0 .

Oil using (1.1 tIiad (1.5) we get.

( if) ~ý(O = 11Qt) =J 11(s) d..
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(1,7) ~f '

fo (0,T]F so thait (1.2) viiii lit, rvWritteni ill the [on::l

*-.1,1(t) 101' t e= (0.7T), x' c (0. 1).

Now we arc iii the posit-ion of 1or::ntl-t~iig thuc

Problem of Controllability: Let sckii: angle v,-j' E R with: f;.j j 0) he( jpt('(1lib(l.

DetcriiiiiW u E L2 [0). ,[ S1-1(.11 t hait.

lund I lic ('ot1'Vejptl(hi~g solltit ol tj y(f. xr) 1fCI.8), (1 *;I). an1d iI) .I s isfies I lie

Ilk wordls: Tlle ton~pw of thle (11inivig tatl-or.'i to he (1('teril-.Vle 51(11 t hiat t he ;11-11
is 51.Vlvdl froinl a positamol of recst at I 1 Witli auight' 7.110 ?o aI pit ilou of1 rest at

I= TF with1 alighe

2. On the Solvability of the Model Equations

lBefi d-V'alhing With: Ilie prahleill of cotitrolfilhilityv wc im'iivetiat-c the (1(i('t-ioli

1tin(er wlichf coinhitionl. [Or a give:: 11 ý- 0~((0.1'). there exist s a uniiqu weak solit lol

For this Jplirpxs(' We at first. Ahscrve that, the difiteleiftild oplerator

L[-] (x) = :"l(x) for aluiost. ill XE (0. 1)

:is Self ao 1oiiit. avuli p)osit~ive dvlt'hlitA' ol

D(L). E jf(.(( 1)1 -(0) = z'(0) = zff(1) = :Iff(1= ol
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an1d( 11,Ls an~ inlifillitpe s(ýecjIi('ic of SiI1II)le VigVe~IlvlVl(S

2

wvhichi are the( jposit~iVQ s~oliitioils of the trans~enden'Ital ecjiiat-ioi

cosh(Ai ) (0s(Af ) = - 1

midi for whic jli tij , f,. = (1 hold1 s txite . Th e correspond( inc ig sequenei4( of I )1tI 14)1(1-

mina eigemmfuinitiomms (-_ E D( L), 11N. is given lky (c=~/I I1()I))-r where

ci1(J.a) - e-oS(A}I.v) - (ium~m(A x) - sin(A'.I-))

amnd

coxsi(A]7) + vsA

sinhi(AT)± + N.nAi

Now we (ousi(Ier Ow di'ciffvremt~ial equmationi

(2.1) !tIO (t - .') + !/,* (t. ,.) 't '

for t E (0,T) and x E (0. 1)

where f E L2 ((0, T'), H') is cho seni arbijt.immijly taoget.hmemI with thme Imouimmi lary coumli-
t~io. s (1.3) and tOme inuit-ial condcitionus (1.4). B 'v rvu'ilt~s in [11] andi ( 2] thlere is aI uniquej1

weak soilutionl y y(I-.r) of' (2.1), (1.3), (1.4) wit hi y E CC([0, T] V ) nl C' ([(. T1. H)
which is givenl by

(2.2) y(t.x~) =- '1 ffs )* 3). iiv (t - /. (x)

for E 0, T an x [0. 11 whereH L2(.1,Vll

1!f = (e lE 112 ((. 1~i()=e()=(}

Its t.iliv imer'i vat-ive readsk

(2.3) Of.( .1.) J, 1 J J(., co(.jI~'es A, I(f - .4f' f.,(x)

fori I [0. T]1 amo nd x c0.,O 1].
If ' = y(/,.t-) is in C( [0,7'] V/) nfl ([(1, TI,.11) and is it Sollit~ioiu of (1.8), (1.3).

(1.4) for sonlic' given li E L 2 ((,7'), theim(, We!)I

(2.4) f (f, x) =(f(.)d) (1-.'2)y.! (t, J.)] + Y( fI, a) }-.1.1(t)
f O
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for t E (0,T7) alid x E (0, 1) aid infer tlhat. r = y(t,Xa) is also a weak solution of
(2.1), (1.3), (1.4), since f E L 2 (((, T'). H).

IlII ordr tIo show that f E L 2((0, T), H) we dehinte

1 0
g(t.,a) - 2 ,- [(1 - ;r2)v"(t' ')] + ll(t.,)

(2,5)
2l
2 ( x .F : ..,( ..,, - •. ,( ,,. + Y, (t, . )

for t E (0, T) a ld X" E (0, 1). Then it follows, foi-' evwery t E (0. T), that.

I2

+ ( X . 11,. (t. .,.)2  ..) 1 + (/ y(t, .1.)2(,;,.)
(2.6) D

_, x f t.) +) ( + 4(

13

Froin this estinijate and the fact that. yj E C([O. T]. V) onil, can easily ili'er t hat f
defined by (2.4) is iii L2 ((O, T). H). Therefore everv weak solution I/ = (. .r) of
(1 .S). (1.3), (1.4) for somei given u. E L2 (0. T) which is in ('([0. T]. V )1l( '1 ([0. T]. 11)
sattisfies th1 following integral diffhre(ni.ial equlla tion

(2.7) II D

J , .iSil (J)d.i- (,,)] i,, "j( (x..))us. (

for I e [10. T] and x E [0, T] wlre,. y = .(t,.r) is ,leliled by (2.5).

Conversely, if y = y(t,. ) is in (C([0, T], V) nl C Q([0, T1]. ) and satisfi•s (2.7)
with g fj( .) I= bing ehfinlCd bly (2.5), then y = If(t, .') is it weak 41-OlllO.ifli of (1 .t),
(1.:3), (1.4) in C([o,T], V) n C'Q([0, T], H).

For every ii. E L2 (0, T) we defin('e ai affine lineaur imiappilig

S(., .) c([0, T], V) n C'([0, Tr, H) C([0, T), V) n C'([0, T], H)
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S(,.:)(t.,.) O-)) IIP( ,j,.,(xOd'

(2.8) *J - V 1

-,,(..) /'.7.,. (.b ., .Sin v ,C(I - S)(.•, j (r.)

for (,.,) f. [0, T] x [•. 1] 0. 1 wheJ(.r.e, g) is ,Ifin,,d by (2.5).
Obvioisly I/ E C( [(, 7'], V') n ( ([0, 7']. 1) is a sollut,ion of (2.7). if kind olnv if

1) Sltisfit's the fixed pIiilt. cjilltiolk

(2.9) y = Sv(u. i;).

yt I;.y2 j; E C'([0,T], V)n (r'([). T]. H) be c'hosen arhitirarily. Thrn. or
t E [0). T). we o)btain

11-50,,. , (t ..- 501- !,)(t,
p I

.1((-j ) 9(, t , ,,/1,o , Y2)(,..,, -,.,.,.., , ,)U "l l,• W)•.,)
J D I I

V ' ilt ill ('ss S I Ih11(t.. -Y ll2 )111

< T4  I-I, '( max II(Ij - y•)(1,') l') svv (2.6).

__, 1 1. ,11121, )( I. ) - ',(, . '• ) It llvft [uIt']
(2.1())ji mx -?2U)I

<_ 2 /11 112 1101

which jitnilies thnt. v((latiolk (2.9) lin.us exictly vx l0 sohi itesol ut !io E (C'([(. 7'1. V n
C' ([0, T]. H). if there is solliw cotistait. "•,.E [0I. 1) Such that.

3 T"2 11,112 <1 2
2

which is equiivheint to

(2.1 i) Is".11s <- ..i w
Under this. condlitioni y, is ai~o tihe unique weak scouttuni of (1.8), ( 1.1), (1.4).
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3. Iterative Solution of the Problem of Controllability

III view of Itt.Ii (c l I44c rat.iln of'~ SecX'tion 2 the(C1w )(1 pro 1cii i ofot. Crohit i ty c an

be c(jlivaientlV I-ewiittr'ii asi fo11uw.s: FiilId 11 E L2 (0.IT) rid C Y =C ( (oj. 'jV )nr
Cl(1'It. T1]. H-) sm-11 that

(:1.1 / ii(t )dl = 0, 1rr(f)df

(3.2) y- S(11 y) = 0.

OA1.) .1 1

-11(s~) hr, S~d illj /AU . )sr()

for1 (t, a) G 10. T]' x [0. 1 uand

2 Ox

for (S.~. ) E [0.7 Tj [o. 11.
AVve have, shiownfiitat for ea1ch 11 c H L- (0I. T) wit hi

forh~ y Eli (0. t) threje is eilc'X1t-.N (rile so)hi~t inL / hu (-- V at(3.2).
If 11 If With (3.1) anid (3.6i) is givvir. their1 the cial condait ionh. (3.3) For the

v w)IreSpC an lit g soluion yt !j, E V at (3.2) anr eiiavidew ito t~iI'he I following sVstvCi

of c(plit aioCIsi

' t

1t(2r)dMs) 2  Nt 7 ii) 1 (.,i-i~) .(J .)d.iP] cos A),( f)(1 o r

for j E N.
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Oil usinig inite'grat~ion by~ parts ini c()iliect lol with

j u(t)rlt (1

Sil

(37) /1 +/.i.jij~ish, Vfj7(T - I)] u~l( I )rl

hIt( a )r /a 0e'.l cos JK'-,(T

+ h, (.l)di ros )i 7 - t)]J1 (/)(It =

fo1 j N.
This lead0s to) Iii follo w ing itevilai tw I ~v1( 10( for si n UVitg t.hle prob 1 iii of co}It-

t.1ollablilit~y: At. first. we dotiiuuc inl a I E1 suchl I hiat

'Fhis it, is thelicfls fuinctioin ill a se (hf. )A* ll II Whichis IS ous--ii t( i~ts'lu

(.011))~~l 01' -I *S111k. I/A) U

re, 1 4. 
1

A E- 11 is Ieflu'iii lied stir-l thii uI

-IL. +I f)(f 0 tAj I (I

DI
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l[~~~ ik~(tT)drr !1(8J YkJ)'j (0P(0 Sill vr'3 -(T - s(.

0 4)

X(Pc,(X)dX sil \1ýiX(T -- t)]IA.+l 1(t) dt = 01

(3. 12) 8, t I

]E]f 11k (IT) df !1(-", -P, Yk)Cj P.) di;ý Co`ý .v"X(T - -4)(1-s
0) I) I

+ ;Nc ('ti cos /x ( - t)]n&.k+ I(t M l (it

0C

for E N.
Obviowily we obtaiin (3.8) anld (3.9) for k = 0, ol wv. chioose tou () 111

You 0.
Let lix d(I'hiv. for e'very j E N wnd A- c o

t m

=-'kt */ / U(a)dd( / (s. .ý, Jk.)e i (J)dir Sill \/-j(T - s) d.s

Sj5d; ill Vj (T - t)

(3.13)) da

k~t = /u~.Ilk t g(s '. y~c. )u(;? cos Vý7i(T - -q~) rI..
I) (

+ ir (aid~ r'ox Vf-,7(T - t)

Theli (3.12) (-all be writtvci iii tie foriii

(3,14) J z~(0 Ilk, I) Md(t z 2 (0 Ik+ I (t ) (it 0

for j E N mid1( A- E N.
Lot. I4"A. be the L 2_(losure of tli(' spltti uf z~k =- 01, (1 ~2 reN

Assumption 1: For every A- E N the finictioni f (t) t, t E [0, T (does llot. belon)ig
to 147A.

For k = (1 thim follows froim results in [21.
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Ulii lcl. thlist AssI uII t ioLiI therel( exListsL ('xaclvi'tl'(, ii-A E, It'&. sitcl ti Ilat

wvhich is d'i(arLact.ciedi/(i by

.1.

P O- ilA (t ) 11'(1) (It = (1 fur 11l 11, ( It'

fu r i = 1.2 and *

( )- Wk'( t )f(t ) fit = If ' Wk11.2(1)>

If %I' pilt

(3. 15) 11A-+ P ~ iA IL(L1 n.-I.

Assertion: A Iluhgiti;Al soluit iUIIs of' (3. 11) mid (3.12) thie ou' givoii b%. (3.15) lIms

Proof- As it rvsult. of n wviIl kiiowii iliuilityv tI iiuiviui ill Iilivnil app))ILXihI ilt olull liviulY
it follows 1.ilat

If - Wkl 4
((LT) = 1ax{ /I f(t)aL(t)dtIlIll E L 2(t, I,), l/' (i ) n(i )f cl

tor all fv c IVA. aIIlllld 11~ fill

Let it E L2 (O. T) be aiiv solLutimi~ oft (3.11), (3.12). Then

[I (i.)> 0 aill it' u((t) lQ lt hf' aill it! C TVA-



W~. Krabs. 277 41

0vie Il Ii 1 )l1. I k+IIia 1)1 I*.Ii 4 ) a (1 v 1 1 )ec t i ) O t

Assumption 2: For ('very A- c N,, We hiaw(

for' sme)L -y E 01 WVll'I'(' Ilk(4 I i giveu'1 lwý (3.15).
As till itinne1(1 IiatA conlsequi(v( (I of, hIis )Issllp 1 jit-o) We 41111W I.4 I eist v1c(' of i

XIbu~lue(11v1e (14kA)( N of (itk.)k~ j which con4verges weakly to sonic .i cz H. ShiICI 1.114
14144(1ol 11)4 U I 11 tll ~is ) weakly sI ~ey nt~ially lowe )Wel IIi-Il 11t~iInII4uo. it fol11lows

BT

Further it. fll~hows from1 (3.11 ) that

Let !j, E V be1 tw l ores( epondhing soluIt~ion1 of (3.2). Thcn1. ['()I every k G N we' get

!Ii, - m" .= S((I. yiJ~ - S(Ilk. .j y 4) S( "* f l- 1 k. Y"Il

'A'li(I iIjIIIHie

I r. [ill I _[0

(3.17) ma H1 II.( *I11u~ I(SX 1 )S4Ay)(.W
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Siili'to tihe (st~iiifllt( (2.10) urn' caii shiow that

111.II (S(4.1u~) - S( utA y, )('t., -)III
tE [(0 1

132T

(3. 1~) v ( -T ii Ci +Uvf~ax I t l + )IIVI - H"III

Ilk~i7 na (1*)Hvf + 1 -)' A.I( d i'. !A

f I((. x) / / I/

4 / icj (X)eaIl+I U. (")] sidi 0/ý' (f - M) fb j (Y)

fbi' (t,,,') C [0,7T] x[0. 1]
Thea it follows froiii (3.12) thiat

fbi' all A' E N.
lbut ii'i-te wI ii t aiui

(3.20) ~ ~ ~ ~ 1 y, (iA )T) jc's 111,111111&X Iu (. )leIIAj I Ilk / IA*H

XTIli <2 1C bll,(I )I

Assumption 3: i1. = liflik.- u.. Theii (3.17) tiul (3. 18) impijly

Hill m1ax.l~~- i~.)' ~ 0

anl oii tshing (3.19) and (3.20) we hifer

Hviiv [i tuid ~jsolve thei prublein of c()iitrollahility.
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MODELING AND CONTROLLABILITY OF INTERCONNECTED
ELASTIC MEMBRANES

*1. E'. LMA(ESi

Deprten )ie(4'NVii 1livimi vtics

1. Modeing of Dynam ~ic Non-linea E~lastiol cic Membranesmm

x u1sth I ojt it ftsiv f fI t ( h it ta ai if 4oP itil ril(1.tvIv llr le (isimsp. 1Riv . (ut14sidtvt il inblituit
t' l a i tylf Ihe v r i tt aR- r II ui't e 1 .( I ( tim c(g t r t iiii is olvxc ol (y ml

1-vS ~ ~ ~ 4ut+111ti lped itm isl 1wi (1c i-H 1)v dw Imlilu. )F-~ it s~tul o*ill

suheeP it uvw r l i s d Vectut' i Mi cr dw . ua I il- ill~l lilt f~hw' lthts (d, .3 (;irt't' a itid ( t'
t i uke the edgetls 1.2. iit h, Jinict itiatjc rogi)[lI'tl (Whur villasstittiltl. Wc set

allot................



282 Abtdeiimtt ud cd ronull ribuhibl uýf iit, 7t Onttn, icd chmier mvit nNYt' 4'btoe

Basic kinematic hypothesis. Tlue 1)ositlioii vueet.(r at t.illi(' t to Hte (hisl~liw(A
IOLilt joll (f tw li atil itiuatmv w . rG1 -. X.2 , X3': ) ill tli i r nfrvii (I (coii figiiriit. itl isii

(1. 1) R(:i,.rX2 ,.X3 , 0 = r(xi ;t-2 , xj) + W(x1 .1x2. 1).

Hyp~otbvsis (1.1) ineaits thait thev (iforliiatliiii of ti (ross-sec(tioii orti~ogoittil to t lie
axis of t. lit, -Y~ihlclet'Nrm is 'pudo ci ilt of t lie variabl l x:1 ;Iihnig tiw ic' xix of' t] ii cy iii i r.
T~in tiii' fl hi'i dof aiXittioii of thev (yl ii icie is ('Iii iIvtvl i]I'ciyiiie 'ii ni i'd b y the( t1foie (li it t (ii

oIf tuiy ofC itsx (-Ioss-seet.ioils. Thev latter' is xiieeifieil by the( vveotr fiiiiwtjoii W Whficih
liuitueaxii thev dis~idacit'iwn of ti 'ross-sxectnili. Let 11V I dvleotvt tlin t'oilmiejii(litx of1
W iii thec{(a, j bwsix: W =1 I-Ia,. We rvfer t~o ai e'roxx-xectioii Is till 14histi(. me,,bvinbral
Midi to tin' lIitilar i'tgitili

'Pl = f{Po + x, , (XI, -1'2) fe

ixti',fi wcfen'iu-c e-ross-scrltcill.
Sot C, = R., .willeiti xii sixt ii p1 idt.rii 11 (illillitt liii 'iiis N ifi frc'itia toll %i( i li

lVI'e Vet. to tie'IC iidiC~ilttM xIitintuil varibiv d. Tue('i11 mi)oivi('Its xe~ ((f Ow si raiin t( ism -
iii'e giveit iiyN

(1.2) 2 ,-

It follows troiin (1, ) iind (1.2) that

{2 4
1.1. Equations of Motion. LA't -' j i('tiott.( the (clih)Iici(lt S ofi titi' .'Ioid it,,t l ~-

(1.4) V=x .

(Stv [8, (lIiaptei 31). if F t1ieiiese Ilic' iioev toic' per Itilit.o ni iiiieie'ioiiuieel Vliiilit'.

tlit' tdir(e-cini iieioxiiiai uoridit~ioiri tot' the batiaiie of, hficc' is

(1.5) t', + F -p .,

Whi(Tic 1) iS tiLP iiiaxxS 01' tHe ii)itiv 1i('I' 1hlt, oi 'f(''' vtiliitiie. I Txt' of (1. 1) aridl
(I.1) ill ( 1.5) aii1ows thiat. ('C liltiolli to in' writ teli

(1.6) 'fa., + xW ,, + x".,'' j + F PW.,i



Proposition 3.1. Fori tm uq l 1 . 111( iiuprvIitq iiquri/b/u ulp'l .1,, I- hair
vi.. ,ipl utic Jurii

(3. 1) A\A 3 0A) ifn I

(1 TA-1III rif, j ()(A)) j(S~A - )t~ L q. it' IL

(is A -. Alftrcoivr,. Hit/, rt fx.st% (t, il t -1 stirb Ilif

(3.2) 16 A., - i. VA..

Proof- Assumvi~ t hat I A 0 I. Hysv li~livti1- we (11!i% l (' 111,04-1 i 114 I t4

(3. 1) H'~ ) c'O t ' ) u'O

we ~iiiriv( at till' sYste o'ii I/ iplt itons

"[ ,/in - k )/I() ((-Ii, fl) jj (.i-n)i2 '

'.tin hi as1,\llto'h 1,1rxeIm ()Zn cl m

ke "11, 1 /., (1 .IO.
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Is, (, .. . i ,,,, ,I-. . f., "hA f 4

h kill t3 121.. . liil. wt - that •, ) :

,(i ,\ lJ J I )'

[lilt 1

till,

hIl l

i,. p

I ¶I I. Ii t o Itlt;4 111 1

to t I I I Il ii , I I.| I,'l. h t l l l I . I, d t-~ l tI 1 1 11 1 t II tiI II I I l i-

I, I 1)14t1. Nki, i . ,l hilli I h a II,i'11i i i f ll i ll II m gl

S.. .. . , '41, 1 k~ii ii i It h il ,, 1 11.1., I '.tI I 1t ;kll(' . 11 1 w i t Il i i " I. il I. ,. l J I i-I,,

9 qt4'

I- fl i fl'Oll. \\tll' - .1 ih t 's - l~ l

Wlli IKll li awld !1. beinigi m, hiv a Jil ilth . Tl-lii it. is from (3.14) that,

, , il - ,, li ll ii , l•.I ll il ii 1l,l 1/1 !1 / =" -i-/
ii Ii I . |,: •

:1 lItn /A( Y0(11) !A q(0) 0" P = 1, 2,

%%lilti Itflli l i t. 1 1,li /tt-l hic 4 is li ol [lilt i g' envla. lim, of. A,, |' 'lli(, . 4 proof is tt l v. E



IPrillip sithio 3.2. .1. . !fhitil (i I / 1. !7. ii fil (t/of FF1/1 . ,, Is d..sr,, to kp c"
,tell ,I,," FFit,,, , ! 1.dI fi l lti i li h, t t ,,I FtF/FFJ ,Ijq livi f tI, % . -) if r•'• . xs.• F / os I, (pill

E!;FF( FF,' ..... I /""rfFF I ,., "I. \. I 11 "I " FI lF .. .. t I'is 'I' ll' /tit m, , tiff of F/.-

/i,, IFtl, f FFfliFFl It • F • , 1/ 1 fit fi r Ft I F ,,fllS. ite IN 1 11. 1 F J.,

Fh Ih.FF• . .FFE I ,.- lhEF •.,h,• l, h• #, l, ,h /h i

It ,( IF 1 /ai 
1

i~ m F #Il ' , //, I tIy % lt A m " A oi'

I 're tul I: 's 1F i l .... 1, .0111 .- ,1 i . 4- Fh,,- ,,t , I .... i, I I indI 2 2 iF 1 , I f

I I in I ,I I IIi I .\F N I Iit tF tll I,, F , F 1 I I F i I F i l. i. '-t ,I IIi., I,, I I 114.I I h-h,,1F ill

Ii 'It I, I I' 1, 1 3 1

I tIem airk :i.I. I 1 .h, , J,, II, .. ,, . ft,,,! ,, F .,I II, I ,4
IF,,? F/ I EI F fl, F I ' I . . " , '1111F'F'F I' ,il f", ,, ,, I,, . ,, I,, .I,,!,

D it.fi llit l1 : F. 1 . 111 F , 1, , It'd, , I•, II" ph,, Fid,!, III ,I F,, . I. . .. ft, E ,,, l l. ,, ti.*

r ',/ I I I 1u : h . /1 1. 1 , .f. It tI /IFI i F 1 (FFF FI *. 1 / fw t i, *

I/FE 1 .1 FFk FI ) * IF* II I. I iF/ t 1 1 IFF Ij 111( d F ,,, F tI IFF~ IIF /,

I:,.) Fj" ,• ''- ".

FF1ý FIFil/ I),% /tt/F IEI El/dif fib F tIF I F 14. F1 F (if I I lt/ F F0 F0 1 I/F h , ., It lt ,F

/FmiFFFFFf tIFF H",: FIF/( - .1 1. Ill/IF F I Fit, d F11 FmH1/' I IF.I

I'rj(F~ThC S IH 4 :i. .fF',' I FEi I Fla fF111/i, F 4 F a, Fl/~iw lIE '(F 114- 1-1 f IIFF IIF

P r o/ oit io 3 .3 . V ,i 1/ 1F 1h lii it t l ).tii ' 1 l t

ft' (I,'• + I " i,

F i2



36Boundaryj WithainzatonL of Ilic Kovivivv-ur(~-c Vvjes Equati ion

i~c,, the'?Y arcl posi tive cons(.tan??ts EF, (thc'qv 'willd, in yctiun'l, dcpcnwiu0i on ) such.t

that. uiiifo-idy~, for' 11 EII

(3.20)) 1 CA 1Ik2 + I A"CA. 12 11 1 1 < E~ 2 7 (k1 2 + 1A(k2)

Proof: T he 1) ot' is S4illkiilill' to tdint. ofP'~ 1"roos it ioil 2.A ill 116 Mid lI thell('14f1'01 is

4. Asymptotic Stability

III this 54'(tim 411we co'41115141e1 41v1111t(Itir suib~ilitV v4 of 11 tolltms 1A the 5\54IvIll

1. ). I ii s (1 1 4ii i 44 . dll I (11 I hei disi' i l' t kvI'.r c 114'111isi1 I lii1) 114 tli (Ii i
hq1uag(illiij's (ii. I.3. Olir appiiii is vil~t irevI salicu as IlII ot- ir 1ed ill 1161 witlhill

W cils'5111114. 'l n I mid( 44 1 It. 'X-cl -i') i'4 g the14 Jpl-ev~ioll Me'4' 14). tiltC')411 i l

wh('u .1I '1 '~..A k i" Owe (ge'ivie'iiul*' I llll-(wI l1t ge 411) pill4)jeti'lm 441 e'tiiiei h

o)l)Ii.thiI A1,, it is 4.11.%Y Ill ge't d ie' I' .limviiig prllii ~it 1)41.

Propomitioti 4. 1. Fillan 1ip -1) . flif 1-1 ,.1-1-44 ci /1" - 0 411(/ it1 ' t.%ljI 'i f/pu

(1.2)1



B i t g-Yl 711ti l 3s7ut .4

for. aUlly 11.11 c 1 III all. d t > (1. fl4.4idif.%

(4.4) Sil S.(I - r)f'(., r)(IrII, I < Bi il.t(. 7)JII'dr)

fill (lily1 *f E: 1"2(0. X: an') hd

(1.5) S ill) SJ I - 7).f(-. r)(17-Ii, < Bl,, Sill) IIf

4l'/Ii~~i I Xvl 45% irsel I It Iwmn ofi~ I, 11 -. Ib im I I iva itt S (jt .111stlt

Prlobal i w i( ' s I lie iaii'sSo tIj.-I)illethe pas I i f~ fii i t - 3lts ie iela ilu( il

secioii 211.Ho ee h tiroc hr cu o 1 in 4 b ilIl.

of ( IA)ll, th I. ( I I /":. IaM ti~t .- 1. .u'iilsrv.ki ~ Ol11'isillh .t bi, l

Propof sitio I.Ii. v ar bu1)"lw tlk ll (.)i m1IN w lp d InO

Theoremi 4.1. 'I/ut .ral v - ? I (s . t sit ff 111111 f .,, cua I/": II , 1-0l~ fI.I.Ol (I T.l

rsjiirsjiunflT ix uiio'~i 0. F~ill .(it il T' V f.it .'.IN I f x'% tmi hi dI'I

III 1/,' -4111 Mil f it ut~l i1 : sndcp uldu 0 1 ' ituP, xfmillitl'



388 Roun datij stabi~izaioniL (lilif /ir I Ioviif uu-df Vricx I',(fir~t~io 4,

Proof- sev 1161.

Filnally we ('11( this imlj)(' by IJHinlt ing thle following iwobleiii.

Problem: As lit have knou'u fromii Th.corvn ý2.1 that t./u .oltitione of (1IA) cxisi.s

Nplittlionis with, laryc ,;iz( of ioitiiol stalics?1

The lont g tiniti 1wKhat'iir of tuev solut.ion would r(vi iflvte'.ct c I ijptitiona an i( n g

tISS~llt t Si) ii ell iea r i , iliSli. lilt i'm ali ittil S dt~ ltii\gi V I)O le h iiia a v tll ii . S V P - 1 itils. 1.)I it

Wh'lichi Shows that tin' mVst(ill pa)55t'55e5 11 ralivti. Stronllg (lissipai~ v( Illuchilfisii.

For' lt'e niatiliiai 5Vt4il I.1). 'riwotieli -i.3 shows ow lina wuiik Unnlincarlit v ks

it 11111C11 111(11 illi1 )lltnalt [t.lc. It \v(IIldit itt ver ,v ilitun'ItslIng Ito u 5 1 14w ai V l?' ttl

Referenices

I. W A Adatt iiýr.j~ Solio .-- S i#. A, /4alud t m i r li tn N w Y r. 1 117-

2 .1 L I' loi~ia o Iti' S 1.1-s, lit,. .'ffuiltilu lujtt fii tiltt* 'lu ,rtiuwvVi',fd Vtf/iu t-tilp, ugh

1,11"N iflt' iiiit q S oti,i l i. tft rl ..Itui 278(1117 .4. -,u.tjt,5 i N fI f iIl1.~

k.ttig I-lt X . /b ist'rli n *¶ltff, , iml 44 l'qtoi. oo : 23 VN~) 22s27(1

I '* I t A ? hi .-ioN . .( .t. Ii mni.d S-11laiv \aIll i. 'bi11 I4ll tit 541.v-l liw i ta t

I ' I1 A. I sIt ..gitov sk u. latt , Iit itt u16 t Q -I t'I I In Iit II r 6~tth.tr141i v \nj I 'I Iiill i lp .p1,4 I ul I ul K0 tuii W iii
.itVI hivi,, 1-111141 ltIi llpa " it.o I3. A Ml s .lo,11 IS . 0

N 111h.. .111.1 ~.1-ti~ss 1t lint-itt U. bi tt- i nt .'ipf p litl. i. p ll t 11,71, ~Jrrvlil ~qsalui.
7 1 tIti'. L XSlh indiui ti S 4i4'f.X i. II.obh htil 1. 11r11X.'lto, Irlfl'1q1-M3....

I Kal( it. I )i I li/t. ( 'ita . .1% Ilopil 1 481 P14.) Ilu 12 1i4141vd . .I.%,gd t11 d al



19)92 (to jpluir hil ./. MAfth, A71al. AppL).

01 lic doIlimill, Contrl ol tiod Opt miat IOi.4 iqmi of Ih.Ntriibimttd I'Palinu' r r.S'y if um.4, litv 1) ." y I.1
Lagilgu'imi' I). 1'. Ilutisel nawl L. Whitle, tilt, I NIA Voliiimii ill Naivit manlic, midu Its Aiplbicai otis.

IS. J. C. Sa iitl an 1. 'I'tmaiii Rvcimiirks oil tlin lKort.m'eg-du Vribs cquat ioi, Isi-acl .1. Alailji
24 (1 !)-6). 7S S7.

It.Il.- Y. Z11itig, 'Illvior surivs exioXitsioti for solutims ion f OwIn Kotiwig-dii Vries 'clutiition WillIi

( itlijlitoit Oi o C tb 1I221 -(025. I S'A



ýl --I -i- ,I l % 'll -l~t V d I K. i 1 9 1 iltkh- .q. ;',39I

CONTROLLABILITY OF THE LINEAR SYSTEM OF
THERMOELASTICITY: DIRICHLET-NEUMANN BOUNDARY

CONDITIONS

ENRIIQUE, ZlIAZITlA

Dvpa 1t ati i(i t- deit Nbi t-v Iina icit Apti )iadit
IT 1i eri ('til i( oi ( m )titeulse

I I)IAnsvmm i. uiifr .loibp, tha ft st i~i i oasyti ¶131 with"~ 73(05ll 351137ll

.l~iiol in oltroducion:il li F'lwirst svylc: of' b uoildaryl ilcoimlitioh nd

fIii phit .4 IIll ici it lklshii i 'I(ltillc ls , N 1 .114c. 1el('lim t m11 )O lt lit t. he cult tu wa ii v. Wt's ic Ie 1 idt'r

t il tit r of, iiolf is 'giir ill our 14 4 (il',II calc work ( 'i( ittv .it' ('lille (' Iv tilit w spoi( ' dI 1 fl(.iU iii I (-
c;xt WIi't Ilt1 ipa c i t It cr I u sl s , rWII.t m.11h r -(II tilI



I Il ir )1l' lce o f' ti his tvlp )(' r I(11it r()l fi is as 1,011(1s

11 - /IZ~IA (A 4- JI)V, (iv a it V + *i\., hi Q x (0. X)
Ot AO + i~V tit, =0 ill Q2 x (0. X)

(1 u = 0. 00101t' = (0 oil F x (0. -X)

11(x. 0) = fitx) i(x, 0) = 11' (x), 0(xi. t) 1) ill S?

whec( It. A > 0 arcl IA1Ii6' (onishli~ts, oI. Hl c III (n/:I > 0) t 1wi coul~ping p'lialiol rtl'4's

and v the( oi~tward l unit lioriual to S? ill 1'.

Whlen f =1 tI svst-crr (1.) is~ wveI-Jpo8('( ill

i-I (11(2)"j L(S?))" x x -( )

MIore l)1'('iM(lY. for' ('vei initial (1111 til It('. 0" .a lr xs snllilcshlil

Th~is solution is give'n 1by

wh~ere *'S(t) 11I -~ 1-f. f > 0. is t he strong~ly coltiiiuiolis s''Iliigrou ) lic)r'u4nite'( by\

Oil liv other Irainl. thle ('iergy

(1.2) P7Mi = j i 1 ±,171112 + (A + /1)1 ilir f112 + -i2' d

Et J 1.1 ,T(t) L' (S? 5))"') s ,Nsiteini (1.1) possesses all uniaupn Solli~it i (1. 111,0.f)
ill Q[0'(~1 ]: 11) give'ii ill telinIis of' thet ciieiigroilij S bY thei vill-hitil of11 c) onistalit s

Wev considi~er 111 fiollowinig 10111 iollmibilitY l)I)1)('ivil Giveni(it ll (11.11,0) adil
1,0"11" ll) 11 I arid z> 0I to find ai conltroll suchl thait the 54)llit iml od (1.1)

Satisfies

(1.3) { I dfJ(T) (T) v II

Ill othei wrdW V s, We' reque lst thi' e'xact. conit rollabi lityv of It 1.1' d isl)Ia(l nie1]' it. ant tilt'
applroximiate conhrtrollablidty oft tire terixirature.

Ill [Z3] wc gavv a positive aiiswer, to this quiestijon iln tile case where bo1th
cliSp)1Claeeiiiet. MId t(eri1l1l'ratiire( satisfy Diriehlet boundary condi~itionhs. However, ill



NNliitt'vti, I i'5111, lport. o41t~li' collti445.,'ý is. Thiis is 411)4v Ito lthfel hIc 14 that't (ul~i(tillV

(1.4)1(I) /4(x.~ 1)h.r

Teflu' thatt F n (-) is pl-esct'id'( alon~ig I 141jt''orit'5 sligg('sts t it(' Follo4wing coil-

(1.5) k 9'xd / /(id
and ý' > 0. to) find a4 cotrolt4 f sitch t hill1 I It-slit' ion11 of'14) ( 1. 1) sill isfis(1.3)

Ill OttIiT' W4)EtIS, NVPI'Vfl'llitSt thic e'xac4t ('ontro ai4)141i1 , N. ht ()I'thed 1)li(elicltit 111(1

Wv* hav'.e Ilthe fohllowing res iii

4l'Jt'( 0- is' ;I neighborhood)4K (d I' ni IJ44  Supp)Iose' I hll T I': tlittii(St \ )/ p. Thile~.

s~'.struu (I 1.1) is (Xit(pH)i~)1~ eohilrohlIab ill i lja 7'.

Renmark 1.1. 'Pheorvi'i 1. 1 is 44 variant of1t he iesuilt l)I4)'(' ilk [73J ill 1114' tiiH' whereit

both11 disphwcc'ienet anitllip'niIeittr H ait' , 5(4 iv 1)iriieltt bolxiiditla',v cnitiiiloins. 1,441 t ie(

[71] and14 1721). lHtwt'vti- t'onidcisnlig thlit we' hlav4' tliffh'ilit boulldiiit.i) 'iilditio
4411(1 i1144.. flt' ecoistraiitit (1.5) is tiow p1)1ent'lt. sonict tddit jiiutl dlevelopmnit'lts will he'
ticce455itiy. I

Rem)h~ark 1.2. lit il4414 spice't (linicit'ii ll i Sm114 54114' ,silt cal14'l~ i)' be proved (lor i'n

(1.6) Oilbs. ý) of Q. ]\v ree o QJfr41(~~~ 4~iv proof lldhxa wevbt

wlslact' 49ilt mide that. wra (u. 49 satisfY(1) wiich vtI i'olmdluwi coldit~tii('( mIt u lt

(1.7) tflx, 1)) 0"~ (x,) 00 p9(.) -g..o. 
0(~~

Jil I



NVv thieni uintoluoe t~he Hilhvrt space R" { if E L' (S) 112 f (x')rI., = 0mid
tie necw phlm, space for t~he syxt('iil of thleri'iioclisticity: V - Ht (S t))" x ( L 2 (Si))' X
'H.I

Sill(' th( spilev V k filvtiaitlilt iiiidJei till( acxtioni of tdit' scliligiotif) S'(l) (veil

if a)' 'xitcri'iil hl( is added ll i thet first. equataion of (1.1) (i. c. wieu' J, j- (I)

11Whel i oir(I) iot. 1o1laid iit- ' N I( prole canii h' e fori'i ililatet( il diiitl follo w in g wa ' v: ( v ii

(10 111 o) ("0.?'1 ill ,i) E V anld > 0. t-o finld ai control f mich Ithat. the soliit illt 0f

(1.1) satisfies (1.3).
Olne of t I( ihe inninigi'et f('it of the piroof of Theorem 1 is thli following oh-

Mcl 'vail iii i VIlie' ftliN ilot for il a( Ijoi iit sVst-vii i of t~hlIiiI(it lucht. ic it',

p ,: - t A + 1 i)V (liv ,ý + rIVi (/ 1 = i x (0. TF)

(1.8) 0, 01.10hi/t" = 0) 01)OS x (If. 1)'1~ a.T) '0 x ,(x. T) illCr it

wivfame ..=( . .p,..) is die aulfoint. dplx)ae('hieliit varaitah ld 1( , ?I hit' ttiiija'ni-
t I rie.

Propositioin 1.1. tUiidr the *~uo nxof 7Iu'lon'r'n I'l f161. evertA. hwilt(h'I Set

11 oI'H there cxis;ts ý %(U1) > 0. such fI 1w

hlois fin. even' st"ouitioii (df (1.8) Ii'ith uiiithili (I,11,t Nuchl that

(ft'filit'Vg ax hf* er v 9.'I'l Hj 1~ (Q~) rW H is the maia'il soltimit (d i O w o f' ht' lowinlg
',a)-'jtt ottlml pa'ofd'il:

(1.10) /VqVd' / f .Vpda'. foi. 11ll p (-. 1I't)

()huvioumsf v. the solut ion g of'(Ill)) illI (i M' 'XjIx nild it is nuliquet. 'Note t hat
"Aleii f' E (H(102 ())"'. (1.10) is Ilhe weak fha'inlittion of' I lit' equmioil n

(1. 1 = (liv f inl St. / d.l.t 0: Og/Ovt (I7 onlO

To pro'~ve Piroposit~ion 1.1 wI' ('niihj~( uille11t-if)i('I' teefiniquIes. t'ofIii lpat Imx it's'a-
gliliviieii x. lhohgiiimen's Ulniqueness Theoreuin and the following dhieep restilt that (-anl
ho' axiily d eri vedI trinti . e(tll uuuc dclipin g tee1 ama juie develolu' lltI y 1). Henry 0ii . L)opesit'

and A. Peris'sinitto [HeLP].
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Theoremx 1.2. [1-10'LP). Let P 6vi its abovo Vt' d letii i'ts 11 retioe In, { S((t) }, >cc the
-;troljglv (?(litintiouls sciliigroiip if] V as~socinited( toc the' fid Il)wing dcI'ocipled SYvsteulc:

tit,, p~n - (A 4- /iV cliv it. +- ac/Wit, = (0 iii1 S x (0, oc,)

(112 Au +.~ ± d~iv it, =( ill 1 x (0,r~x,)
it = (I. 00/01 = 0 ()It r x (0) '-)C

.u.(0 =it') c, Tit (0) =-II o 6(o) = 00 ill 12.

Thenj. S(t)- S11(t): V -Ct~[0, T; V) 1s conltinulous ti comI (fhpact (reccall that S(t)
is thce svilliigroiij asoiaSC~tedi to the .sVstvli of1 thehrnio()isticit~Y (1. 1)).

Wie will dii'iott' by) Sý (t), 1. 2, 3 !lit( t1hrt' Cconpoienlii1ts of'S"1(t)
To our kilowkedg(', the fcrst- restults oil controllab~ility of f iiiri~il('clastic' Sys-

teiris at't( chivt to K•. Naii'iikawi 1/V. Buit. fii [NJ andt iii tit( iniuci rt'ceit. works by .1.
Lagno"se [Laj, .]. Lagccese andc .1. L Lionis [LaLij acid .1. L. Lions [Li2j. onily "Pal'-
tial colt~rollabilit~y resiults are proved, I.uileed, ill these papers varliotis mdiiisce of
thercilccwiasticit~y an,' toiis idlei(( bu~t ti'll n'stilts that. kue obt ailcc arct r'oucghly, th at
odle cilaty cointrol exact~ly tici diusplaco'ici'it. by licialis of oilvci(ontroll actinig ill Owic
v('tfat~ion15 (if dispilacemienit wliei the couiplinig ipalaicetels ace 51 Wll ('icocligl Notu
that. nothin g isS aid I ciol cit. HIitc cntrollab i lity ofl t.heit tet 'ipi i 'l Iii. Mo re vc en t IV.
S. H-ansen [H] hias cproved the controiab i lit y of bc i Ow diu t i isplaclccqcicc ci ;11cl t- lie
tvicipe ra-t.cc im ! cit- (i(, space' dlimuensioni by inv cai is ofl cc'cc Sol( c btic i ld hrv-tcccmt~rc , Ic cc
Var~tios bouiitliiry ('coinditionhs and IWit. i(at. restrictionls ill t he Size cci ti cc couplinc g

ciucul iceters, Thie cicticocs ofcc 111] arc bile o1 1cil Iuii un cut. prb)ic i iis aici lo I cc ul ni wI klic
Foui rier s(icr iics an they (Ic not 5( com i to v xtc'i( to Seve'ral sj a(cu cili c ci iosi 15.

The resuilt~s of [M3] an (i of' tHe ic rsc'iA papv prov wcliiI i't.l lcd sc'veral Hl~I ccc
cliiicilijoiis, Withouit. aniy restricitiocl 'I (xi th six' of thev c'ouplinig pl"ciciicct~eis. olic'
hillay achieve sici uc ltaicui icccsly t. Ice exactc. ciS ctrl licil iiity cof t.i it' ciispl)ccec ccii t. acl ii d ic
approimaX icite 101 itroihlabiilitY fc'c t li' tcl lupercit'i ire b y licnica s ofi in icSolc cc iit. ro l

Thic cxt~ensioni cfl iicsc i'scidts tcc thei( (ist' Where bcthc clisphir'eilcict. aidl tc'iii-
1wi(''tiic' satisfY Neccicaicc lccccicchcr coniiitionc~s is to icc dolcuic

I'Ilit' rest.o cil iii papercc is c cgc iiizt ' as folliowiis. Icc Secticocc 2 us' liIol' II orits(i
1.1 follocwing tic'. iicethlioc ofl []Z. Ill Sectioci 4, wc coccsidlcr theca'dsce Miccro t lii
disiclccci'iiicit. satisticis Nemicicccc bcoundcacry tcondcitionis andc thec t1ccilipeccctu tai'ckces
zero Dirmicilct. vailueIc.

2. Proof of Theorem 1.1

Toc Irv ciT h~i 1lc 'ccl(in 1.1 wte l(i'c I to dits' Prtopotsit~ioni 1 .1 . Theocrecm'c 1 .2 and~ itc
ciiilt(iitiie5 icr lcctilc(p'-cetdiicicuaticcc rtscit, for tile atijoicit systeciu ( 1.8) as well. Icc
the( first, tlirec Subscectjions we, will stat.'.' those. resiuits ludd givte aii icithicev of its
proive, Thiie proof I of' tue Thieoreim 1.1 is (coclucicded icc thli foucirthi subi s'ecticonc wilvic
tin' tools c~wlcviped hi [Li] acid [FPZ 1, 2, 3, 4] ace appliiedi.



2.1. A uniqueness resultft Proposition 2.1. S nJppos' Hi hT ' > (lifilil()J w,)/ 0j_. Let. be i f) So nllitirll r4,
.svstezo, (1.8) siwch flint ,ýi = (1 hi u x (0. T) wid /) t(/.I-~ = (1 k' nll I C. lo. 71
Thei n =_ Er () ill S? x (0.7T).

for- illill.(iIVI [.1]). No te' i wevv(1 ii tW I l (t Ic do lit do k( iii sill , ,a"11Ijt ii ni ab0 it. tiii SO (

WIs(d i Il te telI)vi'(ti iw i*('it 1/. 1tt it liiis is 111) II 'iccesa ~*uN 1('1 clise of' t li veI'YVI st n ()Iig

aiglinliviit~s of' [D)] kllow to 'oiic~li~l(' I li1t. ,ý -_ anld 1"' _ v foi' soilie i('al (olust lilt

c (- 1. 1'huv flot tihat. c =0 is del('Ii(c(I hloil tile1 VI~)ot hesis it? 1,(.x. t)I'ldu 0. Fh,i
Itilt, tv(11i' Iiju e tl (l(tuiIs wlt1.'refe to [M]Z3 wIi('i'c' lil' ('usC' WvI ICil' III It Ii all c11 sat is lv

2.2. The observability inequality

rliis svvtil()l is (lCvot('C to t lie jn1oot of' PI1l)Cosit~io.)l 1.1, WI' will Ile1151c l liont tioul

w~it Ii

(,),- //A(,) - (,\ + II)v (iv (") + 11vt'= ill 12 x (0.7'F)

(iP = 0)ih'/h Ovd = 0 off 01 (0. TF)

('x )= \ (.1) . (,."/ F = S'i(r.({.'F '(r) i 2.

;liclit, 111111dM. We' MevI that. Pi' 1o~oit~ioii I is equlivalcent to till' followinig o(ill:

Proposition 2.2. U1mhz' I.1w( asi5Iip)tHioIs of f'lvoic'iii I. 1. fll. evou' v boiumdOhu sot
B of N therev exists e6 = h(B) > U slieh tHult

(2.2) < j / 1v.ý 121.rdt

hjolds fbr e'very soltition of'(2.1) withli iitini datit. s ieli t~laut

(2.3) 11I()C iP() II (1, m~u(I I i x (1),. ý: 1, 1/, E B.

rimls, it. is stifichieiit to) IlIovI Propot~tioii 2.2.



m1%:.. 4 il.1 i 1122 1 1 il 1.t 1 ~ 'iii dv(.I III(d 1 11 Il

(2.51) IU " -1

aiitl1 d'il I'll~t

a hdc ni llel 1111. tttiitltitv tll' ltho li Iali stijll. t " l 22

f Ae - (A\ ± pV liv ~ (t;1W4¼pn if i 12 - (0. T)

j ~=0. d~i (. =I- (x.i r12 x 0

(2W)II. hiv +~ floing~ 1(Owvihf(l)) • (]"ji (k'4tY Im-ssvi (2.-').rt+X('

Proost' ion'tl 2.3iirlviti Suppose tu 7 th, Propoiiitioii 2f.2 thlocs hOtn holds IThc
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list IIIv

I.It

414.111 v Ia

W c i li fliecit 111r lit4 d '1 111,, If it' I I ltii'i . I itw Iln ~ ,)i tIi vl

mil Ih (XHIc~sm(fl(1C4' ifilli (211) at (2 12 W 1,i'i ( 2.1t( tutu(,7. i I v

(2.11) ()dnw r(,7)

IIivi4 w I '1 S Iw IIII IIiII



.11 11ifi I 1ii 1, -14I

-2 1' " ,13. l I I. v i.

-Hi• , 1111111c- thal

II•\•.\,:.r, n~~ili .(2.1 I). ('2.13l)nu mid , It1|c hi hill N• 111•] )'•( "(] )

(2 .1 7d ) 4l, l • ,. , , , ,.\
11114 4 I l,!% li 'lW ( 15I -(4 ,1 it

2.3. Proof of the (lcouplinlg remult

hI this sux•.•ecion we give i kvih, of I lhe proi l' oI THlremi 1.2 which fllows ,d ie
a letsl, ofI' I). licti(,Iry. (). tel., . ill A. lPut ri,•,'in lti 1ll4,P.l

I t I1 Iu nI.1 uh'd m'o V. \Vv ,el

( • '( • , • '• I /, ( / ) ) [ ' (is m - ,% " ( 1 ) j ( . u 1 1 , a )

lor 111Y ( it". (d, 0n) i (

( I, -- A ll + , (liv v', = 0 i0i x (0.T')

.= 0, 0 1110v' S 0 011 F x (0.T1)

I. i(0) = I,,(0) = o. ,1(O) = o ill S1.

It i. Xtlisi(uien.t to clheck that. IPfii.,- V6 is homui(ed ini 1'(OT; (II". ( ))") f()r sonil(c
m > 0 whln (it Ul. 0") varies irr B.

LIt its i)compose fiPft( - Vfi tls follows:

1P.i - Vb = Vw 1 + v7, 2

where lq I'Qkiti•[lQM

wher ivsatifi ( ivi,t - A l= 0 in Q x (0, T)
(2.19) O /Ov = 0 on r x (0,T)

'i()=fig - 00 ill S1

,I

- . . . . . . . . .~ -



(2.20) ~iI/)11'2 IOV ril 01 (1t. T)

Ir 2 (a) 0)ii1

wltcit. 6fu' tillii 1 [0. T1. I,(r. ) INvts (I 10 ) wit li f(x) uit(.I.f

0I'c' < I

it l~t~Iit, pr I)'il'Teutr's 1.2.

2.4. ConIClUS1ioti

*.In this slib tltit ill wu cit hdt tIXId).le -vl I

Fl irs it Weo~(I*N thatjii it jt I.I ist l~tiicicl t it c Ills"hltid l sl l lit(-c s thitucit " I - Itil 0vitg t

and 0 -E. l~ t0. t ilwl' the pIoj('tyl (ewll2.22) .111t 11 it, ix 0nx 1114 0"~tC tht tt'irt .t
G, 1 ii'tlVV AxttIitvi ll Vtllt (U I"' "I' . /, V al Uweitnfl(xv th ~fI il. 2. li : J *l sul( Ijli

(2.21) /J( ~ t~yt-j n ~d'+(,U t )- +i i ' t~ t v

2.11

wh r. ".-) I1,10 ' t'I*11iY pr ilc 1. e l ) a ,I I ( l ) 11



I. il / I s, uHill)

1114 11 1111 'iv,. t l i uI2i t I (p. I) t 11 - So I I Iu s it u 1114 1 i 111( 11*11 J: s u uI (Ig It o

t livi't

("~mbnIiiug (2.2:1)amal (2.2-1) (1 iivu.1'tll)(i) iil .3Ij.

3. Bomidary coniditions~ of the second type

Wheni tIlv hMdisltll'euuluI Slit Hisc N.umnanni mmiui , v uqu iidili' iiin anid Ihic iiw

tit# p~t (A] I O div at nV) f. ill S1 (0. x

t; din "d I (A 11iv i'a to, 4) ill I (1).

(ArU).. 4'L) a,()) it (1). 0(r)) o', ll V!

IliI hisi sit 111in wt .li lt%.( Iav tIll hlo wiiug cI IIfI rdhillilitY lI-I' I)l:

TIheoremt 3.1. Let - ot Iit a iighl)(mnolnn W OwI l dw viiii~i F ill St. Sipinq).m. that
T d Iaus(S ? \. T) ~*ht'ii. Svstcui (31. I) s ixi-rpixiia ema n IM ilta,- din
till ic '1 ill O t l hi ig sEvllsv: hIr 1111 (it"'' 1 .01). (I'll 11 , 111) 1 ' (1 i(Z '

sIiIh011 fluic i sedltiju,, du103 swiitjttjs 0.32).

,\I tc 1110.ill Ii his clast. t 11.,i1 is W)IvI est ihut ii ku ( 1.5) (Illtin Owina dwiiit we
unlit 11411111 starllitig Iw-tuil 1 ii .i-vei inmitial datil. Th~is isdilito fit, ) in'tt 11l11t thluiv is
illS (qmli4 ilt ' tint N Iit rell ilsv(Ils I ;iltu it i itIi ll Iuh Ili's I'( list Illit I il1 m, liu hm im c (-t 4-1 1 I./

'Ilii Iliwool 1 o I his 111J4.1 I IS Slli is hill I(Ii t hati 14, Tllv( wiil I , I1. I Iiwevu(I. illI Ilis

(1154. t il diiiaiishiig oplj)I1itil. P lilis ill Ili- il('illeiI ill a1 dii H'tilt wtY. Ill Ilhis c(asu.

I' I1.~S!)'' (9(~))'is givenl bY 1PI rq wilciy k II,(W) is thci silutitjill of

(3.2) / Y V V10.1. f / VpiLx. hIsil w it I I I/,' )S.

Ohvhiosly, tit( Nolttion y of (3.2) uin H1 (it) nl H cxits and it lK tuiiqlitv. Nottt thait
(312) is Iliii w(,k termuiti)hI (ih t l' tit(-vpatioii

(:1.) ~div f illiit: y=(J oil
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Ili order1 to b e uotisiste-t vi with our I msic k in iwimit.j iv; It vptes is, it is w,;tsimc tihi t lit F
(1)( aireO iiidcpvuil(dvnt oif .1j. 1et its furthur mssumvl 01,11tithe inn1terilll ill (jtli'St 1(11

is l17uoflyt o'hist~ic (lmnokvtn ). iv.e.

(1.7) A4'

wilio'i tOle ((oe'fiii(lts of1 (h1iitiO'ity (", ''~ llc drp~ )tlI! oil *
1
-1 omit x.,~. Tllv in eti

ofm01 Ma tFk! rAi ([tI1VL'1 Htht

(1-8) ( -1. (1 A -. ' 1/

aiii nI We fit Iict. ur Issu iwt I halt

(1.9) ' iW-( 'A-ti 1

Theni, hii pairticithir. H it, sti-eSSo'S S'l (to hlot depwid li t ;(I wti):jmu iiuliuae. Ii1

This svstvel 'iii comprises tit le setidar v p itttim is for tlie( sciihit ta i vomouviasli IV, of W.

1.2. Edge Conditions. Let. A (leliote the t.wo-(h~liciiesioiiiil hoi~lldulv- of' tlit('e
(lO'live cr'oss-sect~ion P midir 1issiumv thatt.

wvhere A". A" ame iiitmitilly (1is~jinit, rl'tttively upou1 subseSts5 of A mid1( P' J$ 0. (The
suiperscripts Cmaid lD leiv iised to undI nate "(:1 tUi ij v1mid 1(1 i lyInic" .'reevt i ve lY.)
Th le lImit-tiflo (1.11) hiL(1i((' at siiilihir pirti'tthoii of F := 00 int-o

I' '-, A I'] -12) 1-- Po + *olU ý a,

withI 1tllterifijliti lill. t. := 111 1 -I- f 1111( iiil T : -v 2 al ± +I/a 2 Ill'' Vectorsl vii
tue iioniiil mAil tmilgt'it.. respI)ct.iv('IVN. tot A ilt tt iepotilit p(, + .1,a, with vi pjolit ilig

'ri( e(l(g( cloiviiiit ios itoo, t~i( ow il ofl 08? orrespo)I(iiillg to~ A` iii) (115111lbedI

bly

(1.13 W - ()I on ' 1~' > 0I.

Whieli is IMIC~IWIld'tditt. ojX:i. Thiii vli(lit im)1 for tIe luvImiliic.' of for-ccs alliig, t Ili.- mirt
id i)L is

f



281 I ,lfli171 I 1I'd1 -i J~ I r"IIIfI 11plftI q it#Ju of (IJ~4( fJf i t, -i i 'i,, I ig,-

1.3.H~tni~~oa'~. t'awipr. .~'W f.a h( II al( I I I . I W 0I ,

1.15~~,, / 4 t. 4 '

I 64'.' I W ''. ' W w

all b ;app~ italIll a. "I lim ;11. - I I 4. l,14111 .1 -1 , k i m

/if tutu ltdt.. iIIH a1.11, 4 1 '.1.' 1h 11 14-11 ~i ~ I I..-III- ,itI I

\V4 Ph m A41i' ., l . -I1-if (( .. kif aý:f ,/ 'I"

4 1.21w " If /' , W ; .\

wi tlaa' k. 1w ,. 111,wl/U t, flitl. ý;Ic ln an -JitW 1 11;m\.1;1-1l.,t ],

1.9 til1 has

1. 17 f

2,1 u Is I' I 11 41



(12 1%,(/ VsU.41 A!r 411/ %V 11

Iij .t I F11

w I II, tri-t A I I14 for rIltigh1luit f 1 ,111 . vi lvo t'1I ti S1it 'l .; %i t U -n

2. Systems ~ ~ (r,.t 2 of hiecmice Elaic iii-buK

'It I It A .* I I Ix Ii i Iu I ItI II Iv~ l' M','4 ;I'lit diut h I I)l it II if tII.,1 1 ~tc i t ý1 .I1 'IIII1

ý2 u h l wtv/ww" m% ( MA~ OkiMAU"Imi" A "WW ww'm%"



21(41~ ~~~~~ful-m i¶ribiq nd conntrolUaiiliy rjf,,hrjitcv iJt(n-nbnr'

Filch'i f II~ itt' itt is L, is, (IssuitrdI to sntis Ik tf( kit' sic kiiwiniat it iisatiiip-

rx . .x2. -1 ) is giveni 1)k

(2.2 .. 2).r,.~j W O IvJ . Ix ' x I I . i.

2.1 . (roiteNtric .itmaactloat Counditions. \Vt' I illo atixeviv 11-it'ii aI pi. lit-Il

Iileii 01 fill, Niit 'illll vi l q-e ;Is; iiiplii 11 ii ) wici isa tmttt In lull ''hg' t twgit lw il kI

tt'-ter-i vutti thtatS.I1115 Im is. it llt.txillildt hu' eliv etiflt wiutie-1 .1 ,;1ti Pi. ill-

wrsvct itt' siitt'lI t i tt' tit- t'titt h 111is thfixjtifitt.1111 fl l,' po'"1 lit viuthialt Ii( '

of it IsI I () i- tI I ( I II III III s e(1 (-s 1(i t If Iot P, I w IIIlil''t 1410114'.1. fl SJ I i t I t - 14it )I i tItt I11 ) ;fill

tvtif ti , ip) 'ltstl'il itt I V Ih hilto it ( I!I( 2 / 0 W ,,I ) Ii ( 1 jt, Iw ; i( wi, at tacit,-

(2.'3) -( ,);Ifl W (p i(p) 'I;I() W '%I(p p)1 101is ' I) p , *, , * Km 1 t( ",1I 'J).

(T iit llt. ingt e (2.3) siztipiv eiltIi'list- 1mit11 etfiti6t llei~i~tl t se ltaitigvw I fill t l-4 it' att

l'eflresent.- th i, M 'I I (t , ) ii)cli( stU Il~t le~ i- 'lnt at the junits. Iii('f 11414'itid'st wal tI Ilk l im iic

satify tue1 V ge1ilifilletrr ~ ioay((Ii it141 l l tit- of' Fn tet1i'u' wcl lict Ct 1 lit ninSll. O
cOf ril, ýi ' dito tol(l I)blit-e dynutie jioll 4 iscotio ipll hw-dtio scHamwiton' wi)'ichfl an lso 4

Field the equlut11.tli (ifie Iiit t iulilvl Irw( dnic Sh honnfaryl 1rilitiiiso'tll titv~ue

Ti-u;tstil AJ ist W ilve t f a 'su le e thatbsllr 1.T e'14 11m ioll l

(2.3) W,(P, '(-W'-1) = Ip (Pd - d.ij(. /)

(2.4) iot (2.3) uAnip ,uA.ulo ta ah 11ilh-li ~~l-lg . ivefi ,i



.1. E. L agnemu 2S7 .4

w11.r1( A", A". A-! are disjoint and relatively open in Aj. This piurtitio1l of Ai
hiduhIes a similar partition of Fj :=? Mli into

(2.5) u F r')f ui<

A~'=pi(Ij). A') = pi(l!)). A-'= iI.

'I'le set All represeleit s thel palrt of' Ai tha Iis clampedi~i). i.e..

(2.6)C W, 1) 0oil 1

At' is t hot part, of' A, :;~itch that

A!r i ý" 0) fit t Ivast oil(-k#-6i

1II; X'(l~sS(I lIti~e)lI!S ofI thle iii11ti-niii'illtraiie s %stelui Wh1ich heholig to

Till lotla kiiieti v iiergy of hec svstumi is (lehw'( to) be4

(i'lii'( tNo 12,11

wetvt F s (I4'Ht Pill ('towsdilsit pe(H 101CC at (if oi th46cmeve th 'r 1.1'tiinu ,. booe
Ilk stress aet'II()'MSaloiig tad With tilt, ith #iJ ul('dhu nion The totalt strlil levgyis'

1114'lv Wor ofbe~IX41,11f~ ' sci'iio o

( 
(-'

VV(f)= / F' W' dA V W dAW' + /f'W-~ I.I

F' W1 /M d'ýW 1

wilerI'

I'i(.Jk) {(a,.ý X2) E r/i' pi(xir- E) C I&. I =~ 1p_(fi p E IJ

and where' we way take

-k Inii ki I i E Jk



ill ac(ord an ce with1 tiji gm)i letri jI Iuntion11 condii tion s (2,3). 111 the' inttgra Is o ve r

Pi andi~ Af). the illt(grallds ale evalillat(( at p, '(p) with p E 'P, mtid p E !"

resecivcy.Whle heinegrll il fivili-eral oer.14 i eallatd 1
4,(p). p £-

i.The dylilaillic e(tlatioils of tilt iiiiilti-IlIvIeiahiate SINsteiii aie pMIstilIlatrd( to be

those a~ssociatedI With the IflliiiijtoJICS priniplei)

(2. 7) /[k(t) -- 14(f) + W(f)) (It = 0t.

ill which t he variation t' is takell with i(5Jpect to tlisphiaiiIivitlS (W W.
Which respect thle gcoltiet lic lsiiidaiy coniditionts (2.6) mild geolnitrii' jimltion

-oiidit ions1 (2.3) along vaielijoint .11 .. I-/M. it is faiil v obviouls t hat we will obi aiji.
ill JparticiilaI., thne v(qlat jolts oft mot ion (I. 10) hal emit1 tIieiiliiiiii' 4h I li s %st ýl Ii

and ... i thle bm (jitat condts hito t io

(2.9) W.,'A' '',~'N - f n Y". I U

1I 0o I:

110tie lii h dal.t N ii a tnd J1114 iil umolit iiwis.

EA I Y, Et , /1'

*I'liu'~~~~~ /Iiiii I' A~ii Ii " uiiitotn Iat

whorie q(' f- JA is fixil kitt mtbitral ,v. Sill'e JA - , 'J(J.4.) ). t his jitiiaiti''tirizill t illi
id 'A. iliilitits it pl-11irtiii(triiatitl oft Ow t iesgliviii 1', (./ givenl IIwN giveti hY~

IX= A + .t(r1 , r2)Iua&. m b



WlVIrV1 7'~- 7j r1 al1 + r.2a' and x') is SmeH 1)ojilt. of Fij(.1A) (tep)IIliilig oil bothli
a~~l(2 1.A.icw

= .:: ( i ~ a~± ,'+~ 
1vV'k , XV W (x) (IS

(X X= A + .%(TI.T 2 ))

(p q(A= + xr"I)

Since4 t h1 *'* fII'V 111011t I dis 'jojiillit aui(I dich g.(Iul (.1 ~it jiliii i li constraints ar

Ioc~aI to vach JA ind(ivjidliaII.N. I iI last variiit ioiliIleqa £~i(Il iou ll(uI)ld it an 11Yiulv

From1 (2.3) wc haIve

W'(pi I'(p)) WV', (pQI(p)) Vi
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Since Wv*ik (p- 1 (p)) is arbitrary, it follows that

(2.12) ~ 4<a,+ (pI '(p),

fk(p I (p). p E ,A'

Equation (2.12) is a balance law for forces almng the joint. JA. and we refer to it Ls
the dynamic jufctioi. cotid tifimi there.

2.3. Linearization. The nonliiiear equationis of "motiom (2.8), dynamic 1 m|ndiary

conditions (2.9) and dymunic jli(,tiOm (onditioms (2.12) are geom(etrically (exaLct

under the kinematic hypotlmses imposed above (ixe., (1.1) and tHooke's Law). It. is
a|)parenlt that their litlea'izat-ions about the e(quilibriumn W' = 1, = 1....u.i, kin,
the salixe w; the lil(arizations of t.h, eqult-imIs

(2.13) ,0. 1 F' ',Will (.r ,.rr•) E R. > ();

V mi I'" t>0

(2.15P) ."(p, .p). ) (,), 1(P).f,).

Thel(' lhivarltl/It i(iis (if' (2•.13) (2. 1 Ir5) arc (A)l Itillu'd I Ihr,1)1n illg t ,4' lllihiii tri st i'Itil
((M lI )(1111i| ItsF",, ill I I eI st I(ss-st. raini laI w (1.7) Iy I 4Ilir I l)lptr. l Xilll{i iit IIS

(2.1(i) " I (1cI;," + IV"*).

[,(.I i Ils c llsiN ('r tI1' (cas'eI(I • I1 Iva.t ti(ally i:.•')sIl)ic holly L,•'. Its stress-stirainl
hI% is I bIvt

2p + A, S

where E'A. are the linearidl strains in B3 and A anid it, are its Labuil paraliet res.

It fodllo ws from (2.16) that thw litixariwd Mt re,.s- Ispha 'eneit ri•,at m is

(2.17)1

(2.1) { = ~"E'L + F11 ) + , ~L) 1 '. )bb~l
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With the stresses given by (2.17), the system (2.13) way be' written

I: j•, +-F ' -/ pli "iitt,

(2.18)± =

1p U + F.' = iiW•,. it , t > 0,

whre F' .a' and A ' 11'7 The boundary conditions (2.14) lineari,,

to

(.19) f o t > 0,

where fj = f.aId V. = ,, .i,, the dyanamic ,jl. 11t.ion (d1itio

(2.15) l)e('omes

(2.20) Z ',( .11 a,, + t i,,,a':j (p7'(p), t)
iCI(,/h)/

-fA(v,(p),t), p - .A. t > 0.

The description of the linear system is completed by adjoining to (2.18) (2.20) the
gomemtric, conditions

(2.21) Wi = o oni r(', t > o,

(2.22) W'(p[-'(p).t)=W'i(p.y- (p).t), pE. A; i,.JEI(,.); A1 ..... M,

mld the initial condition.s

(2.23) W'l, 'N W W = Wi1 ill t. , i =1 .... ,

Equations (2.18) (2.22). with .%,' given byv (2.17), descrilbe the lilmearizid motion
of it systvimi of inter'ommmu('tted isotropic vlastic mneimumamrans. Let uis note that the
ab)ove systeim is also directly derivable from tit, vmriational principle

,/I [(t) - u(t) + w(t)] (it = o,

where K. amid W are mw above and

- M, =,,, j1 dli?',4 .1.4(t) = 2 .j \+..
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3. Controllability of Linked Isotropic Membranes

III thlis sectioni We sliadl (oils ille the (jllestioil of exact. coiit~rllabilityv of 50111-
tiolis of till liflearizell ecjtatioiis of tiiot~ioi of tille systetill of iiit('i-o~liliected. Olas-
tically isotropic niviietiranvs given by (2.18) (2.231). Because of' spice littiitiitiotis.
only ailt overvie'w of1 tiis lpi'01)l(ik cull be1 p~resenite.l'

It is asstiitned litat alli (istrilbtitev forces vanishi. Given n sutitable T > 1) ael
"arbitrary" initial (lata (W ), W' ) 'and fitial] data (WA. )~ * ). thle above systeml is
e~rvct~li r'ou./.miabl.1 intil.(fnu T if tfl'I'ivr(' are o-- ol fifltri()o V f f.a:,. if' 511(1

thait tin' solutioni of (2.18) (2.2.3) aciiieves thec state (VWi). Wk I t. titie T':

W,..= 1  W1, , W k.i -1,

Of couirse', thle data adul contitols nist b~e c itoseii lroiii appropriate fiiumetioim spaclle
for whichd tile intitial vallue 1)10)1icii is (at. hui tst.) Well- po~sed illsn 5111 senlse. Since thec
problemn (2.18) (2.22) is timev reversiblvde otie( iay asstime t~lkit. eithecr Ole finial state
or t lie initial state vaniislies. Iii tile lat~ter Isitnaldtolt tile 'xilIvt (ointriohli ilitY probleiti
is called thle rvctihability problemn. Thuis thle reachiability problviii is tihat. of' shiowing
tliat, starting front thie zero state. ant "arilitral state" (W ,,Wi) i = 1. ..
nlay be achieived in tuine T t~llroilgli ani apIpropriate chioice of control fuiimct~ioiis

It is not to lbe expectedl that every systeilt of iiiteieoitiected I iviie ranes, njo
niatter ]how conhigured, is exactly controllable. Indeed, olur I)tIri~oSe' is t~o deter-
illille thlose geomletric hio1el't~ics of such) a systeml wihich will gimaraittee its exactf
conitrolla~bility. It will be fairly apparemit thlat. the suitficietit. condl itions for exact
cointrollab ility elisci i55C( b elow are lathier fatr fromn ti~ccesary.

Aumot~ler point, is thiat iii ordler t~o obtain ally exact conitrohllhbilit~y resuilts at all
We u1sually (bult not always) fuilie it IiecessiirY to ehilploy conltrols not onily alonig thev
exterior bouindaries Li- biut also ili the Jilhction regionls L/i. It. is not clear to whiat
extent thle latter reqIiiirentemit. is (Ilule to thev Iintllodls ('illo~yell or whiether thtere
is somnethiing intrinsic to wave protpagatioin in genieral systemns of interconntected
ineitilbramies whlichl tIecessitates thie use of Jirinctioli bavsel onttrols..

3.1. Observability Estimates for the Homogeneous Problem. Whethier
oil pr'oI cee(s Via tilte cotit r l- t. -state 11,1 oi 1'ern vli tys the( (el liiva lentit) Iilet 11011(111gy
of tile Hilbert Uniiut('htness, Nietlioc I it. is well-known that. t lie reachiability problemut
is till' "(11al'1 of thle (0?ntfiflo'lLs obsc.'nabilty~ problem, for thec lloihlog('ht(ouis adl-
jo~int systein (whfich ill tivl pre'sent (aksI coiticiules withl tile originmal systemn). wwlem
dealinig withl situation-,, in whlich1 the controls act onl thle bouindary, thle latter prob-
1cmn involves showing thiat certain traces of the solutioni ott thle bounidary mitay 1)e
esitiated front below lbv 8oie normi of thle init~ialh data. Each such ohbe'ru',bilit1/
estimtate leads to a reachiability result, and conversely. Here, we shiall describe thiree
suchi observability estittiates.

Let us thierefore considler the honlogeneous problciii de(scribitng the hitotion of
a systerki of interconinectedh tieitlbratles. Let the displacemnent vector of thec i -tli



(3. 1l)r I( 1)

NVc Write

(3.2)

{V -=c pP 1,, X .1 >o0:

(3.4) 0.'! =(x E r,'. t > o:

(3.5) V'(Pi'(PP) t) - '( '(P),0-. P C .A. i-.j C 1(-Ik0 A' 1. ,

(3i.6) Z "( .l (4O'')a' ± p, '',(,a:'4)p, 1(p. t) U. p E.4.. t> (:

(3.7) =Pi V. f Vis -E x -Sj.

Let qI' = ('pl. '.%FP") With VP : S~i- R'- given 1) (3.1). Let. II ( resp.,

V) be Hic tHi hurt. spacfe coiLsistiIng of thos~e %P' for whiceh qI, L L2 (S2,) (e

dýP H jl(S2)). with the nwwnis of %P in 11 and in Vý given byV

.1 -

= ( ~ I'~JII~~l))1/2



res 1 )Caively. Let. V (denote diti (,Ih)SC(I S11I)Sj)MCC of V ('01isitilig of tIiSC %P E V

(1i oil

(pi'(p (p)) - p- I(p)), P c~ '~ij (I)

Thc simce~i V is~ (InciX ini 1 with (o11inimt cillhud~ding.

Letq, b e it imint. of R:' ad (01 soidcr t I c followin g rcstrict ioniis onl th le gcoe a t rY
of 1. II (1 hofgm-itirot.111 of Inini-etiii110is i~(I( and on the materid al Icnnt ers:

(p - qO) -v' < 0I on FV-'

(3.i Z )(p - qO) v' < 0 oni ./A.k= m.

~ '(p - qt) - v < 9oii m'~ =I e:

1) V + 1.!1 (.1 + v

~ ±A, +I (p --q1,) V < 0 onl"* L. to

hurtli-er. let us~ iiitrodiucc thle Sets

A')' {p E~ Affl (p - q11) -. V > 1 A"' A')' /A'),

'0 P= '(AL'' ). 1L p (A') = pi-/FL''

We( luinvi' the folAWloing ol)Mcrvalbility ('Ntinut~tv.

Theorem 3.1. A.s.iunte' that q() innq be choscli so that. (3.S) (3. 11) lioold wide far-
th',sii-sppose' that cither

(i) r,, 0 for at Ieast one inde;,: 1, or
(ii) r!L' :A 0 fon (it l(O..t one, itdexl i'.
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If I = (P ..... %F") is a sufficiently rcgular .solution of (3.2) (3.7). th.n there is
a 7() > 0 such that for 7' > To there is a constant CT such that

(3.12) 1!(P t)1, <c ,I,1 CT (lIT i [ + 1vI ) t

i= 12 1 " 12
f' ± ±~ . 9 r-I J

Remark 3.1. The probflera (3.2) k3.7) has a natural variational formulation (the
principlc of virtual work) from which exist(.11c, alid ilii(llqelless of a- So)lutiOni lllay hb'
proved. The variational solution has coipotie:its 4I,' which belong to H 1 (Q,) and

thi %Pi satisfy the geConetric junction ald boundary conditions, provided the initial
data do likewise. In order to prove Theoreni 3.1, however, we lieed to require that
the solution have al(hitioual regularity, naiiely that V C - (n) fbr smie .s > 3/2
provided that the initial data are sufficiently regular. Ju is knownt that even for a
single isotropic miiemnbrane this degree of regularity depelnds on the geometry of S
and the l)artic'ular boundary conditions. For exaithle, it is true for any Lip)s(chit z

domain if r C and r1) are disjoint. If F" n r) ý 0, the desired reguularity holds
if these sets meet ill an angle :,C'aller than 7r (mneastuied in the interior of Q). Inl
this niatter the reader is referred to Grisvard [1], [2], and Nicaise 1,]. For syste.(s
of intl rcoinie(lcd isotropic niembranes, fr'om the regularity results for a single
memblraine it. is clear that there is H' regularity (s > 3/2) ili a neighlborhiood

of ,(Jh p)oint of rý", of rp and of ['" n ffU provided the angle codlition just
ietntioilod is satisfied. (Interior regularity is miot. t, iss.c.) However, the precise

regularity possessed bty %P' near F/ or. inore specifically, its regularity near points

of F/n Fl a' id F-!n F1) is, to the knowledgo of this author, unsettled and requires
fiWrher analysis. Let ut; nientionm, however, ait iniportamit contribultion of Niicaise [7]
towards resolving this issue, wherin the precise singular behavior of s-olitions of
the Laplace and biliarmienac equations on tletw(Irks at 1tmixed (ormners is (des(rib)ed.
Se. also Nicais, [5], [6], where regularity of solutions (antung (othter things) of

"traimsniis:iioum prohicils" for geimeral elliptic 10rob1leis with general toluitdary and
interface conm(ditionis is inv(estigated.

Remark 3.2. A sufficient conditioa for the validity of (3.8) (3.11) is that, at each
joint, A. it. tmost one of the (p-qu).,i, say (p-qO) *Vqk, is positiVe, (p-qu).t i < 0
if i # q,, i C (J.k), and

pq k (p - qt1 ) V'q,, (p - qO) " / r' (p - qo) 'i q/A q.

are sufficiently small relative to

PiI(p -qo)" vI, I(P - qo) " v1/[ , I[(p - q:) vi*/k,
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respectively, for all i # qk. aud i E 2 (.JA). This iieans th't p,,, haI to ibe stifliciently
sinall relative to the other pi's and that jt)q., Iq ., moust be sufficiently large rvlativ,

to the other pi's and Ai's, respectively.

The observability estimate (3.12) leads to a corresponding reachability re-
sult (Theoremn 3.3 below). Because of the preselwe of integrals over .1I. in (3.12).
this reachability result requires controls in the junction regions ats well as on, tlie
exterior boundaries r?). W, shlll now discuss one particihlar configuration of (eon-
nected niemnbraies (there are others Its well) for which the integrals over ,'A. 1may
be eliminated from (3.12), 1iainely the one in whi('h the inewbranes are ,cririlly
connrcte.d. This mans that

a,',= ±aj, vi, j = 1 ... 7,,

By reindexing the mcmbranes and joints, if necessary, we may assumte that

rP, n:j+j =,Ji, i = 1 ..... ?-1.

Pin.i =-0, li-il > 1.

Thus T(,IA) = [k, A- + 11. Further, without loss of generality, we may suppose that
ai = a' = (0. 0, 1) (hen:ce

/)i 1:-- +1, 1i -- - i+1 ol O1! ])

and ti.t Pi Q, A" F" r, A) "){ UA(.h•) = Fk±1(.IA.) = .'k. k = 1 .... 1 1,

ri(.I)= 4, Ii - kj > 1.

If 7Pi is serially eomimected to 'P,+,, the geometric and oldlynanie conoditiotis
along .,j re(hue to, -espect.ivwly.

(3.1t 3) 'b' -,i+ 1, qtil V- Il Ralo g di.

and

alai I ln i(3.14) o• oi+

so that the transverse motion is not Coupled to the ili-plane motion, as is to be
expected.

When menbranes are serially connected, it is possible to eliminate the in-

tegrals aver .Jk in the estimate (3.12), provided the I)arameters Pi, pi, Ai satisfy
certain nionotonicity conditions.

A

.~.-. .* . . .. .. *--.--- .-- - - - - ~ -.



T'1l•orewui 3.2. .1 . ,'m tih/tI x 1  "•2 rai li I IIhe.f 1 N.4) Mjijll

( 3 . 1 5 r ) ( x x 4 1 . - , , I H , f , , I, I . . . . . t.I

Slippl . u [ lI,'her I-Mill fr t qfill I/ ilt .f [ 1 u1,, l)( fll i O ..... I.

(3.1(i) p, !, , " p,I . A, I A,

if (x -- X1 ) 5,' () on .1,f

(3.17) pI ,. , III l i . A, . , 1

if (x - Y1) -V, < i) on I,. If P = (* ..... %P " ) (I. N.I( ifiVeit!j rr'!1ub" S011110. of

(3.2) (3.4). (3.13). (3.14) with initirl do (hl (*P0 . ' I). thcr' is a TO > 0 such that
for ca-h 7' > To' th.cr i.s I; 'o.istant (Cr itc..'h thai

(3.18) Jjq('Pa. j'P' IIj

~~~~~~~ {# it' I Iq ,2 + 'P 4 )d dt +12 dC-1 ,,' t ) .

]Remark 3.3. Either c(;ndition (i) or condition (ii) of the previolus theoreni will
atutomatically he satisffied il the serial cas,,. Thre (untity (x - x0) V." inust 1be
of constant sign on ,i. If, for a piarticular index i. (x - x0) • W = () oil ,I. 1)

relation between the material paraineters of P'i Mid 1 j+1 Ieed 1)]I a0ssumed. Also,
since the choice of all X() satisfying (3.15) is not unique. for certain conligur'ations
it 111ay Ibe possihle to choose dlistiiict. vwtlis of X0 sid'h that for 'vertaiii indice's ic
(x-x) ).v/ > 0 oii 1, for the first choice of x0 while, for thiw second, (x- xu ).Vi < 0
oil .1. III such situations e(ither (3.16) or (3.17) is sufficient. for the (1on(I.sion of t li'
theorem. These observations stiggest that the above restri(tions (oith' te tterial
p)arameters are duci to the mnethod of proof vinllo)yed nu are' not intrinsi( to the
validity of the theorem.

Remark 3.4. Theorein 3.2 is vawid also ill the Il no' golieral situation Wa)1 , the'
.i's are any Lipschitz continuous curv's. Of course, ill this situation (x - x4j) Li

lieed nlot be of constant sign oili ., So that it is ('vessiary to tussiuihe both (x - x0) '
a' > 0 (on .1i ahld (3.16), or (x-xn).V, <_ 0 on .11 anid (3.17). 1l poartular, Theorin
13.2 is valid for the following problem( of traunsmission. Let S. S I ])hI bounded. open,
connected sets in R2 with Lipsclhitz ,ontinuous boundaries aid with I C cIt, alml
set fl 2 = Q/Nl. We consider the above problem with J = 0= 1W being the junction

-c-" -- )region. We then have 091 = r2 u r2 • S1l)l)OS(' that there is a point X(, E l2 sii
that (x - x()) • V' > 0 on 1, (x - xo) V 52 < (0 (oi1 r, and assu1Iive that (3,16)

hol(s. Then the estimate (3.18) is valid. Since, for serial nlellh)ranes, there is no
coupjlinlg b)etweeu inl-;)Iate and tranlsverse. IIotionsH, (3.18) cohlpjrises two selparate

observability estimates, one for transverse motion alone (by setting 0 = O) and

ii

.~ . . .. ~ . . . . . . . . . . . -- ---- .~ -
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(3.20)=()4,n )i i~)Vj 2 (Ioi M '.1

Au (it bervnitility est linut.C awlogoi is llMh (3. IS) h~.I l pro Pjuiolea consisit hiMl of (3. 19).

(3.20) andn t he Difichiut Ionwulit(r 'N cuondition %P2--1 on 01 l A p~lice of (3.21 ), hans

The follo)wing vorfflki %.ur is at, inllltw(iiialq, (4lS'jli(,I rwol l -(IW l :1.2 and t(1

proco(.s of -wtNkA-uil'g flhe innuui (smv.eg.. 1:. 1). 20101). Iet V ile-iottt th In'hlud
splux of V wit 11 rus5IM'Cto14 ii.

Corollary 3.1. lit addition to thu VI.isIIuhptioIIs of Thowi'dlI 3.2. suipposc 11ird~

(x x11) ul 0 ( oil

(-i.e.. r of). Th-e'n. th/nrc Y.- I, L > I)slic/h t III in for h 1o I 7'> Hit/,n is~ (I

3.2. 1 -.e Reachable Stateb. Earch of tOw above ohsoervihilit iV ext hilmt'eM leildx to
at reacliabl ii ty resulIt.. Here we inival le . t wo sti o] rest Its. (110' IbeinIg (lt' 'Alil l of'
Thevoremn 3.1 and the othl Ivi dw a (111f ), ',orollarj 3..1. sincev then obsenvuibilit-N e'sti-

uinates are kitown only- for "sufficiently regulhar- 0101.0 ills. i~llj)ipici ill tI lie thellell('I1

belIow is the ftsquilllpt 0)11 dhat. there is 11 set. of htiiti~ dilatn Which is denise4 inl V x 11
and for which the correspo~ndin~g soluitioni of (3.2) (3.7) has the' desired I'egihi~rity.y

'This assumpjt(ion inilposes a furtLh'r co nst~raint ol Oihe coniiguratiniu of the syst('ill
of inejubranos, but we do niot know how t~o (jualtify this conistrauint ill ternis of
simple geometric properties of the coiffgitration. (See eMnark 3.1 above).

Theorem 3.3. Let the hypotheses of Theoremt 3.1 hold and let T > T0 and, assione
that WO E H, W1 E V'. Then thferr are controls V, t'k such that the solution of
(2.18)--(2.22) with'WW]o=0  W,tlto 0 satisfies

Wlt=T =WO 1, W,tlt=7' =W 1.
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1111d1

(,1jjI/) q0 C2D L(1,f )I 0~~ " C(1,~

ch orres))owlilng xiilit ioni of' (2. 18) (2,22) wit bi WI, 1)-W. 11 0I vxis S ill at
vvCi- wvak sc i se whIiivh I i'y I v X'y eiii 1 )9k jrvcii~ st, 0 1 i-oig I I I v I I1't I 041 (ftr I I ~I S oai i lo 1.

fo- eXalhliplel.

frouii (CorolIavy 3.1.1

Theorem 3.4. Ldlu the1.potliecsc (of (CovIiary~ :3.1 hoald. Then

V x H1 c {(W(T), W,1(T))I f' E an(.:C2 (') md ~k Oh

Tlits, for se'rialily ¶oniax-ledtt' uininbritih us, a111ll ite vuiergy stintves arv rt'ldabhin)v
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ON FEEDBACK CONTROLS FOR DYNAMIC NETWORKS OF
STRINGS AND BEAMS AND THEIR NUMERICAL

SIMULATION

Nbilativeiat~isches Itistittlit.
tInivvijrsitilt flwrvi itt. i

AINIIA' I. III tWS h M AU ii VN WI'wilit it) IrNS4'Il ll Soft)( c ntro mtrauiiit l I'N m. Ivnaiiiiii

i(P~il~iii ont r o lltbiiiIiility fi Thut. 111 iN, imii rt oicidii, ill,- ciw$4 fort (litwirk'i ((litni~iiila

('ir(Iits. (hlutricidly, IL n,(4m jjdili motio soll u N ll mol cNII811 ircuits. e'ulli t' ill t du 1101 1.8a

ilvicgy. Using~ suchi controls ill it ont~twork, we lit abtic to t stuit hie coiut i ig to11 II

pre'~1nmigoviv piIIIIN of I ll, St I-1 iii-. IllIi 11111 ill I 11(4-W IJIt4 1 11-vt 11l 4 )1i, Ill ms1111'O . Atillt I 4j

llbJNH-1) (4iihiM - 0111M l I fiV t) lint fit, fraigileviv wiiiii S. iltlpiivcI iiiiruitl

Wll]i I .F. ((litgrot-A Atilt'i' oll N e E.3 111144 s illid ItIM. i ii v (mlltill N I iiiN lui ted It I o jul. 1~

1.otjifior.w oim iul u/ali ,nl .~i~llit it lli. 11( i i~ ~hlhliii ti N t~lli~i i~"

1.Introduction

Ili t his liottt we w'ililt hi give Somiie eximtllleIs oh teedhlatk (c)ilt l si st Iitigivs

MVlippiuiM. SYItltSII in'il typ-10ork ltiltringsel mid'io initA'( h ettit Nt ilt lL(tvt i ohtiiil
119]i. Ungenigii- of uid linlt. 115]t titat Lcpgllese. eigpaclelit ikg11(~litI iits wel its] 111] Ii

loiigest path in the tree), if the root (any one of the simple nodes to he introducedl
below) is clamtped auid all of the other simple vertices are tliider control. As for
Eiler-Bernionli beamis it, was shown in that a star-like hundlle ofbams hkis 1 exactly
controllable ill finlite tunei, if all simple vertices tire being controlledl. On the nega-
tive side, it is known for qluite a while. see [41, that already for two strings (scalar
displacement) c~ontrollah~ility/sitab~ilizhithity from mutltiple iiodes is sensitive to the
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('11i4(v ofI hoidaryllfl' vlldl(it~imis f'or din' simple (ii m ticon 1eld ) nodes. A similahr p)If(-

I (4I)('114 oll 1is als obs(1 m for )M''V 4Ihl'1i-Iiki' neItwAorks, Taike totr his tmice I( fievi-ts (if$4 tI Iii vu

Ml -ni gs '41111e )14N I li a l04'11)414: if tw S(Iimple lJi(' e 1114 v and th'em 4 ( )1( In' rinnlimi ig
$11jl4'ph 114)(1v' is4 ((lltrIo)1('(. not,1 ('Vell appr~toxima~lte4 (oltrllabOIIiIlt , v'lcan he achieved.
11'Il( sitimintion. 1141w'v(I'. is imiiii' improl'4ved itoi of14 flt 1.)4 J1''vit)IIMI chuIlipe4 silipiip

14(XI)'''1. '4' is ivtue (aislie441s Nvit' mi ('01t-ti( d. urya coudit dt I. IiukU''ili I'Sit cant N, Shown(

that sp ei hnxg-l cos' eaiblit holds.l i4Iaijt'1 pit'oi rfnI becnuit r4'S vitM mor pus8' siilits i if4'4)1

ill itclhII'lI.5 coi14i4'M cilM iits ISlII thSis)( ems) j)ippr)(111U't I c)5'litlft V.)1kMilt al I'ality Ii

vfIpctooIIvv. )111 4ifli (ll l~lodt are11 cotrlld.A.4 iisiil lIi('l14ti-lilnll Hvilest irnictrs. ar)vin

ii '(ilt 1( I4. I I lot I'ait'g I ~IS M'(141 I 114' 'it S ivv I h 'Ae d: t. is uglco IIt W4,l c 'ke t %i I 14 Mis I II II v1 fail.

fif ()llt ic1114,4 311g1 WIIts k'11 1it Iifd Sharp. IAI.gt.rIVMC lu1141 L.1'y rsulmits, those reilt' jvloidv84

ill lIt ut vi(1411' ('44111st m,1 it istgI' ~Vimpsi('f (10 1)01 ie 1hol) mt'' -Morkts.I)01It ill tiiiilt ,v I
1:1114' (4ollt 1lkilll41it ,v) coldt iolnis 1- 4Ieval vf Subjet' tota uiel'gvll (lst lhl-iitv) , So that1fnl'

fitl ll' a.J n (A0)r Tlic conwt oi Ilum Ilt~ is4'4 e 44 1', Migllitili'~ ill thegt J4Ilkwg

e(h),l e(cltrlih, litn or globt)ilt tl-il) (rof 1-11.tot-1i1 elogy~to oi.tlhngunid blrot'('t111ioh

4/4)' iP po'ili Po chmu Fl thn'lue, Wiiep Hirm.lIiC tho e illi( to 14A' 111) litI Se

(2.. Notatio

WO cisidr i 11oivilpt v.finie. impl (0)1 co= ld' grlhG l ' 1 l
toveti-c , (G ; 1t'. :-:1....t) l ad N e g sE G = fk, ._ J
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und thuadj ce c.N ma ri if E (G )
(2.2) {, L, ) ('Iti

For ('lill v(Ttex we (lehiit' the et. '( vi) { hE V(G) Ica, 1= (I ) fI vef('1TiS

amljincent to t l(e Nv'et(X 1". amd d(i := ) r1( e,) I the edige (legr(ev of thet vertex vi. We

G - .Y-. u i k.
di/(c) (v~i C l'(G)Id(',) = 1).

Obhviously. O)1"(C) 4ignIifiv th sI et. of simplep( Ilo(IP, whCI'4 only ()it(, ed(ge st~artsM or

endiis. whilu V,(G) siignifji( 't h e set o'1 d I1t Iipltje( I 1441 1C wIw InI' I reI t hat I vc ge tInv et..
A finict lon r: G C R' unii then be viewi'd its it collectijon (of func~tionsM w~i ih valmtIC

r., ~ ~ 4 :=.x . (, 1.

3. Networks of strings

III thii mvctiolI We co(litIvi(C 41 tiltwork of Ntriings whindi in its n'hri-uc' coultig-

tII('1ton cl oinci t'h Writhi ku1p Gic r4ttt ts 4OIvscib2ttttI4I. d in th fI'irst subs411 n 14141( r, (1('1411(

I lhe (hispl(''IncemIt of t lit, st rnog (vdge) wit I1 l111)(1 .1. Wev tld'ljit

o (I P,'r,.

sItring. rpvt(M)'tively. Let p2'~ q2 dulohtt'i, 14 hlongituina~ilt 1111d1 th'.'atn111 rigidityv. Fill-

U, *j f.

written r141, its(' f)ollows

el........... ... ..............N.



lI('ler i() i(G ;A' G)( 4.1iotes I I iet.S of Sii pI I iU)(h'5 wit 11dIi hI I mj)4M1I(i((a
cv(4'id. inns. oi;d O)1 V(C) is t~ir' SO (A, strless Fiev4 (or exteliII;4I , % loahdc4 'Is ill tlke
CWS(' Wher !"( 3,. 0) sin ipic vodles. The I thiird I *'11iml !Xpre (1 -. thI'545Ile coliit.illuit%,~ of
tn it- it wnik. ori its comihI(tC(114(55 Iii le I'tVo iticdcol coilligi-. iot ion. while t lit(

4. Networks of Tirnoshenko, hcarns

Pic simltmlt s11 10160114111t(il~yVet Siiliir hlit liiiit.1411i'iciit i mLIV 3304 iliv((Ived(

ill the4 *U( where(.'(1(11c 451g4' is tOmisiit'lt( 11$ 1; itniosli('nkl heam~l ill it's ld('ruL('I(-
(nllihgl-otio)ll. Ill addl(ition)1 to thit(' ltoiigitld~iIllal ailid vertOilml (ipl~)lev114ilit 01, Iv., ) oif
lie (vil tvii ii i',(it , he I ie l Wv uItso haven ro14 (lt. h (o ofP1~ ))41thit' cross

5c~t14)li out 4)1 it.5 Ixisitioul 1i )(lIxtcllivi.f to the4 (;'lieltIili', i.e. we ha3ve' t(o Li((oliit

for shvioriiig. Ws' tielt'ite lite slini' illndlli hv 7aind thne flexillul rigidity o112
itsI 4hef(' vI p I' I( vite(' thle lonigitinIiil . tilla ] 4ifless. Wc (i IV ((, cnider 13 et (i( ail in i t~ialiv
striaight it.(04 I11 untwist.vIid ~ (SI u45. ('5 s~t v Il(la dcihe )(i (LIove,

j~ .1 ~
(4.1)4' 2 w.

2 /1+q2(t

J~ j?~/ + ij) I

+ /n(,&(,n(r~,(vj)) =g,. Vi, ýj -(G).

U.0 Ve i d0j1(G).

(4.4) eP(.)
0

I,h)
0 .)1.) + q/h)( 4.4(j/) I ".~,( )0 (,h r.4,(,)

In analogy to tll(' prei'CVis sectioni we tlt'inet the operaturs

K., I 2p. +- ±l 1.+ 1,p"

N., I '

MS ___ (P4)e,
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theavi the tAte, c('C litiC)I1s (4.1) eaiui he written its

(4.5)j - Kjr"' + Sjr'1 + q2P,r.r1

TliC' (conVc'sPC Iili iig (' ia itiii lity ('iiCldit-ioli is C aC t lY of flt,1 IC' I In as ill (31. 1). wit If
tll IC'(illy Cliflel'il('( that. the vvetors hiiV(' flow tHam'( (uoiij)IIC'iits. Let its uow (,oi-
s iCv Ol't.li lioniogg~i ' uCl Is sit.latiC ii. Thle I 011ihi(ci of IC'' f i-ve ( IlqtirviC Iiwiit (-fll i IC w I IC

5. Numerical Simulation of controlled networks

11.1 . Absorbing controls. lit ortler I(), give fill C'(i~~inC itCli('ii-o wioli. We will
I 'C I'dval ig WithI ilut' 111111 wi'ii al i'('ll izad Mii ofIst CCI)ili/ iiig leedb iwk (Com1 i-ods. Thois e

fe('CII )tc'k (C-lit troIs we'C di5('i 5 alev of t-IvC Ciii I I Iiiig t y I ). '1' ' 'liii 1a IC' v'iC WI c its

1 ieiig fit t he i ltirilterac hIetv(Cii c'Clilt~iCll ili lit y vo'(Ii s Mid ' I5CI St ilii hIikI ilit , CV I C0 ( 'I ItS.

LooC 4'ly slwaklkg ~. UItal 1-4 Ill O~liig Ciltit. rC i is oliii whivi plI v o i~5' il th I C' 'it in it' l-g (' I ii,~ x
nito o ii c diret. oiC ii. The liist.( ny Cf t Iiesvci'(CIit.~ods gov kic'5I)k figh t to t ila', lwg~i 1110 ig

Fi5C'1. m(is[L] ICol fi'll v('Xlc'ICi it. 1evv w . Ii'tiiii tilie iinit heiviiii t jicI %vie~w pti iit it is
Ii IC st, (casily ('xI)Iii i iCC for. theIC i-tId~~t ' wave 1 v liC ill ill its Cl lala-mtvelist it' Ic'5( IiiIt i IIi

([ 181):

Example 5.1. IIir C I-d- n'n i', crpICtaifl..

Illt is wyiitu oC CIWI tv li'suaI~le chlaiS(i11 1-il-wavv evilat lull 115 ftollows

-- 11"., of (0, 1) X (0. T').

11'(i 1)' 0.. (1 ( . )1 (0 )

HI l% 12 It"

We hiave With 1, (~-1 thle fliust. ordler Systvtiii

-, = v',

VI(O) = v2l(O), VIM1 +112 0) V'/)
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E- I iVI(Id.l., _ 1~~,1( 1 )2 + )

for till I > 0. Ill fi('t., it is 1-i('llC ,i N s'evi II that t-Iiis choice' 11iiilll t to can cet Ii ig

till' otgoflh g signals titii hi' (i('li'i'ltl). *lepit t x = 1'dt This (1.ta wtiiti the controz~lt

clIassical dcad bc'(t cito l n. Sim li.ill ugli iiiei Is ('lii ln. be Ct i(' iniA to tiel Ti ii lahiel i

systemi. We liotv. however, that. btecmise of' tie dlispersion (d' waves. we' (to noit iv'

'ont'rollab~ility lky vCIO'it.Y t('e dbuck co)It.rols canniiot. b e achliieved. N(vei'thi('h('5. e'x-

act coiitriithihit~y call clu'itly , )1b proved folr opeil-tlol) 'on~trols, It is llhlimr('lt t halt
the'sjilP till, It('evsity (ot (is('reti'/iig tile stilte c('(1111Siol azid tille boliidahiiy eoiidi-

tonis iii app~ropr'iate wiiY, tile tobtl energy its hfunctijonof It Iini plays it keyv ro l(' Ini
plartictular. it (ppcai's to~ b,, Il.('('(m~ay/ to usc a1 milla.-v~'ii.cr' hmcicif wich/u/ ci'fl)J,cs

thetoal clt i cr(yJy of the.~ di5('1tlizrd( .ystrnt asN longJ as no contrlsPi arc applied. This
cani, for histallev, he achileved by the( chussiaid Lax. drd'h-ucn'itcii(lsscd b v
Le Rom~i [171. See also Hajlperni If)] for Ii ilri' lls selvlel les Sill 1111ti itIig ab~sorinI g bo(1111(1-

ari('s. mhiis sel leliii, is 1111 Iiie I to itvI svstvei i follow li'll t.( 'ill oIf1 thi \ll' i II iit l(s 11, anld (
it is also aippropriate to ~I'tC i er1110d1 es. To) avoid ln (Ii lecisl '5(Y IiiiheXiiig. we
write doiwnit =I I,'~ 1' =l filri'oe it, soilves

Upo)lli ilit.l'Cidli('ilig t ill gridt x, Zr i - Ax.l. z l, i f l -0. t. I., Al.in1.

Ax h/ut. At =qAx. of tleig the' appropriate nivisi rat i. we have' (j17j):

2 il l 2 h

t+ 1 2 i4 1 + C- 2M

azut the boundary condidtinls ar' i'i'pl'ise~lti't bky

.....................
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01 0 2 3 4

Fiwitiu., 1. Coniservatiou of viiergy

'Pike (oirtiuit-Fried,(riehis-Le~wy t'oaiit~ior q !ý 1; we alwayvs ise q 1. TLlis set. up) is
j)IIrtiviuhtrily usefiul if thc btido~l~ary fv('i1 ack al )ove is to bv~ illlplAkeltriev( , 1 )('(l~ls

it. ipr'e5(ibcs the straiii att. thv lboillllary .1,' 1. We 5illkj)1l' pilt: it., H- = _'j +

For furthecr hilforllatticii, lit plrtitullar oil othecr realizatioins of al )s(ri )illg bolkl(I'ary
('oullitiolls sve Halaiv~riI 9].

We first. look titt tlil miolloht~rollVl strhikg. We take 45 spaiala illesi pohits and(
225 tiune stepIs. whkichi anotuits to thiij spaii of [0,51. As uuiithil (0lllit~iols we'
dioosv v(x.r.0) = shi(3?(.r)2 ), i'(.v, ) =(0. TPhv rvasoii for thisi ILoicv is thkat. we
(1t) not. waut to 1look ait. vig('lknkodles hut. ratherv to it response to richi-enough datita.
13ccause If spacv r('Htrictiolk$, We (hisillay' ouily the totall velk('kgy, whichi is 'o~llTpilt.('(

nutmerically tshing the trala'oidali rule, see figure 1. We are niow gohag to ttpplly tile,
ah.4orhillg boundatry voirtrol sit. tite ibotukliary x = 1. TPike result. is siiowuii ik figutre
2, Wliker we dlisl)tiay the stkailkt, raulher thlati the displavellkellt, sit~irlly ixcatitse it. is
tlil( ('auiwical variabl e hi tilt' Latx-Fried(richlis-sr-ilelnet. Tile, total elkergy is disiAny('(

The'se 1)l;)ts servo' its uviclenee for tile, r('vinaks ab ove. The( nuiinieri ctl prou I tire
valn be (mid hats lwc'ii) ai)phicf also) to) Iifalkini striligs at11( pi~lawi ThlloshvOilk() b('nllls.

For shillilar suiiuilatiouis, itshig however tile, classical olireýct diseretizittioii of tile wave
e(iliatiolk, see .1. Sefllllidlt. [201.

5.2. Directing controls. W~e ipurslit the eoucept. of ktbsorhlkig (-oltrols at hit
further anol 'oiisidvr 110W tlkrev idenktical strilkgs arid utfti-pkl(islcl('t.
'rile fact that we concImutrate oil thiskiodIlld, rather thaii Ozi the j)lalkktr systelli, is
OlIlly for tike, make of a conivenienvt display of the( plots. We will considier pialaiar
systvills later.

Example 5.2. T/krYr *scriat strinlgs.

We havwe the( following Systelic
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Fi(,t:III-; 2. Absorbing bomluldlr.v 'onltrl'o

2 'I(

l
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FI'muIII," 3, Eiin'crK plot of disa)ppearing so)lution
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(5.3)(iv')" oil (0, 1) x (0, T),

~.l(0)= 10 ='l .11,(1). (1i,1')'(1) - (.tt2 )'(1I) =f'

It, ) 0 ( = 11'(0). (112 )1((0) + f2,)(0

Xtxtl t liciuc txvarilx. Thcriclixtio ion is rch a l I b to rder to;it H t'1%i llic ho Iiia

111 11) 2 (11 = Y.5.

zx0 =2(0,z(Il)+ 11.x")' "2 :ý 72(1)1 +r )

1() ,40)), ý:l(1) - Zr,0 IM ý l0) Z5- )

Z(1) Z2(1 ) -f 1  Zr5(0) =I z:dO)

t-ogther. with ii it'h cond(ui(tions~. Our goal1 now is~ t~o stAC th Owxciergy of' the'
zitile Myxtil~l t~o the stecUid string bly applyixng absHorb~ing 'onitrols lit the( two iiitil

tip~l( joiiitNS (oxlxxectiixg tOw Seeoiid strinig with the first. aid the thirid strinig. NW
HIldpt thit Str'ate'gy of P.tla1gvdoizi1 all( 1 Schiiiiidt, SCee [201. To this oxInd. we' lebthic

(5.4) fl v= 12.(I), f2 := V'__,()

liv t his (.loi('(' I it o~lltgoilig sigiadis z:dO0) at.,u' = i.(I a :d I(1) at. t.1hl(' ltiut'tivx ,I'

a roe cicV('lhe( . ForI t-h i sakvo'(f (Ill Vell ivi('I ice wrie down t till ho III . lit'I di11 a ry co0l~ltlit.jio us
ini mia t-ix form nIuiso r( fhe(t.i I g oIili noinO111tg and1( ou t~goinig s ignials its ill Ru ssell [ 8]:

z(oI) o (I (A) Z,()

( 5 .5 0) 0 (0)
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We cons'ler a particular exeniplaric path of characteristics. iaiunely, for t = (f
we start with the three outgoing signals Zh Z2, z3 IIIOVilig to t.L:u houindary .r
with charact(eristic speed equal to 1. These characteristics are exactly the ill (')lllillg
signals at that boundary. According to the reflection condition (5.5) at x 1, I 1 is
cancelled at. ; = 1. Now, the triple z.1, z.F, z6 constituites thet se. of outgoing signals
at x = 1, and accordingly, the set of incOming signals at :r = 0. As -.1 is already
equal to zero ati.t = 0 (b)ecause of the properties of C'hara(teristics ). th(, set of

niuvanishing outgoing signals at x = 0 reduces to the variab)le z2 , acoradinug to the
reflection c(onditioni (5.5). Therefore, after reflection and take off to the bounndarv
at .r 1, the only nolivanishing incolming signal there is z2 , which, in turn, is
reflected to zr, us the only nonvanlishing outgoing signal at,.x = 1. This. howv(er.
closes the cycle, I)ecause zr is conlverted to Z2 uIpoll I'(.lc(Ttioll at .X 0, anll .0 o11.
"WeV depict. this situation in the foliowing diagram:

':I I I

This showvs that after two reflections at the boundaries thrre is ornly a r•esidual

Imotion left in thei •econd string. This is what is meant by directingv or diode-type
contruls, We will demonstrate that concept. for planar frames shortly. Let us first.
however, provide some numcrical evidence for the situation descriled al)ovc. Ii
figure 4 we take all initial condclition distributed "dong the three strings. which.
incidentally, are chosen to have individual length 1, so that th(, length of the
entire system is equal to 1. That the energy relivains collstanit after two refle( tions
(that is at t = -) is seeli inl figure 5.

In the context. of the original systeic (5.3) the controls ar(' chos .. I)o e a.s
follows:

fl= -ti,2(1) + (-11)'(21), f 2 = mi2(O) + (w'2 )'(()

which results in the feedback controls

010 )'(1) = -t,(1), * (w 0'( ) = Ji,;I(().

It, hlUs 'en shown in [7] that the absorbing boundary f•edback, th(, on(, with
th( exact imuped-ihce of the half-infinite string, is sensitive to tinie dlays in the(

vc'locity feedback. In fact it hasm subsequently been shown by It. Datko [5], 161 that
this phenomenon is "-it peculiar to strings, and that it is not even circunivented
upon the introduction of severe dan.,)1 ig. Let us show this instability for our three
string model (5.3) in figure 6, ald figure 7.

'I
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Even though this intst~ability is tatliet' tisct'tiirgiitg, the sit iatioli iii a4 i('Il
strutureii( is not rL'4 bad( its this seemis to suggest. First, of all, somte of thie ener'igy il1)-

lag will not b~e prsif4Stt.. But, (vvei ifthe feedba-ck law is to) he rea~lized'( b)Y nulincicl(4l
(ahiiilt)tattohi (ill real t itli'), thev tinlie-lag dIill' to the acit~ioni of' the inicriun-oessor

will not, he a conistantt butt.. rather, distrtibuit~ed bY a m-t'tfiui st~cl~inst~i process.
'Illvivr is, htowever, aitotliti. r-illiedy to this proilieni: the growing illstalbility of the
solutition, unider at fee(11)ick wvith tinic-big is cauised hv feediitg bilek an increas"ing
atitointt. of control viiergy to tile2 systeuiit once it, is olt-tof-plhllsc. Ii at real sti'lietuire,
however, it cout-roller will hanve to respect. certaint a priori given hound0 s. TIlire is
all uxteiisivc literature devoted to flit' probleni of coiit-oliatl)ilityN/stail lizii 1 illty I iv
I fl~lilaed 'ontrtols. We( (10)inot Wantt (Iw(ll Oil t~lii qlitstitott here. W1. refter the reaider
to 11 receliti. paper by Rao 1161 andl to thleI classical work of ilatauix [10] . [111 anul
41150 t~o Cabainites [21 , [3]. Without going inito thle theureticall det'ail, we J)It'svi it. the
responise of title systeili (5.3) without. tinie delay but with respect. to the tionlhitie
bolildidry eomit~rols:

f =-- sigo ( 1i 2()) 4- (.112 )1( 1 ). j,2  ) ~u(a~~ 4- (1 )'1 l

Svo figu re 8, hig irv. It. is apparent tHIint. thes u ceonitrols lend Ao ((41 i5 lrabl 1y WIl-

proveul lcafy to a residit al inot th i illtt t in ecod ll string. It- iF ýii tvrest.iu g tou ol s"'rVe
I'he pathetI'i of tihe straini inl thal. sttiring. If we n ow take dicstes n14o lhictat 1otti ndlot
('011' rods anid if we aceoltilt. for' a1 tiittil thlict( delay ill the conil roi (sity otH' t ii(' 5tcl)

lienl we obser-ve lio Suchi intstabilityv. We (lis~twils with thec nitsli 1)iot. and dIipiolv
thme (ettergy p~lot. onlly: See figurve S.

' 4711 Pro04 that. this ob 11served 1 oblast.~'i tss is act-u tadly N. uteli fort i i(, hifin it~e
diol~i thsioll al syrtemil ii ppeals to~ be anl oh i'i w il dnobeiln.

rho' kinl( oAllioiolifivaritv (ot h)011111lary c(41it.toils jls. ((11 5 cnide1r'1cd is ill 14c de1 ((rived
hit'li I. i~liysi cal l )ticiil~le, 110111 icly thy fria hon,. We (oil ie to4 4h 1.11 p iiit. 1,1itt.('. wit'ti
WC V( i' g(i 423 g t.(o give lilt ('xiliil Ao' of iii pli i(it. 1l iiigi - Kliit-ta iiit1(4I ))) (4Itot

ulifflet iltial 1algelorilico' (atitoits.

IusedC to ituipioVe the syst t(1 te(sp~otise 1by ldirectitig, t-ivo vliergy t it)4 'safe, ait't of
the st.ruiet-i itt. This is of gto'lt. )tml.(ticld iiih)( 4tt.Oii(e 1)4cal ist 41 hlaige fL~b 'ile stru'(t
t.12 t usitally cotitnitis thlayt iy inttiiit-oi 14a e circu i t~s. F veil if aleI~it' ).s thie class icali
(Iissipaitive (01 itrol t1i4t. 0)4) it 24)4he tiitt'o will bvI resii l 51 i 41V 111ibrt ioi ill t he s ' st. iii

whvlichi will not dclecy to Zeroi,4 Usatge of (lire't~iitg' contriols. hioweveri cliii sertvo tot
Ichiattiel' the ctiergy through the tnetwork to etdit) tip ata set. of' tnodes whe're vi-
thet' the env'rgy iinfflx is not. fitportanrt or where iteotiting enevrgy i.4 Inire viusiiv.
absorb11ed.

Example 5.3. Fivv stri'ngs 1'Ond4).iingt a. cir cuit

This lto(IeI contsists oIf aitlunit sqiuate (labels 1,2,3,4) with another' str'ing (#5)
a~ttachled t~o the tiode contnicting string #2 and -string #3. We have anl inlitial
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FIGU RE 8. balig-hang coiitrol

ii'IORE 9Ficajiti, 10
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II 5l II 10 IS 11 II 1 0I IS 210

4 :o.$lo'd ,tilb . 1 St'fr!A .

I v

1 III 5 211 41 III 15 211

FIcaUmp 11. Energy in individual strings

I.l: ... .. .. •illlr Iig -.

I. [

J-0 4 € I11 12 14 ,

F Ic U t, 12. Enurgy il 5th. strg ' iid (itcire systeilm

displacement in the first string only (aS u1stal). II the first experimlent we apply
ILIn n)sor)ing control only at the fice (1,(d of the artached llstring.

Figures 11,12 reveal what one expects.
Energy is taken out of the circuit until a residual motion settles. In particular,

the plot of the total energy of the 5th string shows that with each cycle less
energy canu be absorbed from the circuit becmuse of the gradually vanishing of the
nodal excitation. The situation completely changes, once 'directing' controls art.
introduced arouid the vertex connecting strings #2, #3 and #5. See figures. 13
and 14.

EJ

I,
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* , i Sir~l~l [ ndSi!j

1 4 6 N

FI;1nI.] 13. D)il'(r(tilng cont.rols

4 A I

II IF I 1 K I -

5.3. Finite elements. As lUintioind abhove, t he jvl(lVIis Uk cal'hiflhlioN liiv' b)'ell
1lse(d oil string Ii hl( IN In hviling with ntiworks of Timosieuko lbcani, the im-
ll'ivi-in sillillhiioll lbecoivl<s IlllOr' involved, and it. lippeam less+ aplwalilig tot I.te

Iiuitt' differtc'cel she8l(is. In t.hi, casieo' md nttworkm of TimnohotNiko b)eamsl and also
for moreC COllm)lex string networks, tih finite-element method scents best suited.
Becauhse of space limitations, we have to he very hrief and refor the reader to
Hughes 112]. Our concern in this section is to give mimerical evidenc( for the lack
of approximate controllahility / stahbilizability of it network of planar Tiiioshenko
belviams containing a. circuit.

Let K. C, M (eniiote thme globIl stiffiiess, global halliping al01 glohbal 18S
iintrix, rusp)ectively. Then the systill of eqtlationis governllil• tdit evolutioni of the

I'



till ic dependenlt 14)1 it 10 l variables) call be w'rit 14) lt down as folt)1lows.

(5.6) MfU + Ct + KU =F.

(F rc('r)fl'tst. all! opjpli('1 forcvs). Wv rvciill the rmniuiiý ol Ncxvini-k scelietcs whlichl

nr1 act' m114ill~ ,i tv t or the Predictor'- Correc I'torI typ e. A gain 11we folow 4W 11 I g 11i21. To

prcd'(it'Iots 1),

(5,S) all ( d,1 + Afv, + A -(I -- 2;3)a,.
2

As for st alting vidli's, Nve n

Mao = F - Cvo -- d

(5mq) (M +tIAIC 4 IA12 K)a,, I F, C,, I- KdI,j 1.

Onve a,..is knouwn fromi~ (5.9). we' tIjlpdt-vthe p.1'lvdi'((Io'rii Vill-oii &)'lud'( con-cetoj's

(5.101) do, I dI al jI fa,. I

11ll,' .t'Slilt of1 (5.10) is tOwn'i insertedtit ilita (5.1) which, ill tun.'i will then be Iusod

iin (5.9) mid so) (oi. Thvi two4 Newnim-ak parnmetiiI l('i' (414 1)4' (i15 ii ill viaion ~I15wnys

choice: /1 1. T ~his choice is knowa Ito lendtt t.o c'lsii5('ilt 1)1iiitht (l'di li'gy
2'

I li l 011'('Icullltfi0115 We c()lilfin oursel('ve)s to planuar ful it's of1 Timolieuh(Ikt)

hii that ('wits( the locil stiffniess nintrix k` is it G1 x 6 inatrix as we hitme vert~ical

anld lonigitudinll displacemen('It midit one 'out1tion4 iii tit( p~i for' (111(1 of the two

node11s of, o1111 c'k'iviitit.. For' thit(, sa1ke of1 comple)teness4 we' wi'itt it. out explic'itly
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L"-, 0 L 0 0
p) .4-' A'..

(5.11) k' - 2 EA= A 0 •_€ 0 0 i
0 0 A'-

.. J .' .l 0 A- 4' Al + 1"a
0 -7 . 2 2 2i

As for the lhmped (lllin, smatrix We tiake

(•0 0 0 ) 0

0 (1 0 0 0 ()

(5.12) m"= IIJA- U i ± 0 0 0
2 0 1 () 0

(0 0 0 0 1 0

Sec [12] 1) 515 for th.( plantr iI)lIi without longitudinal displacIlici('it. With
the bill, w've W v(,ocity c = VT-E-/), and tIle shunt .ihel' wawe velocity '. = (.A
the c'ritic'al tinm ustep At ('1.1 Ike estimiated Its

At < ii (h

C c 1 2

Examphl 5.4. The .uiit squar'ct of phinar t'iimo.nshnko bri'.,s

Here W wanlt to show two things: nt. first, we cunsidher the 11eonitirolhld systlem.
Again, we have fnill jitia]l displacelictlit onily ill thi hut lt.oln belniu (#•), which is

horizontal, TIliv tlititulty ill shwing all the dislplac'eImvtI 111id rotatioPs is obviou4s.
At the n(odes lIoc(11 vertic(al Inot in Pt. 001 C1w # I colivertx U) h( lcial loungitudliIn
iiotionl (if the' upright heainis #2 midl #4, which, ill turi', is ('ort)I tet(I to local
vwrtic ill IIotiol ill Lthec t(o)p (hI rizo)llt.ill) Ibvanlli(#3). 1Deca•.Ise ill th( lil i t.,-( 'l '(, I It

approach w' nutoninti'ally have tLh local rotations Ili availaleh,, we call evsily go
b)acuk to the globil refuren(ce t'intlne. fil this way the locally Iongiitudinal ilotion of

the 2nd ( and d(th iceant is, ildleet, globally vertical. See figure 15. This plot ('lnaly
shows the collision of waves ini the 3ril bekani after travelling safely through )eaHns
#2 and #14, The initial Iurni) inxt to the corner at the bottomn hidicates the

hlcatiou of the firdt behen. Figure 16 'Shows the (c )llmervatioll of eliergy.
Iii the sec(i('d ext)erimiilt We, apply dissipaltive controls at 1l four ntimles. See

Figure 17 and figure 18. Figure 17 clearly shows how the motion settles at a residhul
oscillation with liodes at the vertices. Acco;rdingly, the energy Settles at a constallt

valhe; see figurel8.
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FI(uUIiE 15, Unit squar:• uncontrolled inotion

"1 ow!! lIw f•y ol l !n i ors)•l.'I21

-II

'2 . 4 q

FIGURE 16. Unit square: conscrvation of energy
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FIGURE~ 18. Ullit squamre: satuirationj of cmuwrgy
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6. Implicit Runge-Kutta method applied to differential

joints

algcosiebra toidnic a ytm string th 'e ngtexIt tofedry rfrictot the vl on
wher' xi =1 f'or botht~ strinlgs. We' atl5511i11V ehtitped hl)Oli(ldi-ckit' atx =0 For bo(th

strini gs. knidc WC 1155111 lit' dlvy friction int the c( fnnlo pi nt0 I, =ta 1. The' 1CM)iu t iig

tiio(ItI is asM follows:

(,)()+ (-11,2 )1(1) =ig = { in d(I, I i f, i. I

Exi'st~ei te kin Ia Itinit Ilb~ls oft'5 solut it.onls to0 thi kind 11.1ul n titi orit l g('erilt't syst ('iI s (.111i

1be( ticcittec d ti oig theit liil' of' (I 1Iarilux [10]. 11i t his sp ec ia c lks (t vt Ile ust' I.lt I etlicIt s

III:= ill 11 := Ii1, 1:1 (ýOV 11.1) . := (11,2 Y,.

-(-2 + it., ). 1c. (1-~(i2 + 11.1)

NVc, t~hiiilltL( thivct' systt'lt

vrv'. r = (ikkig([-1-li, 1., 1])

Nwith theit bouni dairy IIic luld Iovcni'ti Uilihons

(,I- ',I)(0) = , (i -' l),) :1.

(t?. - 132)(0) U(03: + c'l)(l) + (C~t-I + V2)(t)
wit.hI

E .LLL ~] cise.

Thuse cani 1)0 rewritteii ms

0 fi 1 z 1 )

12 '14 4 1 0
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As it consequence of our special choice of initial coIlditiois (we (iould do more
general but we want to treat this problem only ts aln exeimphuric one), wi' have
V2(-, 0) = 11,,1(., () = 0.

We, will conisider. two ca~ses:

i.) I011,)(."O ())15,,,
it,) I!ftIY(., )(,0) 1 > 1,,

WitV claili that inf (cU.W i.) 710 mo~tion tak('i pl(Lcf on1 Ih.( srfc07i st'ringq for t > 0

l'mof. We hlliV'
( - )(l) at 0 it = 0,

Take -~ ~ 1 f -•• ,(~ ) E - ,r,] (I E [0. 11).

We fiollow thil rfeicthio1s lt.a, 1 1= Mid s181()S11 ltly ,ti It..r = 0, i.e.

.llt)= -11,2o(1 - 1) 4- .ill()( - 1) = vln(l - 0),
111(l, I) = clI. (:- [o.1},

vi(0. I + I) = 111(1( - I).

?'2 (0. 1 + 0) = ),

Heilc', upon reflection, i'l does lot (hillnge ii igilit ide, find wit l z m.• above, v, is
kept cqual to ero, (risiing also i,,1 to be '(pInl t.o Vero.

nTh mialogalu s eirse stl nrttilg with ti r(c. V .I() ld triavelling t owaruds thlie Ibollldhry
lit, xr = 0 i0irst is settled ill it miliiljni waty. Tie ni( in point is that. the v'irinl )I(
(ropreset lit ing the clhicsive (force) id.lways enopensait.es the shl le for''ee ('kills' the
oltgoilig sigmal I.,(l, t)) tit thi hoiiiitri'y xr- I which represevit the Illu1ltiple liodh
ill our or'iginalt model. El

W. al.so rIOtim. that in ,a.sr i'i.) "ilotioIL Ich's spil ollc* mill thc Srcond Striill

Proof. We havt'e iniitially (I'j - i, )(1, I0) = 0. Assiiin ilow

0•: - II) ( , 1) = 0. t C= (0.s)

Pa Pa ý-:(t) E I-'' :'-" : :(t) 34 - - v,, (1, ). ,,,, (0.F)

: " ,(1, 0 $5 (01 W,) =! 1'20, 1 + t) j4 0

The latter inchliuon mays that there im ton zero l motion In the secontd string. The
othe'r causes are handleuld ill na similar way. 1"

We aie goillg to give munlcLlrictl evidence to these rnmarks. We conisidler themewsh points xr =--- , N = 40 mid use the chlssical filite-.differeoVee lpproximation

to the seconid order ole'rttor (wiliclh, inlci(.eittally, euails the eorrespondinlg finite
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(le'1ivit. stiffnt'ess Int rix). hhed, we van view this process h lappci'ing it o01, string

with dry fiiction ft. the midpointi. We have the following systtl(':

{ - P ." if i -

(6.2) h"i - N' I' - I(t) - 2 wi (t) + ,,i +(t1) = 1 0 s

whervl nlow z is givellL hy

if 4'. (t) 6 (0 * z =sign (dy4 (t))
(t.3) if lii,(t) = 0 =:, ,qz E I)n[-, I].

\Vc ilso have boudlary 11i4d iliLial conditions:

((i,.l) .,1'(0 ) = 0 , W O~ ) = 0 - 11',( ) = 1V,(0 ) - li';---

In this system ii. the v trinble ik ('lii be Vi(Wvd as it (cntrol varwihlh which tforces
tie the sohlitiol of tlie systemii (6.2) to satisf'y Ui1 = 10. Il orh'r to do 1 lint. this
w'rial)le ., which phylsically i'j)resvit, s the adhlisive force, will varyv in tilnlc, In
order to I i ikt the r61c of z mole transparent-, we con)sid(er a gc'nerl' diftferen|tial
algebraic equat.ioll of the following kind

f(y~z).
= g(y).

whrre f : R" x R'" ---. ", g : 1UV - Rio arc ('.('2-.. ictio 1s. r(spvctiwcj , v.
Denote the Jncobian of f with e'spect. to y, z by f. . ThU'hen we IIL1y difrilth tiat(e
(6-.5)2 With rTs(,et t.o to , OW'ViaIcbh ,i wX oW tithii

0I = gy (y) f(y, Z).

A lnothii dif('liitdiatkio with respect to x yields

(6..) 0 = (gyy(y)f(yz) + gy(y)fy(y,z))f(y,z) + gy(yf.(y).z)z'.

()hviouisly. if g,(y)f.(y, z) is invertibhl ili liighhoilnIhoo)(I or i s'hott ilul. saly

(y, z) theill ((6.5) is (yl4 jIiVUlt to alil ordinary diffOrential v(llnt ion. TFhis sitimatioln

is s4aid to ha\v(' ind1x 2. Also, iii this (use for the p'roibhlem

G(y. z) := gy(y)f(y, z) - 0, G y, 2) = 0.

,)y t.he inijlplicit filictiot|, there mxists a iighborih11o(d 14(y. z) uld it sohtition z(y .x)

of that equation such that (6.5) holds. See Halter and Wanner [8] for the thieory
of difrerrit-ial algebrac (eqtuatios. With this remark in mind we go hack to our
systemln, where the case just (conside(r(edl (corresponlds to (6.2).(6.3),2.

If, now, z is in the niodh 2 of (6.3) and rema•his the vwth, i , o hle 1i11s to

switch to tfle first cause ii (6.3), which together with (6.2) then reduces to an
ordinary differential eqpiatioti. As it result, we hiave to switch between a dittfi-rtial

'I



32-1 
Nr'/aru "f .4.7inylyN and(1 bumrs

Fm vi~t' 19. Dry 'frict.ion: locking

2I)
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algebraic systemi (6.2),(6i.3) 2 and( (6.4) and an ordinary differreutial eua~&tionl (initial
value problem) (6.2), (6.3), and~ (6.4), Switching prob~lemfs of this kind~ have beeni
treated by Brasey and Hairvr [1]. They itsed thr half- explicit. 5 -st~age' imigc-
Kutta me1(thlod of order 4. Wv us~ed thev Rhadni5- implpemen'itat~ion fl tite Radalt ltin
fuilly impllicit. Runge-Ru~tta mneth~od of ordler 5 also given by Hajier and Wainteur inl
(8[. TIhe corresp)ondling dIriver wats originally written by J1. Verscht; (Ilayreuth) for at
(Iifh'lvilt. problem . We miade' thit( appriop~riate ('haliges to use( it. also) for tlit', )rl)blvIi
t111l('1 consid1(erationi and also for bitani appIlications, (which we do not. rii'p(duc('

liert'). Thti' pro1'cl'il of switchting Itetweiti the two modls(~l is inapt'1o dlifficulty which
is uixitahly xolvvetl sing tie,1sis outpit. fot'notlae' and some kind ofe(xl rapolatiosi t.5
Hud the switchinlg uninnifohl g(y) =0. See the Hgres '20,19.
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VARIOUS RELAXATIONS IN OPTIMAL CONTROL OF

DISTRIBUTED PARAMETER SYSTEMS

'T'OMAS I()UI3f0EK

Institute of hIformation Theory and Autoination
Czech Academy of Sciences

ABSTR''A(CT. lie so-('alCd :conVeX-collpwctihicmtion theory im applied to all extellsjoll
(=relaxat.ioi) of optimal control problems involving evowlition distributed iparameter
systens. An infinltv mbelwr of relaxed problemns mid 'orrcmpondiig I1ontryagin maxi-
nmumin princpIcpIs are thuis obtained, iichiding those deIcribcd in the iIteraturur A cont-
parison and an abmtract utnifying viewpoint im thlus made posimble.

1991 Mathrnmaticm Subject CMlasifJiatiom. 49.120, 19K20)

Key words atnd phra.mes, Convex connpattillcatIons, optimnal Conitrol, rulaxattihI, Yoking
olealu ures, Pomatryalii nIlaxilltUll lprinciple, l)arab lic iproblems..

0. Introduction.
()ptimal contr,'l l)eo1)Cms, gamic-tfeior(,tical pro)blems, or variational p)ro-

Icits in their usual formulation typically (1t not adihiit any solution because of
the al)bsence of amy compact topology making the (hata of the probleim continuous,
This is related in geineral with a lack of smoouthuens, or oscillatiou or con•entra-
tioli plhenoiueiia. Especially tie oscillation phlnomenon (i.e. the "e-optiiiial" coi-
trols nmecessarily oscillate more and momre rapidly wieii 6 \ 0) appears typically
in noli('ulleX anlti/or nonlinear optimal control problems. Thereore, an ,xteii-
sioll (=coi njactifiuation) of tie original ,p•i , u, (of •" dihissii)hle cntormols is Irgumlitly
needed. This lrocedutr, called "relaxation", hkma many variants especially ill the
E'mme, where controls are functions of several variables (e.g. space and time), which
appears typically ili control of evolution distributed I)aramcter systems. The aim
of this paper is to present briefly a gemeral theory, which covers by a unified wa\y
various relaxations that al)peared in the literature, anl to compare them together
with the resulting Pontryagin maxinmum principle which is intimately related with
the chosen relaxation,

p~~~~.. .... - ......-.- .- - - -
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1. Convex compactification theory.
Let wii first consider' an abstract t:~opological 5s)dCP U of' "origi1ial conitrols.

'1w cUl~llpactih('fltioll of U (ix(¾ al cO~lifli1ou15 del~la4 11(' indiilig of' U into it compact.

space K) is ili itnalplrolriately geleral i] pjroadh for Ourii I)l)()osi'. so) t llit WV'

imlpose a restrict ive requiretzndnt tiat A is to be 1a coirvex Subset of a locally ~onIvex
space Z. Then we will speak about. a conivex, coilrpaticf wiatioii1. Moi'e p~recisely, 11
trIiple (K. .Z, i) will be( called1 u coniVex ronlliactifwflt~iolI of U if'

(11)) Z is it locally 'on vex spuict',

(c) i:U -i A is (')litiliiUoll.S,

id) 1(U) is dense~t ill K.

Mostly, We will deal withi i [lansdor'lf coniveX ('oilpaictifical iolis (i.e. i inij('tiVc) anld
theni wve Will ofteni idelirtif~ U withi .1(() for mijuplicity.

Tlo couirkipre var'ious (olivex (milkpact~ificati¶)115 of U, Wve iitrdln(ev a1 nat10u.1l
ordering: fI.v (K.1 Z1, ) kind (K 2 , Z-2, -2) two (otiv('X c()l~lpa(tifi('ations of U, we
will saky that. (A3 , Z, it) is tilier thlan (K'2, 71-, i2) if there'( is at contiffulous afhiile
S110~CCtionn U' N3 AI - K28110 thakt 00i I i2. Tliein WC Will alSO say thlat. (K 2 , Z.j. 12)
is ('oarsnir thaini (1N3 , Z1, ',/ ando writeý (JN3 , Z 1 , i I) t- (A' 2. Z2, i2). or lajefly K'3
A2 - If (KNn Z1 ,il) is sinnnnlltanneonul4Y finner ando Coarser t~lann (W 2 , Z 2. 12), t~leiu We

will say that thley are cjulivileinlt to each1 oter', Mnid Writ(' A1 ':ý K 2. If El ý-_ K2 hInt.
#I9 K2. theml We Will Saýy that.N Ki 1 StlictlY finen' tha1,1 K2~, ando write K'3 >- K2,

Having at coinvex comnhlnctifleaition (K, Z, i), We will Monrectinnies oiniit Z anld
i wheni clear for tllne context. Examlples of coinVex coani1pactihecationls will 1)1' givenl
later.

On "c-anionical" coinstruictioni is alwa~ys possible. Let. us dlenote 1by CI(U) at
Banrachi space of continuous bounlded functions oil U, arid let us conlsider' at linear
sllhspaccr Yc: C(U) containing constants anld satisf~yinlg: Vill 112 c It '3 a net f-11" I

Vf E 1Y: 1mi f(it,, ) if f(ul) + if (i.2 ): Such!I sluhspaces will bc called "co' vexif~yiing".
B~esides, let c :U F* i ý-u (f -f (u)) denlote the( evahmaltiomi nnlappi~ng, let thle
dlual slimcv F* be' ericoweol withi the weak* topology. and1 vlt.

Al(.F) E { F*e ; Ipy'=1&(I 1)= }

TlIe elennrents of AI(.F) tire usuially calleol inneais onl F. Ti'lt, following nusscrt~ioli
suinunarizes sonie results fn'oin [20, 24].

Theorem 1. Let F be a sub.spacc of' C(U) containing cons~tants. Themn
(M (Y), Y", e~) is a convex conipactiflcation of U if and onlly If F is conlvexif~hig.
M~oreover, evmly collvex Coiripirctifu'ationl i's equivalcint With A 1(.) for sollu. closedl
con lVeXifYiiig 811hsPaccF C CMU) If X1, -F2 are two CUvxfii n)ja'' of'C(17)
containing constants, then Al(7F1) t AI(.F2) provided Yr D F2 . if tint clJosures of
.F, and 7F2 ill C(U) coinIcide with eýachJ Otlwr1, theml A'f(y 1 ) ýý AI(.F2). ConJvenSj',
if $'n D F2 hut their closures ill C(U) do lnot c~oinjcide, then AI(.F) >- Ml(.F 2 ).
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Fiiuilkv, e!Ven'. vo()Ivi'eifnig subspacr' Y C (17() is colibilliid ill Somel( umxininll

For it colvex coiupactificatioii K of U, the equ~ivnd~flt couvex co)mpJactihicatiol
AI(.F) will he referred to as it canonical formi of K.

2. An abstract relaxation pattern.
If oil( neglects it conc1(tet striwtutre, veV(ry optimal control proI)Ieni even'mlltAyI

takes thev formi of anl abstract muiinimization problem:

(P) Minimize 4(a() over it E U

whero' (F : U - R is a cost function. As 11n1,nt ioneld ill Sect. 0. (P) n'evd not. haUve
aniy soluitionl a~l~l the lived of its relaxattionl by at conmlpactilicat~ionl of' U anid anl
('Xtoesionl of (D inumnediately alrises5. Thme readler call certainly anticilpate that we'
will lidillit onlly n oiie ('Ivoi (lptletafcititioli of U. aid thme catnonical furin will he
itsc . Therefore. the relaxed problekm takesi the formi

(RP) Minimize iD(pi) over it E A1(.F),

where cAtF. Pr) is sonic ,onivex coiiilactificittjim of U anld 4)I: Al (Y) - a
[sxc. (=lowur HvinlicCiltmnhlotls) extension of 4); i.e. 4) 0 f,= 4).

It is obvious that (RP) possesses alwtys a solution, Which is to )v ion'lsidvredl
ats at genvralhi'Aed Solution of (P). hideeci. the relaitoni between (RP) and (P) is very
intimate: every cluster point, inl -F of {mtA.k) }A-N. whereV { l }AN is a1 nliin!itimzig
semllieiive fori (P), solves ( RP) midio conversely every solution of (RP) (-aill he reatched
bty aiet {iv (c(it )l }Such that; limmin, (1)(11",) =- inif (1)(11). Ill larti(l ll IuI, every soluitiomi of
(P) Solves (alter. beinig iimihe ded via c) the relaxed problenm ( RP).

The convex struicture enables to set. upl the first-ord('r niecessatry optinmality
coindition., For this reason, we will say that. (1) has nt. /1( E AI( F) Hthe Giteauix

olitlroritinl (F) (pi) E F if

(2) Vp E A 1(T) ýj-P -I pA (F'/'u) = hIn~i ( 4)(Iit + IF(// - Ili))) - C/10))

Let us only ruenijimo tHat sinlce P~ is enoloweol with the weak* topology, every
limmear colitninoims funlctionial onl F* hams the form /1. ý- (p. f) for some~ f C F.7 which
explainis wily VF(11() lives inl F and not inl F** \ F. flesmils it is knownl 122] tMatt
V'(po) E F is determined by (2) uniquely tip to cons~tants onl U.

If it(I Po~vn (RP) and 45 has the Ghteaux differential at jia, theii it must
belonlg to the tIlgativc niormial cone to l(.F); this means

where N~f(.)(/LO) (cimotes the normnal cone ife F-.; VjiE M(7) :(p~ - p(), f) :5 0}.
If Nn1 (.)(110) = {conlstmits}, then (3) turns out to the cond~ition 4 '(jio) to he
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constant, which is essentially the standlard1 Euler-Lagranlge eqilatioll 4)' (jtsu) = 0
because the constants art, always included in NA~R.) (pd) so that they are factually
irrelevanit.

However, in iiunliiiear optimal control 1)rolble~ns where~ a flner relaxationi is
generally inevitable thle normal cone NA1(,~-) (pa) is typically much larger, cf. also
Svetion 4 b~elow.

Ill view of the density of r(U) iii AI(.F), we can obviously rewrite (2) (3) 118

(4) (ILo,4'(/Lu)) = sup [ý'(jtc)] (u1)
IIEU

We will refer to (4) its anl abd.'4inC1 7MU-bhnwnl princ6PIr.
Let uts only ouitlinle the 'situlationl when (P) coimes troulltian nptimlal conitrol

p~robleml having an abstract structuire

(OCP) ilnieý11y
I subject to a E U, y E Y, A(uo, yj) =0,

where U x Y -R is at cost function, Y at fanacli space of states, amid A
U x Y' A with A another Unnach spatce determines at state operator 7r :U - -
such that y :=ir(u) if and (July if A(u. Y) = 0. We will supp~lose that, thle conivex coiII-
lpactihicationl Al (F) of U is so finle that both A and V admit cont~inuious exteInsionis

ýý:AI(Y) x Y -+R and A :AI(Y) x Y -A muid, moreover, for every it E A!(.F)
the equtation Aioj, ) = 0 has at uniqjue solution y = ir(p) andl thle state op~erator

*Al (F) -Y thus dleterminedl is continuous (theni f is the continuous extenusion
oiftlit original operator ir U ,Y in tile sense that * cc r We canil then definle
the following relaxed optimal control problemu:

(ROCP) {MNinimnize (i ) ,eY ~,j) 0
I subjec(t to p. i AI(F), yEY 1 )=0

Tihe vxistemico of it soluttion (ROCP) (considered mis at gctieralized soldution of (OCP))
anid stability of tilme set, of aill these sol u tin )s is ligninu cimlsi re(I 1.13 the "'indi um
commilmactimess aind continuity arguments.

Thme priobleum (ROCP) caum be equivalenitly writtenm hi tOw. formm of' ( RP) 1by
putting CD(p) = ~(,*~).Let its suppose that (b AI(.F) -. H is Gm~tcaimx
dlifferentiab~le. fly using the w Ijoiuit-equatiomi tuchmioique dlevelop~ed eý.sscdtumdly ill
[16] we c!an evaluiate the Ghtemtumx clifferemutim-I 'ju its follows; Let. its aussume that
O(po,,) has thc continuous Fr6ehet derivative p' M(.F) x Y -+ Y* amid ~(,t)has
a Ghmteaux derlvatlvc,', E T , and the saine holds for A weAkly; this uneamis thu're is

Al,:I(F) x Y -a C(Y, A) such that (A, A,(jism, y)) E Y* is the FR6elmct derivative of
(A, AtmO,.)) :Y -~ R at y E Y and (A, A') f(,F) x Y --4 Y is cootiimouous for all
A E A*, anid there is A,, Mf(Y) xY -- C(.F, A) such that, (A, A,(po, Y)) E F is time
G~tcaux derivative of (A, A(,, yj)) at pu E Ml(Y) for all AI (.. denote$ tile space
of all continuous, linear operators. Moreover, lct the state operator r MJ(Y) -~ Y
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beh directionally Lipschitzi coiitiiuoiis, ixe. 1II(pu + h(/t - ito)) - f*(iji)II <: 1~,,I
If the adljohit equation

(5) [A'O~, ( vt~f~ u))A ± 0 ~~a) (

hifs at soluitioni A E A* (-the, so-called adjoint state), then we cnui evaluate 4 '(pu)
ýo', (Ito. f(~to)) + [A,, (Ito, fr(pu))] A~coust. Obviously, (4) is then e(sliivalvit to (5')
compiIleted with lthe nimini~iiini priniciple

(6) (o ~,,) Spf~ 1 ,,u

wvhere fA.,\,jjj E .J' is ain "abstract Hann,1iltOnian,1" kleliiived hy

(7) f.AI,ILU, O, (pto j) + [+ p 1  ) coust, with y ij~ o

We will see in Section 4 that ini concretet relaxed jpr()leiuis the "Hainiltonian" ii'o ii
(71) actually gives the standard Hamniltonians which typically do not dlepend e'Xl)lie-
itly oni ito provided F i%. large enough so that both 0(-, y) E F and (A. A(, yj)) E Y
for any A C: A.

3. Concrete convex comnpactiflications of U.
III application s, relaxed conitrols aro typically Othe so-citllec Young nu'a.Iilres

(i.e. parkiivui'tei'i'A'( probability ineasuires) or sonuue gonei-ali'Aation s of themi. It. is
relatedI with it concrete forium of the set of conitiols U, For simpi~licit~y, let. us conisider
liei'e oiily l)houndd~ Coiitrols ill thme foriin

Ks' U f {t E L' (Q; Rk); Vý E E:u S}

with Q2 c Rt' aiid S CR"" comipact. Siuch 1. appeairs q1inte typiceally iii optimlal
vonitiol of ohstri'iut~ed pavianitetr systems. Iiesities, let uts suppose tlnt. it = ii j'+ ii?

and Q vidoit~s at decomposition Q = P x R?, with P C R" ' and 1? c R"". Ill ? 1 >
il(> 0. 111 the( cume vtl = , we put simiply Q2 = P. Rouighly speaikiiig, P deiiot~es

the i rd hirm-ios' iii Q where tfl e "rapid" o'(scillfat ion oiIfIlthe coint~rolms ti1w. fd'ir. Levt its
puti

(9) Bi 1 11 -- 8iuieasurablej

Which is at Ixouiiioer subset of LV? WK k); for ii I? ) we putt simiply BI? S cR"
Let its choose it hiucar stibspace H c_ Li (P; C(B11)) anid tlefiite the inpiitlhnig 1111 :
H -.- C(U) by 'Fp(h) =(iu - fp h((, tt(ý, .))d(): note that %Iip(h) is nothing else
thati the Integral aver P of the, Noinyt'skii op~erator generatted hy h, Furthierniore, let
uts define the limbedding ill : U 'ý i,ý- ['F,(-)j(u) and denote by Y11 (P; Bl?)
the weak* closure of i11 (U) in IP.

Lemma 1. (Ct'. [20, 24]) Let H be a linear subspae of L'(P; C(Bn)) and F
Yll 'p(H)+cunust. Then Fit is a cotivewifying :iubspace of C(U) with U frontm
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(8). Iwld thll coulvex Connjm~etihicn.1iou A(F.,) l of U is equiv~ilhlit. with
(1*,1(Il: Bit), H, ill). Morne j'ec'im-lY. the affiiwe hrnliczomzlhisill r,
YO P; Bit) fixiig. U is the Iad~joint opvrator 'I'*, :F -* -H1 restrieted to AM(F).

Supposing that (7(P) HI = HI (this ittealts 9 C C(P) anld ht C H liniplics

9 /It E H for I '1j((, -) fl(() I((, -)), we call defitne the bhtwinm imapping
0 H x Y11 rP: 13!?) L' (P)) by Ih o q =w-tim,, /It o 'it, for in (a,,) -- t, where

(ih a ill(() = /((, it((. ))Note that: the net. flh o t, I~ I tim anl integrable inajoranlt.

so that. its weak limit inl L' (!) iltws exist. at. least if it subnet is taken. hut it. exists

eVI'II for the whole ll't. becaulse this limit is iniiqjue and equlailist, Ce L V(Q) (lefitied

altverniwtively by (Ii a V, !J) =(71, 9 Ii. h) fr everý'y E (7(P).-
Let. its conme hack to Svet. 2 anld suppose that 41) M(Y'n ) -~ R is Ghte~ilix

differenitiaible ait. pti. By Lemmaiii 1, we can transfer our considlerationis to Y11 ( P; Bl?):
Let. us put. 4)=~(I~ Yu (1'; Bn) -R. nThei also 4) is Gitteauix differeniaflble,
lit. 111 = 4'F q(o e Yu (P: Bit) andt )' (-ijjo) E H1 is determnviite by kp-'I'j~("j~ + h()
with arbitrary h10 E H1 suich that h0 (y, -) is cons1tan.t~ onl 131? tot i.a. C E P. WI' will
catll - 'H ' (= ~ E If t.hle "Han tiltontltia ob violisly, ?H is davit TIllttilc 1111(11ely 11

to) ff nl [L'(P) :-)I11?1 where I~ (l ellotes t he funlctionl R - j 1)

Theorem 2. The ill)strac t iwixiwtum priniciple (41) is equiviivnle

If H C L' (P; C( Bk)) wherv 1' rivi3 l Ole Net Bue viildoled 11 ttplg
which inmikes it comkpict or n. (tfmpjh't.( Illctri/.UIl('el 5JVI'll))' s/nilev thltc (10) is
,ilsii ('qllivahvilt with

(11) *R 0 j](O) = sill) 'H((4i) fin. am. < P-1
tic Ill,

Skctch of tOw p-roof. As for the vyjiivaleilte of (4) withI (10), it. sliffices to tetlilc/A

tlvhe itolet~itYvJ,]H*'j ~l q H 4~p') (.4 '-) (.'',~) for
ltil) 11 1 P~ CY,( J,

As for the li cahiziattion of (101) to (11) , we on Ily nvee t~o I ake a 1ineas turnl d
selec-tioti frothl a tiniltivalued tllaIpling of tlu typ)e ( t-- it G~ 13jH(C, v') 2! (,()I

with a suitable v E L'(P'), which iteeds the assuniptiowi n 71 r as inllosed above:

for detatils we refer to [2:3, Tlivorviii 2].

Ill i ccoril With 1181111l turtitiniology, we will call (1(i) and (11) the integral anid
the Pontryagin mlaxititiiiii principles, reslpeetively; df, [14, 19). Let its point out that.
the Hnlmiltolnian RH (deterimined tiiiqi.ielIy only upl to hitupp-rand~s r C H sitch that
(,((, -) is constant) resulting fromt our theory coincides for the choice c = 0 with the
lislal "guessed" Hannilltolttiia; df. [23, Sect.. 4] for the crve of a tinite-dimnitsional
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systeui or (21) below for thec parabolic sy'stelin. Of cohhrse, the( collstarlll(' 1,(oil P.)
of the iarniiltoitian avloiig optininl tra~jvctories,, which is usuially inicluded leit~ 1111)th

Poutryagin principlpe, is irrelevant hiere bVcauseC our Ha.liltoiatl nll is un~iquel only ill)
to iiitegrable tulictiotis oih P. Oil thle othe(r hiandl thev Haiiiilt~oiiaii linsii a (lfhlit(
nieanuing b~y our derivationii. alilely it represent~s the Giiteiuix differenltial witlii
rto5I)((t to thec eVohilctry woilinig fromn Wi.

After tite transfornmation of a particular H C L' (P; C(Bn?) )il Via pI), we get.
tite subspace T11 of 0(U) withiout any explicit referene(' to tle (IecOnihlositioi~l
Q = P x R?, whichl niakes possible' a coniparisoil Ietweenk various H weven if tile
(hecolllpomition Q = P x R. vary. Thev following assert)ion is it. (ouseqllenc(e of Tilwo-
rein I withi Leillnla 1. Note thiat. it identifies the topology onl L' (P.; 0(13;,)) iildhule('(
jprojectively via TPp fronti C(U) ai; the dhecisive topology ill thle senlse thlat the cdo-
SIre of H inl this top)ology does lnot c'langv the resulltinlg !oiivl Vx (olhinpactihiationi

hut anly furthier enhirgenielt does, refine it.

Theorem 3. Let Q = P, x Rl1 aud Q = P.2 x R?2 1)( t-Wo 11 ilIisiiibi1( d0Co Iipo~sit ions
of Q and lot the linjear suihspares H, c L' (P1 : C(B?,, )) and H2 C L' (P'2: 0(1?,1))
he giveu siwch that 1111 C F11. Tlir'u AI(.F, 1 ) :ý AI(.:P1,),) which nwans iiist
thtat Yj,1 (PI, lBn? ) is it coarser co~l V(eX (o'a1)aeItifiet ittoU of U 011u11 Y,,. (P.2. BR,).
Moreover. ,( u =(1 (lF 1  if and oniv if'! MVF,,1 )~A(,,)

We call See thlat thlere is, ill fact., it large freedomn ili thie (ioice of' tie ude-
(0nl)ositioll Q = P x R? a111( thlen inl the hlioic(' of tile part~icullar susiilce 11

L' (P.; C(B(fl)). It is obviousflintht tie chloice of tile (ecollljposit~ioll of Q has lill ililuile-
diate illipact, oil tile charactur of thie Ponitryagin illaxiliiiiii principle (11). Nainely,
he harger the cotinponl (llt, P (wllichl colitaills direct~ionls ill whlich "rnpidl oscihhi.-
tious ill conitrols are( ahlowevi), tile' lilore local tHie Ponltryagin lfilliiI111 l)Uillciplvh
that. cant be obtailled. Froni tilis, poiiit. of view, tile 1whst. ciloice ofi the (1lcollip)-
sitionl is Q =P., it = ii,'. rill (1 Oil tile otherI 1l11l1d, anlotheri (lecoilljpositioli
witli Iq11 > I) can1 yield finler conivex coil Ipa~ct~ificat~ioll s, Whilici Ohiglit he0 solliet~illles

inevitable Wlilel spelcial prolblells, are to he treated: cf. Sect. 41. As far as tile chioice,
of H is conlcernled, we (-.in say thiat a larger H lllak(' thle resulting coiVux. (co1i,-

pactihecation filler (df. also Thevorein 3) andl tintls the class of lnappji.-';s WhlihId adillit.
a continuous extcnsiou to this conipactification is larger. Also v.-' zin say that at
"Hiiiit" iliorniationl about oscillatioas of e-tlptinial controls contained ini the r a

laxed Ojptillial conitrols is thien greater hut, of Course, tile ilulplelleliltationl of su~ch
mnore inforiniat~ive solutions oil comipiters is harder. Taking H smnaller hins natuirally
just opplosite effects. T~liis is suuninari'Aed inl the following tablles.
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L larger __saller

convex conipactification finer coarher

information in a solutioti greater lesser

inplei'nntation harder ea.ier

a itssa of continuously
extendable, mappings More leS

TAIIIE 1. The influence of t.he ch/oice of the linear .suh.mpat'e II,

p[ I larger I sialler

optimality conditions tmore local leH,: local

directions for "rapid"
o"i I hlat. iOlS in controls wider narrowelr

"TAimI.E 2. Vhx iTflutc1itct of thf, ch~oice of Ohw derom-position. Q = P' × R.

Given it clss of problems to be relaxd, an attempt for ai general recoinineli-
datiou might look like: nu. and P should 1he chosent as large as possible to localize
the tllaxiiniu principle as 1111ch as possible, and simultmaeously H should be taketn
as sniall as possible (with respect to a given chlss of problems that are to admit.

a continuuiols extension on the resulted convex conllactification) to get a convx
compactification as coarse ais possible (which inakes its imnplenmwntation easier).
Also, unnecessarily filler colnveX coml)actificatiolis deteriorate a chance that. at
least for some spechial problems friom a given claiss, the solution of the relaxed

problem is unique. Therefore, minimal convex compactifications satisfying sonie

prescribed conditions are of a particular interest, cf. also [21, Theorem 3].

4. Examples.

We want to deal with the particulatr cas(, Q = (0, T) x S? with Q a dot(i001
in R"'. It appears tyl)ically in (listribiumted control of evolution partial differetiktilu
equations, say parabolic or hyperbolic. (Quite equally we coiihl treat thl(, ciase
Q = (0, T) x Wn with i0M an (in - )-dimnensional boundary of Q, which appl~ears
in a boundary control of such equations.) Then tine t ranges the interval (0,T)
while x ranges the spatial donmain S. In the previous notation, ( = (t,,x), so that
the act of controls, cf. (8), is now

(12) U = c L"L((0, T) x 0; Rk); E(t,x) S for a., t E (0, T), x EI }.

There are now two reasonable decomnpositions of Q = (0, T) x S = P x R,
namely

1. P (0, T) x , ni p = in + 1, nfp= 0; then BB =S,

ii
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2. P = (0,7T), R? = 12, = 1, ni, = m.; thein lit? -= Bp = {- E
Lc(SQ; VR); u(x)E S for an. a- rE 12.

Of course, we could also imagine other decompositions of Q = (0. T) x Sl but. the
corresponding relaxation, do not, seCm to h)(, rep)orted ini the literature,

Let us start with the first possibility. The resulting Pontryagin maxiutmu

p)rinlciple is then formulated for a.a. t E (0, T) rand an . x E Q, and the supreimmi
in (11) is taken over S. Such kind of iiiaximuli principles has beeii trented by
Altnud, Treo [3], Sadigh-Esfundiari, Sloss, Bruch Jr., Snalek [25, 26], Zol(,zzi [27],
('t.('.

Though there are icomiitably many convex colmpctification.s of t.he fo)rm
AI(.F,,) with H C L ((O.T) x 52;C (S)), we will mention only two of them iats
eXamle)ls. The first. one is the finest. convex collpactificaltioi ill this (.lss, which
takes

(13) 1- =- Ll(((),T) x SI;.(,S'))

while' tli secondl oi(, l.•(,,

(14) H = L'((O,T) x S2) .o.C(S)

whenr C (S) d(ellotes the set of all linc'r fumnttiomis Ions IR restricte(d to S: ill
other words. H fromIn (14) contains ,ji lxj . t I'ull hitiolls of the form (, a.

g/(t.x),sj with gi E L'((O,T) x Q) 1111d S = (, -..... ,) E S C WR.
In the cas, (13), it is knowu that. H* - L'((0,T') x ?:C('(S))* is iso,,imt.ri-

o'ally isomorlphic with L,,-((0,7') x 2;.rvct()) via the Ilinpping t1/ : L ((0,1) x
2; re'a(S)) L' ((0, T) x 2: (C'(S))* defined iby

(15) It { ),.r }tI(O,'),:,:iZ (- i / / / , (I. .1,.s),,,(d4s)1dlt)

where L, ((0, T) x i?; rra(S)) is the space•of weakly* nia!)ts|rle)lh e(,ss(,ntially bo ,n.
ded mappings froiim (0,7') x Q2 to the spa'c rca(S) of regulr Ia boi(lehd a-&uhlitivce
s(,(, ili(ctiolis (=Borcl mIeasurtes) oni S. According t.,) t. usia ltnothlution we wl( It,

.,, iiisteadl of w(t,.r), which is to ('villihasize tdhat. vis it pirli(ct.(uriz•'l e(Iilelalr.

Moreover, ' - I iinaps Y/j((0, T) S2; .) onto

Y((0, 7') x •,'S:) E{ E L' ((0, T) x Sl; rca(S)); PI., E E rc', (S)

for ana. t E (0, T), .x E 12 ,

where rcoa(8) = {v E -ra(S); v -> D & (tS) = 1) denotes the set of all regular
probtability mensure. of .5. The eklemt itH of Y((0, T) x Q2; S) arc just the so-cahlled
Yom ing nminsiures, l)ranrlterize(d b)y ( Ex) E (0, T) x S? and supplolrteod (ln S.

In thc cas, (14), it is easy to show that Y1, ((0, T) x Q?; S) is affinely hioneo-
imOrpl)hi with

{-i E L•'((0, T) x Q; IRk); u(t,;r) E Mt(S) for a.a. t E (0,7T), x C ill

i'
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endowed with thu wAtik* topology of' L' ((o, TF) x 1?,;RA,). Thut ionlivoiitc cphisinl is
Vill t.1 ie umappin g whicuh assign s endh itc E L'~ ((0, '1) x S I;R4') II i(ic ieal. Flitiic t ionili

EII 11()'.t) Note that this tinappitig is liiieiti Siiiui' llt thel( iltvcgriui~ls froml
H fromt (14) are liii('i iii terims (it s E RA' 'is gives himsi(nicily the, stan~ihnnt
iuhiiixat~ioii which uises tinily or less the uoriginal Controls ucipippc'd with thle !7'-
Wcatk* topoxlogy. Hlowtvc'r, 511(11 (coarsv ieIxixtit~ion is suittital d only for problem(ls,
hatvinlg it uciiivcx/linlear strietiirc'. piossibcly with slightly iioiditc'iti' jiertirirlctioiis,

Let its go oti to thet seucijd mlenitioned( deeotiiipositioii of* (1). T) x S 2, liiacel ,v
P = (0.r m) i Rc =? u. rliw rtuotu in ~ g Pont tryngin mi aximumti i principwjle is theni

fccntichited for aut, t E (0, TF), an(l tic, supt-crnuinillti (It) is taken over Bhi = j i (L,
L'I(S12: R); cc (x) E S for ita. xr E S1.Such kind of relaxactionis nmid/or imnxiinumii

pincipicicls lias bceen treated bcy Ahined [1 2], B3asile, hininnii 1.11, IPctttriiii [10,
Fratikowskit [12, 1:3], Kampiowcky [151], Piiiiigeorgioii [17], vc.

Again there alt, mii IV 11itid II ill i iy Cont ve'x (l )cipict-i ilientic ci I oi' thill Ic inii
.11(cI(Fl) withc H c IL'(0.1: C(B' I)) w.it~h r soniii Hciccsd tif topolo~gy ccili 1 ,ht.bil
we wvill ilivititjolI onily t~wo oft titetit liii c'Xiciiples. Thie first onec is

( I c)) H = L1 ((I 'FC'( tI' ) r the norni t~opolocgy fromi L"(S 2 Ilk')

wliil(' the Secondic otie lises

(17) 1-1 = 090, 'F: (B'([)) 7- t lite Nveik topology t'ront L ' (S 1: R4)

Note that both (1W) for I < ' 1 < + ~and (1.7) for S c WR (convex sat.isi\ thet(
iissImpioittics of Thcorvinuu 2 nicedud to ustcdclisht the 1loiitrN Ii prxiin inciplell(.

As to the ccitse (16), B'~ is niot. coniplict 111d I1 =l ((I. 'F:C( '(I ) ) is isoniult-
ficahlv isomnorphice (atgain Vial q,' lelinud like( inl (15)) with IL ,1 (0. T; rbu(i(13,) ) wwhre

th, 1? C (B)* dvletotes tile Sc. o f' tilt regli iil c oit Is iii lecidduith- tiveet ctt 1`11iicns onl
11 11017111111 topolo( h gical spate IT.'' Thei viielevttets c i , ( I.'ll liI.T:1 ) cutl he ili terh rtaud
its probabtilcility ro'gilcll.r bcoundtiedcc addc i t~ive set flt ict.ii lls. thIt t c neans vevleinitts o f
L"-(0, TF; rha (B'?~)) vahtc'c il int'lcu. (13' ). Ilit the ecuitext. cir opiti ini i-cc i t~ro t-ithc r~y,
c'Imei ne ts of r lmc(H) are almo ca~led "finite clddit.v lye ivieusin 's' to cclist it igilishi it tric ii
the' tiscici ineasunes which acu c7-uicht~id ve. Finlitely addcittive Incitsicies Well' used ill
this context ill the works 1)y Fat~tcuiiti [8. 1), 10, 11]. fund ill gt'icndc oipt imiizat ion
theo ry also by li (huiit~sc v [6. 7], litslcavv [I8]. etec Let.II ccls oly ii utelit.Icc thatt, siii ye
thu ( B') 11 rca( 13 ) wi thl 13' dvcieict.iiig the c Sti c ie(4'eht (coliiipact ificat.ic licl of 1' t Ice
fliiit( ly ticddit.ivye ii tonsiircs oliai it lituill spanic unit call bvo nlll~. ldvin cIc'stocicocd its
standardtc nT-aoldit~ive ilueclisues ofit aI loll- 11etnizaliv) coillipact. space L't 1 *~

Lot uts suppoac, for simplicity, that S c IRk is eCilv(1X. Sillet B, is Coi(tpiu
proividled r is the weitk* topiology of L'( IS; IRk), it. is 110w eViltett. thait 11 withl H
front (17) is isometrically isoniorphic with Ll (0,7T; uco (Bj1d), anl Ytl (0, T; I3') is
iiiiuppc'l bcy this isontlorpliisii c ontoc

Y (0, T; BA) {V E L11'(0, T; vcat(B'0); ivq E -rca(B') for it i, t E (0,T)



nihe vliviliiits of Y( (I, T') x Q?: ,') are Just thle Young ilIi&Ialurex paa)ic~i~(terizedi by
I E (0, T) Iiun slxIiP )po't.v(' oil B(ii) Siict You ng nivasenx inre bex) en, Imicititly iv-i .11iv
Pliplgeorgbolu 171.

'rb( raihtonsx ietW('ti1 t~iwii'Ileiliolle(1 collc1'tve coiv(x ci~llpjaictificitiol15 ofI U
arce st-at~ed l I thec followinig w1sMcrtioii.k For broivit~y, we will dit'ii tvt by H(1.) IIIIC F(.)

rusp(ct~iv('y tlie siuhpnee HI froml (-.) anld Fit, Ci((U) c'retacd by 1ff.): for emanlpI)I

.F11 tandsx for F,, wit]i It foihI (1(W), de(Iot(d llby H(,(;)

Theorem 4. 71v villt)ions be)(tii'Ul t~i' Ell, ( cowxc)niIJ)I-tifUicai r ulS l(F1 oI).

MI.~.1 ,A(.2F 1 (I)). laidr AI(Y 1 17)) ill,( giveii bY, tin' f)Ictihfvill dingnaiu

willvcu- Iiidi rrw in(Icil tes tile existvile' of on afflichI(I 1ol(lhJvfl')l o-lisni: ill olli'w1

flesidex, 114) arro Cll (11 be tVrevo'cd if S iN I It() 11 silgl('towi thlis lIllnin 01v ioigiljil)

volipjlictifl('ltioflls an.(:,)md AI(.F1 17)) lI1'(' 110111111Y M) ("11t C I'IJll )Ih('

/oto/it of Ilhe pnroof. Tibe fIlt.'- tillt. l(~:)~A F ) follows 1IIIIilvdfiatuey 110111

1.(11 D H TI,)arkiing two I)o In I~ I.S t 111,N2CSIl[(I tWO SNCf1l(Cx { illA, Inild i4 }lý, tI III'

1(1,11invr 010 titking Oihe vollievs ,i tid -4(2 and Il con vergintg w('kiky*tC to il( Ic olstaii i

2s + s S VW'liI(' fh livattiP ollei I)(iig consxtant (I~, +M -I- .2, Now it. is cor't'i

I-tIiit. thv hjinlit. of {r(~ ~~ il f(F I exists and11 is ht fliI~( ' s iO forj =I 1111( 2,
V/hill d~ic'x (11 5CClit'IllT (call I)1' x('plinlt~edilr Al(Y( :1) hbv, frv110 1le 1 fillich'a tlolll~~

J. =', t1jq C- v ) with1 1, C ('() slinhi Outmt r'(x. = v (x-j) =) 0m 111'(1m f- !-42 =a I

he oIixoVioulyS% ((i)*f) =~ tf 4t.a) 1 Id w10'. 1u Q~ I >) 0
tir n iy A- cz N. Th1is shows Hint. Al()1) - A (Ffl 1)).

B3Y analogwis arguinvimiin we call shiow aliso AI(.Fflii)) >- IT 1 7) As for thev

two/C 5i'iplvIC'l(' whichI fillve tille sant, tiinitx oiII AI(Jk (17)) loult ('1111 hi( xejNIl I'll I V onl

wviege i (,lilt* IIU'(S~ IRAk )ul lult aot strevonly. inL(I-'(1.ý: S? A')

converge to14 + 1,. vky l , S;W i o.srnl l PS:R)

As for Af(.F1 17)) AI(,Ff14)), we cannuot. xliow dlirectly 11(17) D I1(1l1 I)be-
C11niSC theC par1titiOnl Q =P )< I? is not, thin satiw. Nevertliclemm, wo vaii show that

-F1 17) 'D F1 Id) bvcnit~st, for anly gm -) .4 E there iv is It (: 11(17) SIioII

tint. q/(1V ýn gI %P(l)'1f(Il), 111ie0y hl(f,vi) Is? I= 19 (t, X)t' (ill for
I. c- (0,T') nuid r., E Bi; note 1Ilat tlie following extilliate liold-H: II ijji .I(O,'I;C( fl11))

'I
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Analogous arguments (call lbe also used for AI(JF( il)) >- M(.1'(1:)) IhlIdeed,
having h c HO:)• we 'an find hi E H(I(,) sitch that = (Pr)(ht) =FQ(h), i.aiely
h1 (t,v) =-. (f. x, v(.,)dx. Note that tiw continuity of hi(t..) : B -2 - R fol-
lows by thc standard properties of the Neinytskii inappings, while the estimate
lbh IIiL (U.r;C(DTt.• <-- llhll t,' ((T) I:(,'i))s obvious. As for the two sequences, let
us take {t I} as in th, first case but with ',i.(t, .) constant (and equal to either s,
or *'2) oil 52, and {u.I. such that -u (t,x) - uk.(t r) ifx E C ' Waid t'.(t,,) = s2 if
,4. (t. .,) = s1 anud u•.(t.x) = .if •.(t,X) = 8.'2 provided x E St", wherc S' S and
S?" are disjoint parts of Si of positive inlvasure. Roughly speaking. both squliwc,.:
colnverges to the Young monsure P E L' (Q; vca(S)) given fby vi.,, = . + 1ý
in the rlep)resenitation of I(F( 3)). On the other hand, on the represeintationi of'
AI(m(i,). the first, one ( converges to the Young nmasure vi E L' (0.7': rb (i'3))
given 1) *v = 161, + lb,., with v (x) = sj for j = 1L2 while the second i(le

2 l 2 ,
cIMnvrges to v 2 E L•(U.T,7:rba((B)) given by I. = 1,,,.. + S, with ",
if x E S1, and (v2(.1) S.2 if .r C ',". and i, (.r) S2 if .X C ' 0111d V2(.X) = S if
X' E Si".

By this construction we can also show that. Al'(Y*(17)) t_ AMl(bt' *:). while the
fact that AF((17)) 2ý Al(.F'(j) ('ani be proved similarly ts the fact that AI(F'(p)) ý
AI(( 17 )t). []

Fin.lly, let us illustrate the abiivc theory by ole model example of an op)tiimal
control of a nouliluiCr parabolic e(,q'atio)ni. We will take (OCP) frhon Section 2
with the tullowing data: k = 1, U froli (12) with S = s,.•1- 21' HY ((2) n-

L2 '((), ff8H()2)) A = L2 (O.T: H - (5)) x L2 (Si). the cost. hujl(tiOll

(18) o(,,. ,,) .r/, (,.(t. .r)_ • .'i / (t. (d) d( idt +. Iu(Ti'.,r) - yi(.r))•2 (b.

with thle desired terminall profile yt E L2 (S2), and the state eqluatio•l A(!/, it) - (
11 thie tori

(19a) at -A/ + ± .0(q) = -(,,.), !A0,.) - flu

with -y : R -- R smooth and nondecreasing, the inital dat-a gqo E llH)(5) and, fow
simplicity. the Dirichlet bloundalry conditio1ns y(t, -) = I)on 0 L o i h. More precisely. the
operator A : U x Y -. A is determined by the standardl weak formulation of (19)
with the boundary and initial conditions, which means that A(u, yj) = (z, , )) C
L 2 (0, T; H- 1 (5)) X L2 (0.) wit], z0 = y( T , .)-1,j and zi = iy/O- Ay±+.(y) -- '(u)
un(lerstood in the, (istributional sense. Note that A(u. y) = 0 has actually the only
weak solution y = 7r(u) E H (Q)n L 2(0, T; H,) (02)). The growth of the nonlinearity
-y at infinity is irrelevant because L'-estimates are at our (displosal thanks to the
comptaison principle.

The interpretation of the problem (OCP) with (18) (19) might be the fol-
lowing: the optimal control should drive the parabolic system from a given initial
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state YO is close to the desiled t(erinal state YId aS Possible and, sillllltafllolisly,
thie spatial profiles of the control should be "as constant am possible". For example,

if (19) has a hcat-traisfer interpretation (i.c. y is a temperature) and -(y) = Y,
then we can say that the control acts in (19) via a Stefan-Boltzmima radiation
termi (which is of the 4th power).

It is obviou0s, that, supposing -y nonlinear, such (OCP) does not bear a re-
laxation by imeais of H fromu (14) because (19) could not be extended continii-
ously. For the same reason, also (17) is unsatisfactory. As for the choice (13), it
would ciable a continuous extension of (19) but not of (18). This can be secen
easily by taking the two sequences contructed in the proof of Theorem 4 (the parl
A(•.F( m)) >- M(F(fl:))). Oi the other hand, the choice (16) is satisfactory b1th
for (18) amid (19) provided p > 2. Thus we demlonmstrated a nointrivial situation
when we must inevitably choose the finest convex conipactifhcation from those in-
vestigated Iby Theorem 4. Let us also remark that the transformatioun of control
variable "y(u) -- fi. would not chanige the situation because thenm the failure of tIm
weak continuity, that appears oil coarser COnlveX Conipactifications, would he omrIly

transferred from (19) to (18) ptrovided -ý is actually nonlinear.
If one evaluhtes (5) in our case, one gets after integration b)y parts (cf. [23]

for this procedure) the equations for the adjoint state A = (A1 ,A 0) E A*
L 2(0, T; H(1ý (S2) ) x L2 (S ?):

(20) + A + +'(.q)A 1 = 0 , AI (T,.) 2(y(T, )1-.j) , A,0  A(1 (0,,)

Of course, (20) is to be understood again in the weak sense.
To evaluate the Hiamiltonian, let us observe that both A(., y) and p(.. y) are

affimne with respect to the geometry of Y'11~) so that the Giteaux differeiitial of

the extended mappings does not explicitly depend on particular relaxed controls
and e(luals just A(.,y) and ýp(.,y), respectively. Then the abstract Hamiltonian

JA,,,,,E F"(lmo) of (7), after the transformation via %P') to yA,,,y,, -- RAI E
L' (0, T; C(B?)), looks like

(21) R, (I,v)= v / (0(x)- / .• (@)() dd.+ / A,(Ix)(v.')),. + c(t)

where t E (0, T) and v E Bli, and c E L'(0,T) is arbitrary. The Ponmtryagin
niaxinmuimi princiIple for the relaxed probleim then looks likv

f 'H"\1(t,v)vt(dv) = sup !-(t,v) r a.a. t C (0, T)

where V = fv}t (oT) c Lc(rt , T; rba(B')) is an optinmal relaxed control.
Thus we have shown that our fairly abstract theory coincides with standard

approaches in concrete cases,
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CONVERGENCE OF AN SQP-METHOD FOR A CLASS OF
NONLINEAR PARABOLIC BOUNDARY CONTROL PROBLEMS

FREDI)I 1161N)IIMC(1

Department of NIatheinatics
Technical University of Cheinnitz-Zwickatt

A 1tSTRAC'T. We iivcst.igtV local convorgence of uan SQ1 methond for an optimal 'ontlrol

proi)letn governte(d by it parabolic eqluatiotn with non illealr houmidary condition. S tlircivit
conditions for lotial quadratic colnvergenfce of thv method arV diPCiltMN'd.

1991 AatMbl.hmtis Suhjvcf (Clras,•ifica.tio., '19M%05, '10M4(l, 491<24

Keyq word,( and phrImsc,,s. StiquentIa) quilthat.i' pri'grtiituiuiig, opt. 1111l contro)l, paratblit
eqin.ionn, nonlinear bntioundary condohiti on cirol !onMiraillt,.,

1. Introduction

hiI thiNs paper, We investigatc the hel)nviour of a SIjIquential Qundratic PIrogramtiiig
(SQP) IhicthloCI llpplie< to the following very siluplified prdobl emrthlelt (11):

(P) Mi /inliz2

~) q / {(,,(i) -+ A,1q)) 1+ ,)2 (S'•,
I'

S1l1),ject' to

(1.2) uj(t, ) = 0 il l
-i, (t, ý) b(w(t, + a(t, on r

iand1( to the co(nstrainits oil t, ho ccotlarol

f E (0, T]. The control i is looked tpoun in L, ((0.,T) x I'), while the stAttt, it, iH
dfie d its mild solutiot of (1.2) (cf. section 2).
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In this setting, a bounded domain fl C R" (n > 2) with C(1 ioundary f', I)ositivc
constants A, T, aind functions b E C 2 (f?), q G L.,,((0, T' x r) are given. By ?i anid
dS the outward ii, liial vector andI the stii'ftcv limeasure oil I', rcsliectively, are
denloted.

Pointwisc constraints of the type (1.3) firc often imposed for a 'correct modelling
of the underlying process. They reflect technical limitations to the possible choic,
of the control and cannot h)e rIalized by t smiiooth penalization. Thi teirii Ajl lit 2

in (1.1) is to eniliance contiiuity of the optimal control (it. may expirvss thc cost.
for the control, too).

It is known since several years that thei SQP algorithm, applied to ilathi('inti-
('al programming problems in finite-dilnlesitc al spaces, exhibits local q(undratic
(convergenice. The method calm be easily exten(lded to inifinit,-dinn'nsioimal Ol)t.iniizO-
tioii problelms such as optimal control problems. We refer, for instaniv. to the
works by Alt [1]. [2], Alt, and Malamowski [31, Kelley and Wright [7]. or L('vit.ii,
and Polyak [10). In the montext of nonlincar p)arab)olic control probilei.ms withoiut
control constraint we mention the mmnerical work by Ktupfer aiid SiIchis [8].

Recently, Alt, Sontag and Trhltzsch [.1] l)rove(l the local qmatlratic convergenic, of
the SQP method for the optimal control of a weakly singular Hammerstein integnil
equation with pointwis(, constraints on the( control. III the author's l)tapci [12], the
proof of convergence wms transferre d to the oli,-dimeisional heiat (,(jiatiom with
nonlinear boundary condition. The aimi of this note is to extend the convrgence
result to a l)arabolic ('(uation in a domain of diimensioim it.

We assume that b and its derivatives up to the order 2 are unifor'mly boutind(, and
Lipschitz: There are constants (,I,, 'I:

(1.4) )(',w)l < cj, I,1()(,,) ( -t ('0)(112)1 _ Q.

for all 11', 11', ,- 1V E F, i = 0. 1. 2. We may weaken the conditio:ns (. I) li) hocial ii(',s.
However, this wouild lead to (lifficulties, is the solution -u,, of (1.2) voihi l'How )i)
in finite tinmc. For ('ci im ieivun' we c(nsidelrt only thlie very sp)eriil typ ,c of* it):1iat h y
COIiditioni in (1.2). This enalh(s us to work out the p)rinc(il) bei'hihaviiur (iif the(
SQP inithodl and to avoid t('(dioiis thlmiical (,stiiiat(,s. The (case 0' imo)'e gcIi'ell
boundary conditions having the, Fiue'tnr Owmi/ihp. = 1 (it,) .+ b2 (V) it is discls::tdI ill [4]

2. Integral equation method

Let us define A : L2 (Q) D D(A) -- L 2 (0) by D(A) ={w ( V.() C O0
0 on F}, Aw = -Auw + u? for 'mu E D(A). -A is known to geilrat' an a•alytic'
seinigroup {S(t)},t > 0, of continuous linear operators in L2 (12). Moreover, we
introduce the Neumannm operator N : L 2(r) -+ W.f(s)(m < 1 + 1/2) by N :

.q ý w, Aw - iv = 0, Ow/On = g. Next, we fix a,p E Ri? by p > n + i and
,n/p < (T < 1 + 1/p. The last two inequalities have a .on--void intersection for

• • ....-.............................. Y ...... .
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p > it - 1, while p > it + I is u(wded to work with statem bteing contt iilhllm S W.x. to
t.. In the(, h mte' way w, Itay iltrrodnuo operattC)rs A,., S,.(t), N,. jitst. by sibmtit.uttiIng
above the ordir of itetugrability r for 2, where I < r < oc. f,.vstricting AS(t)N to
L,.(P) ( > 2), wv obtain A,.S,.(t)N,.. Thriefore, we shiall its(, in tw papcr tiht, saniu
symbol AS(t)N regatrdued in differvtit spac'es L,,. To 1continue( our prepirittiotis wv,
d(lieit a Ninlytskil operator 6 : C(() -- C(F) by (Bx)(.)

A function it, E C([,T] ,,(S2)) is said to) h i.t ,mild .bitiah, of (1.2), if the
lochnwr ittt.o'grid equation

(2.1) WO(t) = / AS(t - .•)N(S(Trw(s)) + u(m))ds
It0

holds oii [0, T1 (r: trtL(', opeorator). The expre)sSion on the right haind side mttakes
sVnse, ats i E L,.((O, T) x I) c L,((O, 7') x r) = L),(0, Th Lj,(r)) ud hV'7(62) C
(N(2) by vt/p < a (here we regari AS(I)N its opverator front Lm(1') to l4v (62), I >
0). Owing to Chei strotng wsltmp)tiotn (1.), to eaeht it G L.,,((U, T) x r) it u tiqtt
global sohtt.iotn i, of (2.1) (exists (cf. Tr6ltzsch [1 j) Turniting owvr to th trnct,

r w(t) itn (2.1) w(, arrive itt, the• integral eiquiatioln

(2.2) M(t) / rAS(t - m)N(8(,r(,)) + (.())d.

ftr x E (C"0. T]. C(F')).

Tlte €,st.ilmatv. (sue Aninitt (4])

(2.1) IIAS(t)NII ,,<.)-.i•(. K f

where a- = I -- (a' - (r)/2 and 0 < a < (7' < I + I1/r. turns, out to. Ia essentiial for

invest igatin.tg p opilts of tihe, integril oi•,rntor aK.,

(2.4) (z)(t) AS(I - N )ds.

Let us bricly discuss (2.3) for r p: Thking a7 = a/p + F, a' , I + 1/p) > 0)
we find that (2.3) holds for tll a > 0.5 + (n, - 1)/2p. K maps continmoisly
L1,((L T; L,,(P)) hitto C([0, T, c(()) proviaed that p > I /(I - o). This holds to-
getl'.er with the last inequality for a, if ) > it. + 1. For 1) . i + 1 we maly take
t 1. ?/(1 + 1).

For cmtivetnietce we rogtard h" betweetl different spaces: A may bie viewed ws oper-
ator itt L,.(0,7'; Lr(r)) for all I < r < oc. Let it, adjoint, K* be d(hihtwd for T = 2,

,I

............ ~.. .... ... .... . ~
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It is known that

(K*z)(1) /rAS(s - tN(qdq

hence Ks$ Imas the satim transformation properties mst K. By miinnts of these pre-
Ve(Iltisit(es we ate able to write (P) ILS

tsil)*ject. to

(2.5) K(B(v) + it). if E nd

Here wL' have intr~odutcedl B ini (!([0, T]. C(I(')) by (P)(,)=Bx~ olU",
fi C- L.((U, T) x I') : jtQf,ý !ý < 1. 'I'lie ecjtationi ini (2.5) is well dehfiied, ats K

imaps L,,(0, T; L,,(r)) into 6[6(, 4T1, cm()).
In1 tilt paper, the following notation is iised: We writ~e L, =-~ L .(0, T; L,( F). i <
r< x-, L,,. = L. ((o, T) x r), C= C(N[o, T], c(n))= C.'Q0, T[ x I') and endow

the 54)*wes wit-h thteit natural normts 11 - 11, id 11 - 1, resl(ect~ively' The initural
norm1 of' 1, (0, T: L (1'), 1 < a. li < xu, is (hlo~ted by 11 11"',lt . Fo H=, =- -x

we set.K. IIn product. spaees of this INype, the nloon is (h1fhii('dIt
the 811111 of the1 eorresponlding nouins, InI C x L,, II(x, ii J,. = 11Kj + 11l 1 !5

r 0(, Ultuld ((x, -it)I1 .1', i '')II in C Y L, x L,;1 ((x, it, y) 11,. ((1 K Hi-1 +

by

0 11
Just dilot. In II t g iiitegiat-ioti of x'y over ((1T x1]> 1'.

3. Known optitnality conditions

The funcutionial ,f x -~ if? anid thr, ileppilig (x, 11) ý- 11(x) 1. 1 fl~oiu C x
11)to Lp 1110v twice '0 coit-i Il(iiols ly I'~cichti. I if ttrv i tiabe ~Th1)t.Iis cmlbI )( ' lisX to 11), ui v

hLatueoO ('(11( oc lit orer ii et. hi C s to ( P). Owingi to I ic ((c Ct vXity ofI f luid thI e flnen t
tal)Ieat'imcc of it in (1.2), staid arti ttiet.to(15 SLOW I the XiSteli1C of' at leaSt 011e
optitmali control uO for (P). Let xjn be tbe corruspouditig statec. For y c- L,., the,
Dugianujc fiawdion

,C;- i.Y) =f (x, it.) -- (ma,* - K(13(X) + ii)ý

is defflnil. From C;,! = 0I we ob~taini formally the e(luatioll 111 =fL. H- Li(xO )"K~*1
for the Lagrange inul1t iphor yj), A eareful disciitision (takiing derivatives In C xL.



Pedi "rr t,.sch ;447

atild regarding the (deiwvatives ns linear operators in LI,) justifies this (cf. Tr6ltzslhi

(3.1) yo(t) = x((t) - q(t) + 3'(x(,(t,)) JAS(s - t)N yo(8)ds.

Here, we took advantage of (B'(x(I(t, .))h(t,.))(•) - b'(.•(t,4)) h(t, ý), hence
B'(i()) is formally self--adjoint. The variational inequality (Cu - I 0 ) >_ 0 Vu E
Und yields < Au1 ) + K*yu, u - uo > > 0. After a standard pointwise discussion we
arrive at

(3.2) U,(t, ) = PHI1{-A- (Kty,)(t, )},

where Pt-I , 11 -1 - ,i11 denotes projection outo [- 1, 11. We aLssume that iln
addition to the first order necessary conditions (3.1), (3.2) the following second
order Mc Ufcie"nt optimalifjy condition is satisfied: There is a h > 0 such that

(3.3) . 1,,(. 1,, i),, _,,) - __,, ,,,- ) l - 1., _ )1" ()112 (SSC')

for all I = (x. i) satisfying the linearized equtation

(3.4) X( - (X() = K( &'(x)(x, - ,r1 ) + iL - uo),

In (3.3), C,,, (hnot.,s the secoud order F-derivtive of C w.r. to 1) (;1, U) ill
C x Lp Rt 0: (x) , n). The suffieiency of (SSC) was discassed in [61. We finish
this section býy thu following very useful Lemma:

Lemma 3.1. Let I < -r, p <_ <o, D be the lin;car contidi.nu.o opr'ato-r in. L,.p, drf.ned
by (DL)(t.,) =/(, (1,4). where )I E L. Then (I - DK)-' and (I - KD)--1
rxi.t as thu ir v.co,1tjit,4oi, opri'rl0Irr, inl L.,, a(,d th-'weir .rM i.s bounded byq (I c'ustai
Ctj PiJ rhrb dejix-d~s wily11iii " r. and p.

Proof. The ilvlertilility follows fi'om a stanidard application of' the lmclalh fixed I
point tlhCore'm. Let z E L,.,, ble givelw. We estimate the solution of the eqouation
X = lJKx + z. Then/t

liIe,(0)llL,w() -< / jjjljj,,jrAS(t - ,•N i,() ,,rlx ,)l,,vd•+ l() t,, )

t

ii
"- - - -
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Here, c > 0 depends only on p, II1141, and ., E (0, 1) .Ix(t)J is majorized by )
the real function ,O(t) solving the corresponding weakly singulahr integral eqoation.
Therefore

T "

In this way the Lunaa is sl..,wn for 1-DK. The arguing for I- KD is identical. E]

4. The SQP method, Milder estimates

Initiating from a starting poilt (x.,u.. ,f/j) in C x L, x L,• th (full) SQlP
method geniravts sequences {.I,, }, {,, }, {,y,, } by solving certain qimndratic p)ro-
granis. Adopting the notation by Alt ill, o0e, stejp of the iethlod (caln be dcsvribud
as follows: Let w = (h,,,en,. .,) he the result of the last. iteration. As belor,. we
writt v,= , = (x = (X, it). The neixt iterate F",,, = (T,.,, T,,) is obtoaitecd as the
soltition of

(4..1) F(v, if)= f'(v,,)(.v - .) + [0,C ,( ,, y v. Miff! W )".

(4.2) X = N(Ji'(x,)(x - ,.,) + B(,,) + ), , E ".

"Y,, is the corresponding Lagrange multiplier,

flc'inrk. Define g(,) = g(.r, it) = x - K(B(.i') + it). Then the state eqvtuation (2.5)
r•ads g(v) = 0. (4.2) is its linearization g(v,,,)+ '( ,,,)(1-e,,,) = 0, which simplitics
by linearity vw.'.r. to ,1.

The Lagrange function C to (QP"), is

t(v. ,) = F(v. .') -- (9a - K(B'(.,,.)(,- .,x.) + t(.,') + ,,)),

,,, ( leads tio the (mljoint.) cqluationl

(4.3) - (,.,,)*y + f.'.() + f.,.(,.)[J,,, - .

+i .,(x )L[•,,1  - .,,. ,

for ij . After a simple calculation we find

7'I

,, '(,,,(t)) rAS(. - t)NE7,,(.•)ds + T,(t) - q(t)

(4,4)

rAS (,,- t*)Ny,,,(.Jr)s.



Thec vnriat~ionil ile(puiality (leternliliIgiiing (tit 1, - T11> o vl c u-,ive

(4.5) T, ,, (f, ý) = ],--I III A I(Ný*,!") (1, 1).

A straightforward calcu(laftioni by ni(allm oif (SS(') yil(,IMl

for 11ll 1)Vbing admIiss(ible f)V (4?I), (where 'I-( I () (1)()n (x().ll. , ii)1oi)).

Lemmra 4.1. Far all t' ill, axmi.Jftrunitly minaudi C x Lpx L,, ti-cyh~bottrh ood NI (iv().
(Q P)~, admnits a u-iqw' solution T1,,,~) Pý wt, tith (Lssochitcd DL.ap7I.?1.f in-ultiplicl,
T1,, Thit, ('Eis a, (c0lst (it, ('I/ twt. d~pe'ndng oil it', silub. that

(47) 11T - V0112 < (.11u11 - ''''I

for all it, E N, Q~l).

Proof. Wv S111011 oly 1 )i('tly skvt.('1 th proof,)ICII which is itln 1hg th li nies of Al IIIjl
or Alt., Sonnitg mid( Tr'OtiN(II [3]. A first st.(qj) fifit iIt vsH from t he( Nimph)I( obser'vid ion

(.4.2) fo t U. By 1 Iini(ull of L('vininif :1. 1 t- li ' uppic 'i cs ilfi,n

(alou be0 (lC'iVw'(. A 1mwe-r est~itu,,ae

foullows fi-l)rn v-wrlitlug t.(i'iI sIuch iNf( ', or c.. -'.ihv) ill terins of '',
~ ~ ) (tc. s'tihllnt lng thit', corecion pIoirii m)iIN e txploit~ing (SS( ') 1110 U'Vunnui

3.1. Wv olilit, tit( (vl('fils oftli l'Ienigt hy compint.onsII. (.1-9) muid (.1-101) yield ( 1.7).
AN rvgni(IH (4.8), we first. (A)N('v(' thllit,,, I is ilioriihitiy haIlliI(It', bvicuic .1i1 is
hml)(l~(vd, too) (this is it cos(OIN'(livnce of (.1.2) for. u. = 51 ,, :I' 111,1 1 is h)Ohlid(Its, 1

it, E NI (a',,)) apply Lviinnza 3. 1 hI .= -x,, inl (.1.2)). Now I.I ihe uil(Iri, I)0Iuidednes('N
of T)ý is an imeinndate, conc(lusiion of (4.4) and T~,vihlla 3.1. [1

Corollary 4.2. The estiimate (4.7) holds true iv. the formo.

for t iii a E Nf (iii) c N, (im).
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Proof. (4.7) iuenns in particular- 11- Il ~911w 11)i5colt - 11)112 EL xploit~ing -F,., -

i(O < 2 it. is ('fl5y t-o show that.

SiilNW11 t atilgth' (qIM1L maol. -- 1111 ad ;I'D W( get

.-,, -x()) - KB( 1 .(T.-x()) = K(fJ(x ...) - fl(xo) + +l(.1  Ito)..i. ±Ffr-

Thevrefore, tite L,. liorn) of thit', left. lIuiI sOide is lessM 1r eqjlu AiI . *. I
.1(111- + ('d Iyiiu - "oIlp) <S (.li11 - Vi'ojl; by (4.12) (pirovided dhct II',' - u,'oil I )
Now Lemmai 3.1 npl)Iics to the( left, hanid side1,

Ill the-lim' wnil Wy, Sill )trIWIt iol) of .1' Ole vi nit hos for, Yo) 11. yields '(

Corollary 4.3. Thvir is aronsiunt v"1 > 0) suci. ilhti.

for u1 til c' NI'(woo) C N, (iv().,

We (fill it. .the 1)10(1. Ill wha t. follows let N i(u' 'g) du(no t. dic invi ii l t~e~(i 0 A* (n t,) Ci
N ', ( o n -() r l N I" ( u( )),)

5. Right hand side perturbations, Lipschitz estimate

I'ollowhig Alt. 111, [21, we consisole now the close rvIlit~iooishiip between1 I ho SI;1hilit ,N
of (Q1)J'). mid( cv'II ill) pefit illit'Iititii ot ((J/'),. . disffi5M thec 1 )Irt uibdoe Piolvlll'f

-. 1,ff) 4 2 LuI.yi)[v - vli,f' vi~~ (4 0 'I) P - Millf! (

(5.1) .u e' c + K( l(x,,)(.i +. 1,)--3(,.()) - if), it c

blotlulgiIng to thic( po)(?11.fO1)Ot-i()1 7r ((4, r:) - ( ,rL, v) c- L.-, x L ~xC'. Foiu ir = 0

thi1,. jrloluiell 111111 theult iiiti( s4olutioh1n~ v() ,,"i Inl (QS), we regard x~, t !in L
at1 if igh I .11C cc) lsttkt. 111i tI E UI "dtit1:1)1 mit.ical ly gcnnv onlyit' 111I L ,~ -stohiitic ils.

(QS) ,, is Itall~it0fl q 1)01M LAH.C I it) IIt flic col itvlltf prcbil di , whiv diti th ivoleoy is 1fl-li('U y
Wide~ly ilLVuHt-igiltud. Owing tf) (SS(7), die following re1sult, is tIIlvff)1(' St~iliditlmiih
rFlIVVis it O eiglhbouir)oo(l N2~(0),11lU1d It l)ositiVc cotistitlt. ('J, > 1) Suclh Hlint, ol.
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til c, E N2 (0) id aill d E L.,. x L.,• probhIIl (QS), admits a iiiqle solitiol
I rý( X r ,I I7r) IllRd

(5.2) 11 - Ve 11,. <2 ! ,' 1171' 112

for all 7r = (d. s') ,tih that c, E N 2,(0). We n'e a•le to impil)roVe this estiliate in
Thlcor•' 5.3.

Iemma LA.l. Let y, be the Layr-mge midn.uti'lir bhun.qmgi to -I, und 2 .< (, d < sx.
Thrnt. there is a con,,stant v,, > 0 ,such that

(5.3) I(",/ - Yn-i.,, - , ( voi' l - ,it ...... + I

for allt i ,:, x L, x C.

Proof. The mljoint equations definin•g y~j, y1jT i-' (3. 1) antd

(,5.4) # (.,.. - lJq) - Id,, + B'(.1,,)W*." + 13" (.,,)[r, - X., *JN. y1.

Subtraiction of these e(qua(tioniS yivl(dI aftv, so(11v estt ilmajolitit

Applying Ltinan. :1.1

I I Y O, - 1 h,• Il l _. .. <. ,15" 1 Ij d ... ... ÷ , ' 11, I' m -- X 0,1t I. .. .

is obtainvd. This implies (5.3). 0

Ot1 of thw decisive steps fol' showing qutatdratic conwvrge'ne is the 'Ollowing Lip,,-

chitz ustiinate improvilng (5,2):

Theorem 5.2. There •s a on-,dtant (';, > 0 suith that

(5.5m) 11 V ,'00112 .: < I','• 11r 112

for all 7r E. L.-, x C'.

Proof. W(, olitjii I thi) Ill , ill st, J)s ol t hic proo(f. Thiv first ord(,r (conditionI for v. is
It so1lltionI of (QS), is

0 < , (,). - V1) VE L2 X ,pad,

i.c.

0 < f'(.v,)('i -•.) -+ £4",1 (u Y()[.I)r -(/ ,), )+ - 1,1)]

_( ,v- v,,s) - (y,,, (x - K)- A (B '(xo)(x xZf) + it - it)
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for all xr c 112- 11 Eý it = NWW'titi. 1o (,n 0 It() tund finld after

vXp1)011tong tlI(' tirst Iliie ne(' cessariUy op tili I litty cond1 it.ion for I ,, i t I's it soultio n for

Vo' -o /IP [I f) '0 Ir o I < c'!l - !it > - < dI. )-

K~~~+" =/i (d (.4 ,,) lietiec ý does tnot satisfy thev littearized equation (3.4), whete

(SS(') a~pplies. Dr)eiliv ý =-~ ,) wll(iee a.'. is the( solutiion of, H'(ip +

~,) 0. Then & IA. und 11,11 All c I' I w2 (apply Lemmain 3. 1). (S¶SC') is valid

" lI2 - 2v(IIý1l2 IIAI1 2  ±IIAIlI).

hl~I • (IVI ~I2 -IIflII!) IIAI12 H 2.

if' I~rHl < 111 Tis impll)ies ("'.5), itf~ Iir~. Titus (5.5) tholds fort cI,

Theein' ('t ctt (5.5) ini the, L2 -iiorinl is tnot slitthicivit. tot omui p)iii)(o5V. flw)v'er, w(

A.11 Ahde t.1 sllt~w

Theorem 5.3. Th~rrv is~ a conitshrit r', > 0 sitch that.

(5.8) I1111 - Volk, •ý K( r,1111,

for oll 7r E L.,. x L, C.

Proof. We Starit with the c(p(laft~iot fotr xi, - .- 1

(5.9) X,' X- r1 - K fi'(xu )(x. - xi() = I. + K(1 o-- Ion).

Ouw/0io = it,, - Ito. By L 2 - r('gulthity.

(c > 0 fixed Suffleicuitty smiall), hcncce

(110 K~u - "to) I I 1J 0 r Hi (I < cIliun - 110I2-

Soblokvv etithedditig tlmeoretits yieldI

Hfi(F) C L. (r)F LI J'_______.F

11/2 0 V
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Dienote the left halnd side of (5-9) by E. TIms

.< I _,_.,_, + cIl,' - •, , Ž I jj,,.,, + *'1'1rll2
< distil/,..,, (Trheoremu 5.2).

By Lminma 3.1,

(5.11) 111r, - .x,,11,,,.,, < c' IIE II*.,,p -< C' 17r~ll, ...

Invoking the first order niecessary conditions for i-.,. -. = I - -(K I -

(I)}, a simplh' estimiat.o•n yields

c ' 11.1, - Xroll 12,, + C 11111, , < c 11i* I II'.~
hv Leiinia 5,1 and (5.11). In Lhis way. we linv'(' already ' exItnehd (5,5) to the
L2 0(. T; L,, (F))-torin performing o1e, step of a hooiiit traij ing argunict. Now we
(ontimi v(stiliiitiml (5.9) 1Y 1ilels of the L,, -regularity of aIrabolic eq(Iatii, s.

The IOllt.i01- ' Cil- 1W (S0tillat.Qd in thI, L.(0. T: IVI!,• //,I (Sl))-n1r0111. hic('. We

lhave for it.s trace rno =- K(,i( , - )

Eii'l~ig I', O(1'c c 111,2 .1 1Embeddinig I-t" '-(I7) c-: L ,, F) (F) = 1. ,,, (r)=lm()

11 *i)t l I,.2,.Ž (: HIllI) "2 (1 p '

is obtlinet d als II ,})ovv. Poi)(eedil[g iil the sa111m1e Waiy we arriv e aftv'r at mliiist [(i -

1)/2] +- I steps at. the case (i - 1)t/2- .(I - e) < 0 while (i - 1)/2 (A-- 1)(I -- i) > 0

(provided •- > 0 is sflficiently ,s:•all). Here we end iin) with the l)0osihility of an
('stinint(' ini the norln of L.2(0, T: ('(F')). flowever, we i111' oill.y

provided ltha pI. -ilJ/ I I t. If p'... I > .). t*hli xv iuie the irg i'uielit

IIS,'(,,. -- ..,, 1!. ., <-- <IK ,. - ,,>) 1•...,, • ,11 -1 ..,,,, , < ('1177i11.2...

(iiote t.hilt P1 -2 < p miist hoiid, it,, L2.,,, is still iiut t.riauiisfOrnied ilinto (C).

Thus finally (invoking (5.9) ai(d the optiu•adity cond(hitions for u.,, ut)

(5. 1:1) I]1 -- Viiji L,, < Cjj7t ii ý.,

(all b'e derived.

It remains to lift. the reguilarity wit,1h respect, to tlie tine t. Fromni Kraisnosel'skil
1i.o. [91 it is known that. a weakly singular integral olperator with weak siliguilarity
a E (0, 1) maps contimiosly Li)(O, T) io L•1, (0. T), if Ilp' > 1/)) + o. - 1. Put
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= 1 - n( > 0 and take A E (0, 1). Then K transforms L2(0, T: L?,(F)) into

La (0. T; L,(F)). wihrc I/t/i =- 1/2 -- Ah. Arguing is in the first part i )ft he prottf.

(5.141) 1I1 ,) -- , 11 •.,, 'I II 7rI L,,

is o))tained(. K transiforms Laj (, T0 L, ([)) into L, (0. I; Ll,(1'), prt.ViI thCt

1/112 = 1/!Il - A 1 = 1/2 - 2Ath. Therowt ', the estimate (5.14) mlI bu (,vriejd ;Ail

tdh norin of L1.,( (. Tý L,(fI)). Proceeding in this way. (5.14) is sece, t, hold inl t.1'1

SII',,-nor,,m after finitely tn:my st.ev.p. (5.8.) folows ca i ty, as K t.ra;isforms L, into

Thli next two result.s nrc st.andni( . W\N, rvf'I t.to thic prot P givvii by AIt in 11] which

sihnpfil)y ,oiskhdrably folrour ioll prottl,'m (P).

Lemma ,5.4. Ther is a C x Lp x L,-a uiqhboutrhood N8 (tO), such t1hat for all

u,2 E N:.I( un) t he following ,cquivalctnc holds trar: If w E N,(ut.',), tfhcun the sobtiofi1

,, (.,,. ,i,,) is also th,: ,niiqui. sobi,,lo of (Q)S) for' th1e ,foiowiet411 choicc o,

r = (d. c) = (d.,., i,, .4 :i,, d r d 0,

(P 7- (1'( .,,. ) - '(. .u )) " ? ,,

(5. 16) c. ~ • (,,) ., - .,,) • (,,) ., - .. , (,,. • .,,)

Proof. We know that. (QS),r is a convex problem with a solut.ion determinied
uniquely by3 tic conrditions (5.1), (5.,i), 111d

(5.17) it, = 1(- ,{ -A '(KAy,. - d,)}.

Thus it suffices to show that. the.trilphlt (i,,,, T,,.,,,) fultils thiese r(latijos for mn

np)protpriwte i and Y •, . As regards .T.' it is a solutitit of,

K,, = '(U' (.,,,)(Yir - ,',) + 1(.,,,) + ii,.).

In rWdcr to coniply wit Ih (5.1), it. must hold

,, = lK( (.,)(Y,,, - u,,) + U(.r) + T',,.) + c.

Subtracting the latt equations we end up with (5.16). The adjoint state j7,,. is

(lefined by (.4.4) Comparing this with (5.4),

YA, , - q - d/,: + B'(x'n)K*I,, + B"(Xn .r-,) - J m 1 *0,

we easily arrive at formula (5.15). Obviously, Ti,, st -.',,s (4.5) together with (5.17)

iff d,, = 0. [_

'I



Lemma 5.5. Dcjinc dl and c ewcordwiH tO ( 5.15), (5,16). Dhen Jor all tv Xjio

(5.1M) HIdk 5 111( lIxw lpldi -- x 1 J + IIIx, - xoIl c~lk'u':11 - .'oil V
+ -.1r !Jollp) + li13,1, - ro~ll x(IbI~j - YinI,, + lIIhe. -- WilJ)

ail I (-Crfair constard v-p, not depr?1ehing on. u%

'ni, proflh follows co)iuph'-tely v.uma1lognus to I'll froni ro 11iirnigilig and14 (Mt~illinting

6. Quadratic convirgence of the SQP-method

Theorem 6.1. §l'/,,riix a C x L.x IP~ niglibourihood N~r,(tro), an',d a po.0ilyr
coristalIl v, '41c/. fl, t for (IIl ;v Z iý.( )h soleMutil. *i-,,, of ( )p(Irld Ifir corTh-

Prioof. XWet.I tke at fi rst N (a io) c N I (I v,)) n N~, ( I I ') si cih thIaIIt. t.ei ivn di ts 1.;t N ( I vo)
is lcmi t hI I II 1. A cvorid i Ig to Co ro Iýlray .1,2., 1 .V -. I'o I I~ I anIId I:I fi ', I uIvIII Itiii lf) oIII Id (le

l)v II. uiiist~ilit. c > 1) for 111l 11 C NMiu). liniui (5. 15) - (5. 1 G)

(G.2) 11(/11.,) !5~ 'i r II - vu 11K,2,+ b ] ....1

15tis flivdiniet~el of' N( it,) is less tlmnu 1.

utson NV( iv,)

(6.4) V lliiql •; V Il~rj' - a, f VII!- I lx

Aiioogoiisly wv fhnd

((6.5) 1h- il l~'-"uI

b~y Linuina 5.1. and (6.3), (6.4). hiiseiting (64' (.(ý in (5.18) -(5.,19) WO' Obtn1:i

(Gml) IlirlI2 Y, lI . lj1 I~__<(I'

iniplyitig togethier withi ((1.4). (!1.) th'u! rvhatj(;1I C].1)

Now wc refortnulllate the SQl' niefithod aildc State thev retsult oil its local cuthvel-geia (¾

'Fie SQl'-III(t~lod ls ll111 u follows.
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(SQP): Chioose, a stitrtig puilit w, ls( 1 ~.i) Having i'(. = (vk., ~J) I'llpt.lttf4

It' k+ I I'k t- I -Yk+ 0) t,( 1)" thu( So i'~u i(i Pi ('~ I t- - nsm)otin&te(l I I grailge mitIlt iplier uff

Ushing Thworenl 6.1. it. Ic Iows nomw ;)' M, n 1(1 incdr w1(11If tv. ': ll U [Ic s thai~t. t i it 1,10 lm
in01C IVIvugs ([I acrat ically to -It!( I (xo, Il. ffilt, if t-1" stiatin g u )i 1). it' is ilti scii

suficvil:1% (11KI, -III( (sev [2], Thieorem 5. 1.). Lut, ,, )w dictedr iby nweuiem o.1j
Do tvby WItin)te opln'l btill arindI~( wo't Wiilr rlitAItsr inI tihe slsctM'l of Cx /.,, x I1,

Theorem 0.2. Suppo.ar thal A.s".'niptian (I1.) anitd (55(i) a? v manim 'icd. Cht oosr

p > ii + I aind Ict -I > 0 be*lUt that 6 := ,r1 < 1. and I3-,6,(wan) c N;(11O). Then1
for' ri7n1j .%fil.Itl() pIniilld Ivl) C- (It /If' SQ!1 lathod 'ooirptalt' a tainiqia' *xcqw'nv'e

Pa k E f1 9 (u.'t) for k' > 2.

111t1S We Ii~v( lectal tp lidraic aR ((11 Iwgv' w of' ce( tilev SQ P 1I il'tl i( d ill (x, 11 . y). NI
precisely, TIheoretm 0.2 ('xpl-csmes I-(titld-i~t i( ('I ilvetgveIC('l, wiiii(' uwlwi i .1slit ws

qI-qiuadrlint c ('I von ping ce of the ii II '.1
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CONDITIONAL STABILITY IN DETERMINATION OF
DENSITIES OF HEAT SOURCES IN A BOUNDED DOMAIN

MASAfIIRO) YAMAMOTO

Department of Mathematical Sciences
University of Tokyo

ABI SirItATl,. Wt, conoSidcr thlu licit. uq lat,; m in it hounded domain iS c T.":

-(1 , .) Au(xt.-t '(t)f(x) (' E Ii, 0 < I < 7'),

i(.r, 0) -- (1 (x• E U), -Gn( t,t) =0 (,r E ~)U, 0 < I <T7).

Assuming that a is it known function with o(0) ) 0, we prove :(I) f(x) (x c Q) can
be uniquely deterlmined from dhe houndary data u(,r, t) (x c 00, 0 < t < I'). (2) If f
is restrited to at (oapiic 8st in it Sobolvw spaue, thell we get. 111 ustilllate:

Ill,2 ( i 3) as i-I , =)ll ii, lTg.IaU )) at q)

1lere the exponent /7 Is given hy the order of the Soholev space which is a•suinud to
contahi nhe se .t or f's.

19 Alothematicsi S.iiect Clas,,ificat.ion. 35K05, 351W. 351130, 931330

Key/ wlords (h Lt515u5,. (a p a niit.i lllta! stahiliity, n prio ri iboullnid, bioritl gllill I'nll tfioct, ion.

tilditatdary ObeSUMt liOll, dCnsit.y of htltL SOlta'CV.

1. Introdnction

We4 c(1usid(r atn initial/tioundary valhli pro|•lhe folr tlhc lI(,at. flow e(luation:I -(r, 0) = Aut(i, t) + a(t)f( X) (;I: E I , 0) < t < T')atI
(1.1) u(x, 0) = 0 (X, E S1)

Oil-77(x,t.) - () (x;E•,0<t,<T),

Here S1 c R'" i it bullnded dtomain with tilooth bounlldary OU , A is the Laplatciani
and • is a trace uperator (eg. Adanis [1), In particullar', if u is ,tufliciently smooth
oll Q, then ()= vi. W , (x) (! E ), where V(x) (vl(x)....., ',.(x))
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fixed.
'T'11 term rr*(ft) f (x) is cons1ido 'I'( I i it'1 1)(41 )i1I*TV. WC 1NSS11111VC t- Ili' ( 7 i s 11 kii W1

is iinkiilowii to be du(turiiiiie(1 fioiii boundar~hy (Ifltl

(1.2) it(X, f) Mh(x, t) (x E O2, (0 < t < 7').

Ili (1.2), we regard tt(x, t.) (x G LO1 , (0 < f< T') as a. trace.( or 1/(.. 1) to tijho lmuidary.
Iii fact, since' f G L (12) aud (T ý_ C' [I), T], there exists a i uiqiil( -drallnj Sabditml

t( ) E Xvi (0 < I. < T) (e.g. Pazy [1:3]). Here wo set. X(, it E Ijj(t?)) !'

whore H(2)-U22(SO i) a5i Soblv IVspace (e.g. [1 ), 1Il('i'(hrl till' kLrt hand1( 5011
of (1.2) call bet consid~ered as5 the tiiwe.

III this papier, We' (olsidCi.

Inlverse Problem. (1) (Illniquieiess) Do thei' h(llui(lry (lat.O I,(x, I) = 1(1J
(x E 002, I) < t < T) (Iet~erinei( f uiiiquelY ? (11) (Sta Iiil ty) Estanhlisl aill nu-
t a al atnbi i it~y est.in iat-v for' the('( coiv'sj It ldi. oice 11 -.-- f.

This inverse problemi is related to (1(tvei-ilillilig t ht denlsity of' radioactive heatl
solur-es 1) the di thermaol radiation oil the 81urhfile, folr eXitinlil(', if (7(t) ý.exp(d- AntI

To the uiqiiicitiis, We cmlh ge't the positive answer (Theoreill I il .12) .

To I lic staiililit~y lpropei~t.y it 5('(i115 that We cluilliot geicrlell expcX1 Qt. al vstil-
blijhty inl wsual norms such as IlfH I(11) and III(-, *)IIIV u(0/..T(Li`Wii) . Th'is 011i he
C0iijecuet(i d b y tiltu' legi ii rit y properlty of' the paab . ol ic Ut t. atil (e.g. 113])). H ul'
nildl Iicicklrthi We set.

(J oi )1

Hlowever. sillcc' the lieptenelss i c'ntall be estabiddihed mod thie liimp 1'- It is
pro)ved to1 1)0 (onintiiLons f'iomi L2(S) to 1ji (0,T 'I. 2 (fl;)S? I) N. 1w khioilovs t.1ointr~~
(e.g. Lavreiit.ev. lloninnov and Shishat-ski![ 10, p.28] or [1 Wj. 1.21), we (-,Ili 5(1' t ]I'
coiit~iiiiiit~y of' the iliap 11 -* j, proidedI( thait. WO' itrC'icit. ml ildilliMsiblhC set oIff to
anty comicil(t set U inl I (12). rTatt, is, for mlly e- > 0. therei& exists soili 6e r ) > 0)
such that,

impl 1g-c. This l.A what. is, called a conit~htiona tid tbailhity. Heeivi ý(c)
(Ipcjilds also) oil the chtticv of at comipact, s'et U al11(, ill general, we caulltoit. spviefii
the ordler oif b(f).

The purpiose of this papiieris to shotw the miipiqititss ill our1 inverse problemi
and to give the niodoluhs b(c) of continuity if we take a hounded set inl sonme Soboevv
space as ail admissible set of unknown densities f's.



liol~li, we cull relvi, for extilille, t~o Cannilon [31, (iiuiioii an~d Fstevit I141 [1.1], [1 41

TPhis )Impel is compose)05d (IIou seci 5(tlhion miid anii IU-idix. Ili !j2 we will state
'Ili('oI(in 1 ( itivi hp iiusa) k~ind1.l( Tlivril 2 (coniii ItOimiaii stabi ility) ns mir min airvsit its.
In $), an 14i(,!t we will pr 1W thoilel. Thei lipp('di i is d evotedI to the proo f of alloi(.lvie

11iiil('mlict'i. testilt ill thu' Catse wilere tilt, oIbst'rviltioii tililw lenigth 7' is ilifihiitc..

2. Main Results

1Heiiceoloith We assmixie

(2.1) (T (0) #ý0. a E C''O .

Lot. 132(1 ) be1 (.1c ie )IU of eu- vidVill ued sqil aic iii t-cgrille I LhilicioeliUis w i tltheda l( lill

For 5ti tinig olii restilt-S . w' jillt 11) Ii et 51 illQ nolt.ation 15 d (111( 1l litii lls. Let 4

bev the realizaltionl oI, ._A ill 1,2 QS) with Nelmmiaul homiillthli ('oni~t~io ti~i: (x) ý
mii~a)ad ED(A) it c [['l(I?); ý- I l. Let. uSilsI'I'I~l tilt' cigvelalhllics of

A fl'jX'it~e( ly II~ tt ho i ig to t livir i 11111.1111 it. js:

0 = A I < A2 ~ A3 < .....

That is, if' tilt miultiplicity ol Aj is m.i theni Aj pe- i nlI(hi' l the abollve seucjiete w-
tinews. Let. (/A. I)v kill vigellfiniicfionfo I ho ti vigeiir'nlui Ak of' 4 (A- 1). e (-kil

chioose'{(A.Ik Suchi t 111t

Himer we set 6. = I (A-' 1), It0 (oflherwise).
LeO us fix (I > (I sucoh thilt.

(2.3)

Fo ny Al > (), I't. 11s dfile (iiit Oh1adi"ijsbl( et svt uiikilowii terms J-s hv

(2.4) UA II f E LI2 (S?) I (f* I". A- < A I

For '7 (-: N, by usliing the ilsyliltot~ic ix~u our of A,, (see (3.1) below), we call
'2

iepJ~lu'e tilt' C.flehitioii COfUAIA,, by

(2.15) UAIS1 =if E LP (S1); ,(~f 01 )K - 1 ~tuc~~A}
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Remark 1. We can define the fractional power (A + y)l for 7 > 0 and /1 c JR
(e.g. 113]). By (A + -y) 1, we cal rewrite the definition of A,,:

UAI,,. = { f c L2 (V); f E V ((A + )) II (A +) fH - Al }.

Now we are ready to state

Theorem 1 (Uniqueness): Let f sati.sfy

k= i

Let -i(f)(x. t) be the ,stroug solution to

all, -x. t) = A-1(x, t) + ar(t)f(x) (.r E •', 0' < t < T)

(2.6) ,(x, 0) = 0 (x E Q)

.,t) = 0 (E • OP. 0 < t < T),

if

(2.7) ,t(f)(., t) 0 0 (, E M o, 0 < t < T).

t~hen f(a) 0 for almiost al a E Q.q

Theorem 2 (Conditional Stability). For (till Jixed a > awl a nty A! > 0,
ive a priorti .•sssioe that f E tA1,,,. If (2.6) hold, then there exist,s it conlstait

C > ) 8,1114 Malt

(2.8) If/I) .5. •M + C exp(CNL )ju(f)II i (l:r1111 , 8)

for anql N E N. Moreov,,. a(is f (1 I). ' "td to (, ;Y. 11W. , ha' I/,(-

Remark 2. By (4.3) in the proof of Theonren: 2 in iil, we (,il see: A:. the norm

for densities f's, if we adopt I1lf/lI = s1uPk>• j(f, 0-) 'ýxp(-C klt) for a suffiieontly

large Cr > 0 all(] we deufille 811 anllissihk' sot of f's by J { f • L2 (S1); IIIfII <
oc }, thern the ia) u(x, t) (j, E OS!, 0 < t < T) - f(x) (x e Q) is Lipslchit.z
continIuotis froin HA (T,; L2 (Oj2)) to t. However, tOw tu.iology ;a )X is too weak

iii the sense that we (!anl inot generally get the continuity of th, Ilapt) f -- a(f)
from X to H'(0,7T; L 2 (Oaq)),

..................................... ~
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lit [3], aI sitnihir 1robleiii is cuiisidercci il tile case of a(r.) -aI- andl tiv'
inaxiimumii priiiciplcl for the' vaidcltic funtctioni is a key. Onl the other hiibid, ini this
pa)er~ we reixine ourm hinvvs 1)r(JbkeiI to "nil 'uoninclt prohlivii" b~y whikI: wv
calli vstiiuiatc Fotiriei' r~oefheonits of f. Our tecihnique is rmiltrol-thleoiti('a1, !xid ieg
der~ived front Ru~ssel 115]. where at bounidary oniti'c~l ~rObleutIf iS collsidere'd for 1lear

equeationl.
If1I is ail v-diliviiesioiiai patrallelepipewdoim{(i,.. 0,) < xi < Li (1 < i <

r) }, (L, .> 0(: 1 < i <, r), vhen we call reach sin-ifar results for uniquviiess nlld

Cond~itional stab~ility even though we restrict obmorviitioiis oiii the~ whole bounda~hry,
ni(xr. t) (.x E 0Q1, 0 < I < 7T) to a part of 011 (1181). The inethlod inl tlS is hasmec oil
Fattorinii [0]. However for a general hoindetd doinaiii, it is ii-t certaini whether or
inot houiidary ditta restrictedh to a part of M1l can guariantee couditiointl stukbility

such its Theorinli 2. As is iliemitionud( ill ý 1, ill [ill aid [141, at sinilliar iirohhi'ii is
conisuidere ill the ettse of It .~ r. -ex) < <i *... x., x*, > 0

anid T = oc), where the key tvelhi(iiiqe is the L~pla1cc tralisforini with resjle(t. to
tunei t aiid so it sceimi emseiitild that the olbservittiefl is IIvor any t > 1), lint. over it
finite timev hiterval 0 < t < T' (< :)o).

Remzark 3. F'or dlisculssinig -aabli il I'( )rolvbIilis, aiiotliriiit.1 I dlth" by lil H l

skaiji is aJ)I)Iiclxbhe (e.g, Lavrvnt.ev, litezitsioija aiid Yakhmnou 19, pp.6i 8], stl(I H1o-
unanilOv [14, p1)213 218]). That. is, if we cani oI~vr'v(' boinditry vaxlies over [0. oc) A,
the I-axis, thieni wt. call il-c)llU' ot11 iliV('i5V 1)1 lelii for ii jparabohic eu(tation (1. 1) liv
a letcrliiiinnitioii problenii ohf f ini at hypelvi-ohivc mjlltioii Au. + n(I)f f(x) (x ~E
Ql, i. > 0). Theni we call emtjpl)y results inl hiyperbolic inverse prnhbleilis (veg. [(0, Owhl)-
ter Vill a1nd [14, (ChniAvmt 4]), Il iior jmpeiv, however. by voiistruictitig Ibiorthllmg( )lln
funlctionls, We directly discuss a pImrahbolic iiiver.4v probleihli.

If we wssuiime that. T = x), thimei weca vi weakcii the conlditionl (2.7) for tiv
uniiIiqenecss. That. is,

Proposition (Uniqueness). Let cl ;vu# a .- eIIN ti *f ci1e11d (7ie ('e)1IMtif 1.c Wid
bounded rv.'qieciiely in ? eand [(I. c) (1-1d thant (T eiex inot vri'sicli. ideleifIICiiJJl. If
ftdf) (xr. I) .satisics.

O ft ( xi , 1 ) = A 11( a, 1) + a r( I ) f (.r ) ( x e Q? , I '-0 )

(2.10) 'It.(;, 0) = (1 (r cI I)

and (;,t - 0 (,r E OR t > 0),

(2.11) t~)a ) 0) (x E any ope.n scl of Oil, t 0),



NN-7 cill prow1. )V 0111 liniu ns WI 1'88 i't's i oi tis t ,N t.p( ini1. IC' cawN( w ovi Ac' iii (2. 10) is
1'('lav by(' a ) MI ii lly 11 ifrill' e'lii t'i( Cliff lenIit-itill op"I 'Patto of ti I I'C'( 1 11( wc l 1 IIIer hl(l )t WI'
wvill oiliit, it..E 1 (F0r cl(I i('niIC', divl pro(1'of ! (1 is I propuilionisCII givvCi ini Append'I C ix.

3. Proof of Theorem 1

We will (livid fIC proof,1)(1) in to 1.11v fo Iilixlowing t. ir S''( tep.eJ

1) Ill thisu Step'I) weC wvii ll prow dint, t.he tra1cC (if t~wSre ill 8' IlN0 it'1)) blII( iiiy

>7 (' Cxp(-AA (t- m)¾()rMx)d. Uf. Okj. )/A.(.')

is cC)wiV-g('iI in I-I1 (0. T: L2(OU )). First., liy I-ivov ofI'CI'II myi pt olV11t.C-iC dIistributionI

of CigC'IvOaltlle: (C'.g, AgpiC)I 121, (Couran~t. and11 I-illi~Ct. [51). xv i'liivC

(:i. I) Ak = ('2A' 4± )(0'ý

Fir Simplj)icit~y. WI' 814.

13YIT E (lo[. 71, xx' havv

(I)p:i -A.,,l)(t -/)I c xp( A x-mIS) (A

M ii c-p ( A'sd (.

by~ (22JC8'

ll'tlveincW J(get•(~( ) P. !i(A ) ~~=(~A.+14

C.1
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so tHint. we holve

k= I

+Ak 2) 1U I 1~PkI X('(A + 1)A (hk' (3.3)

-C'IZIUf4A)(AA. +1)
A- l

A- I

c: /' ';)o 2 A (b 1)3) (j)) 1

<- ~ (1).N f E 1lAI.,i nIIIl 'I >

Thu~s, hy It(' [s] For aliiiust. 11.ll xv C- M2 andcl iihiiost. II tl [0, TU1]. We can nht'litlii

,111(1 Wt, S(,(, I ],Itt.1, SIi i 5t(!S iS (Iv'g i llt . 1 1 ,I (t7 I2( as )

2) 111 t his st ep, oil the I basis (of' Russell [15]. ill 1- (0. TI: L2(1) we will cmIistiuct
Il biifIt1~ol- giold systeli{Ucm I]. to IA( ~P(?)A

13Y [15]. t-here exist-S 11 Systvnl JqA.(;r. 0 i hi L2((), 7':1f2(l q)) Sol(.] tha11t.

(31.5) (ep(AA1P,ý =I), . (A.- I > U).

Here an1d( holicet'oitl we (l(&t(' Owit juiner p~roulct.s ill L 2(t),,, 'J' J(i)ý)) 11i1 ill
Tf'I,7; L2(L)S?)) IreSj)iectiVej~y b~y(,*) ad(,*))I

(g, 11) v, q(.r, t)h(xi, td.d
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g (IS (It
((.,h)), =J / ('r t)h(.,, t) + T(.i, I) dS..t.

Let. us define ai operator K L2 (), T; L 2( )) --- 11'(0. T; L2 (OS1)) by

(K) (r.) er(t - .,)g(:r, s).d (0 < t < 7', x E M ).

We cain eisily see that K is bounded froi' L2 (0, T; L2•0)1)) t.o HI (0, T; L 2 (aS 2)).

By the amsslImIptioi (2.0) oil a, we haw've (0) 3 0, so tfhat w( can prove that there

exists a. costrllit. C, > I) Stch that

(3,i) CIIllKfl.tjII ,-I zI(ba,)) -> ILJI fL2.o,T,:'La(fli))

for any g E L2(0., T; L2(ai))). 1I1 fct, le(t.

,t) (g)(r. t) = n(t - S):g(.,. .)ds (0 < t < 7'. x E O•).

Thnvi we, halve

0(,1.1,) . (0)g(. 1) + /L(t - s)Y(.,, ,•), (0 < t < T,,'E XE 2).
at ( it

which is o Volterra integral ('(uliti( tiovl ii i th(' 5f c seco)id kind, so thit wi' ('ill

conhst.ruc't the rentl-vawieti resolvent kernel F(t, ,) lor (1 -.4) (0 < x < t < T)

aInd we have

lI h'(tI, )4 h ,s)d,
(.'. I) = t7(0) Of Cr. (I) -t, ,i) .1(,

(e.g. Tricoiii [i71). This niians (:3.).

Now (3,6) implies tlint. the irige( (II IK is closed in If1 (0. T: L2(Uf 2)), fhere (,re

we se, that (K- )" (,xists and (h" ')* - (K*) , Here and hiiicefiort-h we id(iktitv

the adIj.ilit Space Xc (of a Hillbrt spa(e with l iI . (len )t-,s ith' .thedj(int of 11

operato.r.()i' I|eir (collsid erat.io(nl,

W' (h'flitX a syisteit {t}m C 11 ((),7T: L2 (;)S)) b)y

(3.7) 19(x',tt) = ((K - `*l")(J, t) (I > 1. rx EOU 0 < I < 1)

This syst.ulii 0•.I1, is the t,.sired one,, thai is.

Here let us recall that rk is given by (3.2). The relation (3.8) can he ltov'd ts

follows:

((R',k~ko0))., = ((K(Vxp(-AA0k,)¢) (W •*,).
= (K- ')*'K(cxt,(-AA, t)OA•.), ll,

=bkh,

* -- .... .~.--a-.--
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by (3.5) anl (3.7).

3) We will c'olmplete the proof of Theoren 1. By the assumption, we havw

11(f)(.-, f) 0 (x E iM , 0 < t < 7').

Therefore (3.4) implies

• (f j, .)•!' k(t•.(.0) = hil U-(0,7': L2 (OS)).
k= I

Since. it, is provedl in the first step 1), this serieis is convergentt in H (U, 1": L' (M 2)),
we cal take the HI (0, T; Lp (A)))-iiuer o)duct with 01 in teriiwisv, so that.

U(f,10)= 0 (1k '- )

bythe hiol'thop-olllit~y (3.8). Th'lus the proof is comphltt,.

4. Proof of Theorem 2

First A( wwill 'stiml l, iorilMs (40A (.miistni cle(,1 ly (3.7) in ll (0, T: L*2 (1)),
By HIusstl [15. thrv exists o voii nl. (co n'st . (C such that

111)/ 11 ,. 1".',.- sm) _ !ý .. CrcXl>( rV AI) (I >_ IU .

('ols(,lueont.Nt hy (3.1) w, ('1111 uhtaioo

BY (3.6) aold (3.7). we have

L'p ( 2)) II( T H -•v 1(1 1/) (/ -

inhcr I1(I T)1 is thc jop,- o o• m' Ih '. o,, (2. ')S 11' t~i ',: >i is (a ci.)tani "'h(i,,h is
imll)ndcpl(,n't ()f I>_ 1.

Next wi will vttillu.i' the l 'oui'ii' coeif'icit.s ( 1', 0 ) hv,' using (.1.2) and (3..1).
und c'malpleth the p~roof of Th(,vo'vo 2. Sinc'v t he, Sc'iv, ill (3•.1) conlv(,rgc(s ill

IlV(l.T: ,'2(i1)j)), we can take thv illOl' jrioiuivt ((prou ))ct with 0i ill t.eillnwise.

Consequently by (3.8) we can mach

((0,(.). OW1)),n (U. 0)0 (1 > 1),

andl so by (4.2) we obhtain

(4.3) 0(f, N )I. K (':' ",(f)lit,(u'I:L.,io)) (,XI,(C0 1+) (I > 1).

.I
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F'irst lut its pr1ove (2.S). IXe have

N- I (fX

N - I

1t.I

N- I

6 ~)~pU''i'()) (NV- 1) exI)(2C( (N - 1), 4 N Af1

Wichuel is (2.8).
Nex\t let. its conlsider' (2.9)). Fuut H (i. we fix t lIe( mit ural muuitubcr Nsuc id hat

,,; l~ -) < N <- 1+4AI.(o

Molivti we hav et

(1 , Al Io -1 = 0 l

as q~ 0 f~ui 3 -1 (1. whichi~ s 5'-well from



Appendix. Proof of Proposition

Le't Uk't .xý ./) bvfic theiIll(idfll&ietal solutioinj of A. wit Ih 1 (zero Netummini

('Xl~i'(X-s theSlt sditniol to (2. 10) iis

u( [(x.1) cr.~)( 1(1~~~,..r.ni .r 2.t > 0)

fo ni N. ixe hxl c, Ql . Lo' vs tiMstiiii(t ha 1i i(f) (x. f) - 0) [or f > U aidmlv xti 7, F : ;III
openi Set. of, 012. 'I('ll cro.40X-4 )vitiV(

II >
ailsilcv-Tdoe l,)tvali~ iontcolYa nd.' ( x E. '1-,coih.lls 1) vTi h as '

Thisikhtiptikty 1-111 for (e~l. [<]) <e 7'C (. t)c clsia Solution 1 to~0.Tu W alMt

01t 0% ~ < T

taisic Iill msi op1 Di AO. h']llz i'lttlttittitit filflowsimiselv' l(v'i~tu linipic itluatim.
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BOUNDARY, STABILIZATION OF THE KORTEWEG-13E VRIES
EQUATION

flIN(,-Yl Z111ANG

Depirtmellnit. of Nlatlicnlllt~i(al Scieti(es
Uiiiveni~ity 41 ('inliutati

A\ iilst'ltA(I ( iiidi'r I wroisIi is t I:c hI it. ial-bnI' I d; I y vilII I( tvprbvI I('I of 111 Ki h(IV\ qI uquti' II
pusdoil tilt, ho~lundi liltINI vad (It. 1):

f t U1 Il ata. i (.x. 0) -()

11i (i is shwi diki hvo tilt sYstvto ( is globally wvII-p m'.vd lii ll fli(V spaceI I. ~

I 1991 AlJutiucnir ttr. Sitb1 !:t. (Cbssifivatirn, 35(420,.3 ~)15)I¶. SEWN2, 93B105

1. Introduction

Kolt~ctvcg-dv Wit's (Kidv) c(Ijlaitio. posedI oill nt loliU1(M intivi-vit (0. 1):

1( t, 1) -a. -F. u(,t = 0. t~. ) = 1t

for xr E (0, 1), t 0., where the subiscripts dentote partial dlerivatives and the'
lbotlli(IUIy value fuinction h (t) is ('ons¶idered msx a control input.. Tbe go~al is to find
anl appIroplrintv bouniii Ilany fecvi 1)Fk contro~l law so that tlu' rCelI~tilig closed( looIp
sVstt'tl is xt-abili',v .

mxaticm att t. Inst i~tutte fomr Mathemnatics and its A pplications lit dtin Univoirsity oIf NIII iCSllm ti.
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It is rvadiiv vei-tiell t~hat. for ally 5111(oot.I solution of' (1.1). oile fins'

(1 / 2(.1. t i(1 ) a(, t) 11 11 12() jt2(~

This su 4 ggest s tol choose a5 fiedi ack con1t~rol law

(1.2) 11(t) num.,(O. I). With jol < I

ill (11(1(1 to stab~iliz.e the slystvein ( 1. 1). Ilndeed(. bY ly1ioosiIg h its il (1.2). 0111 wotidl
see that the i(Iel~lity

holdis For silllotJhl solutionIs of'the systemll (1. 1). Hieicc IthIe vergy" 11 2i(.1., t )dx.I iS

deoiieasnig a$ long aIs 11.r.((. t) (flcs nolt vaniish, PIlugginlg ( 1.2) in~to ( 1.1) onct ob~taints

.1 closXedI-loop svst~elui

{ i(0, 1) = 0. 11(1. t) = Uý i, a(I. t) = (I ti, 10 ).

Accordin g to) (1,3). it. I) sHessO's a. dfissipa~t ive i neol 1111iI 1iii intrf olduced t li o igl t lit,

bloiuondary, li. 011 11Wai c( a ceril is wI lethber theiv it-too icd dissipfa)1t ('ive I('ll 111.11i is I

Stronig eiioutgli to St~abilize the systevili.

A simila 1 ,nblein has been conasideredf ill [161 fotr the KdV vjiiat-ioui poe
oil the& period11ic ftl IWI I:

(1,5)

wilurc a d oissipiitivo' Ileh11'11115ii is inltrIoducedO to ( 1.5) hY choosing

b~)=--(vJ 1. I) ± evt. 0 t), h.> 01.

liii' I-esIltitig closedI lo1) systelt 6is of* till formi

wheren' (1 - k)/( I + A). It. was shownin h 1161 that. Ithere mxists Il a and 4 01 a

/1 > 1) sitch that. fir anyv (/. C- H1 (0. 1) with IqI,,1(p) I 1 < oO,, tlt ýYst vin (1.6) has a
t11liqti(' soluitioni I, E L '(0, s)c; 11 (0. 1)) and

11.11 0 1011 b2o. 1 :5CC 10 -kd 1 1" . 1



for ally I > 0 wherev jol is teiii(' iticl vallit of o/(i)lver the itit.('rmil (0. ixe..

(r] / ) p(o) (PL)(r.

lit I his ])iijwe kv' Iimr goiiip' to) show that. a sii'iilar resxult is also trite for the( systI'ii

Wo ill first I I II sil Ir the i(A ~(lI-posvIt 5' ii(' prob' i'1 of thec Systvll 'I A1 4) . wIi :(. I

is anI i itE rest ii g ill itiai- lxiii iiliar ' vahiv peI roble for 'i t iv MI~ EV equ at~ioi iiiil it.- owni

riight. !iil the pilst s('v;rid (l ecadles thiere have l)ee(it many lite.ratures discliszsi~ig tilt,
jiiitial lboliidarV ,vvalue' probilemj for thel V(l\ v('(i~tuiIo.ll' Fixit Iegi illing of collvc(1ioul
of wfr('eli("5. we' i-cer t~o 12], [8] [101 anid [18] for t.Iii equ ation poe d o))0( il tite who le
real 11111 R. or onl it 1riodic domanin and refer to [31 for dhe vqiiatioii posed oni oil
a hlf rel C (1 in [?+. As for t lie vqi iiti( ii posIed o il it filil iltv' i tcviii NN" re' to 41.
Ill particulaur. the followinlg niitild lali~ayvallue prOb~eiii hs bve i (oiisid'e~lv ill

I ."(0- 0 n + (1211, (- f + 0Al(.r)- 0

(1.7) i'i111( It -+ '121/,,( 1, t ) + I~i(. t) 0

Where (IiA. 3,.i C R. i 1, 2, 3: 12 n someitsi('t~w tire impsc )s

t hat. thdic 'c(rgy' of )lIi t solutions of' (1.7) is (1(1 il'Risi g. It %%its l;itwi Wii i 1.411 Iliat

u c L2 ((), 2': H3 (() 1)) it, C- L ' (U, T1' L 2(,,, I )) n L'(0. I'; H' (0, I.))

for ff, ý L2(). 7T: L 2((. 1 )). Thei' rsult is loal! ill th 'wle ese thalt 7' (vcl(')'is oil
A comitiii- examplipl is giveii it) ý- t~o show thiot olie caniloitl c'.''l't to) have globall
result. for (I1.) Iit gen''ral. Weu 1point oult. liere t-hat. tIt( bol~nl(Iblr.v -oiilit ions of InI(
systeuii (1.4) is nlot. covered by ( 1.71) 'xcu'pt. te lit, cil I wt. (I U:. Ill this plwi, %V('iW
will show that. thec systemil (1.1) iliehidinig tlie( (-atse' (I =-) is globallY wehI-poscd ill
theL SpacU11 I(U.(O 1) WhereV

'The inotioni of well-posediioss iidtildes exilitmii(T ittiqiienmsN, pl'rsistmiwt' prope'rt ,

i.c., th. I eS diit.ioil dese ni 'sa iti cain iolns cuirve ill tIilt Sp am If(:,) iial Ind t c lii t luolis
(lepeiidc-lic oIf the solution 111101 the( initial data. Wve first e'stablishl the( local Well-
posediuvss resuilt usinig conitract~ion pi ncipich and tite siioothiiig prope(rt~ies ofl tHe

asociatevl linlear sy-t.('iI. Thev global re'sult, is twnob htained( by fiiidinig global at
prnov est'nkiites for smlooth Sollit hiols of (1.) IAt. It s mlterestiiig, to niote t hat. While
the( L2 eýSt~iiuittte of SoliutionIS is eitWSY t) VStalJ)liShI, the globalj It' and 1H2 est itiuttes
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(of solltioiis are very diftl-iilt t) obtain. What we (to is to find an L2 (stilllt(,

of tile timic (lerivCitive of tO (s011tion, u- which. ill tirl. woul d p)rovide ( s tllv

Il(ed(ed global H;, (stirlante,. Our( arguil'nt relics hicavily on til, lbhoillr (.•11 (u-
tions Q(O, t) = u(l,1t) = 0. The approach used lere thnes o0 aiipply to th, Syst.v'il
(1.6) voisid(vrtd ill [161. If fact, only local well- postdtiie•. rsulit wits olitaiiid in [I [1]
for (1.6). It r(lmilis Oeltl whethier the so)lutions iof thit systtin| (1.6) (,xim. glolally
ill time' or hlows ill ill titit-v time (sce(,(17]).

After showing the closed 10o01 systeml (1.4) is well-posed, we show tMint t.he
dissliative ilichallisll inltrotutced through t.he i)ovilhaly is stro1ng kl)llghl to e)mil e
the smull au1plitUd(, sollitions tof tile sys•teCm (1.I) (a) - 0) dclRey ('ex)olllltiallhl. The'
approach we will use is siliiilli to that used ill [16J. Following the' lilies olitliliud
thiee, we' will ibegin with studying spectral. p)rolperties of the oIcottor A,, (h,(filtd
I) '

(1.8) (A7,, )(.u') =-:".)

with domain P(&,) = H:'. lIk lparti(culir, wo, show flint Oi (l), prlit(r A,,, is n

discr(,ete spectiral ol)e.ator w\lhos•, igcfllilllctiolis ft(rm .1 Riesz IHlsi, for tlit, SlMCA(',
L'(0). 1) which would prlovide' um n woIrking groundl to alsl)ly nonharilionic amlavsis
tcchniquies (cf. 11.]). Thlen solie sllioothlig l)rol)erties of tle asso.lt ed lilleiri
systvill will be lpresented and will lhe used to( shlow that the, systv,|l ([A.) is hovidly

W0I-hposed ill til(' spitce H"'(0. 1), but small amplitude sohlutions (xist. glxibally. As
ill [IC'] th. ec,' ,ha Nlropecrty of 8suudl aillplitiudc solutions is olbtained 1) *"N using an1

iifi,iiit, di(ilIsiol! veT:'sml of the .'(uoilldl Iliettid of Lyalpointov. It is nott cher11 hmv
large ait)hiriuda.' solutimi of the systemil (1.1) boehavl , as -• -,.

Thre ppcri is orgiaizod vi( fo1llows. Ii s(ction 2, we l)ep('rttnt tie gl(oal well
poso,,ies, results f(or the( syst(el (I.A). Ill sectioni 3, we stilY spec t.r ll)proper! it's
of' the operator A. The deci'ay pr•,poltwy of m,iJl omiiplitind., ,•ohltaAs of ',I..I) is

Cstablished ii s(,t.ion 4.

2. Global Wcll-poscdness

Ill this sectin wr' 1' lw that thi' (closed loop SY, t(,m (I . P is ghloiillv w%,d-

p)oseld ill dIh' space HIf, To Iwvgii, wI' io4,5i(lher t.h t' 1s$5t ms sociald iiho 1 ,i I l a, 1Ii1ar

Systemil

( '4 +1 Nxra. f l(r,0 )1

(2.1)

S(•(0. t) = 0, o(1t) = 0. 1, (l. t) = •,(O,t).,

for x' C (0. 1) (1tl( f > 0. Usinlg the inotiatioin (if the ope'ratItor &7  (cf. (1.8)) we

re.'write, the systv (2.1) as al abstrac't evwolution equation

,1-t = A,<,, 4 u, (0) =0
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Siliec theic ol)Crn to, A4,, g( 'li( t-Q es it colt 110018 (2 isvlligrl( I S" ( t) ill the hplce L' ((I 1)
it. follo ws froil ii talidi111 (l1 I lgL( ligii) ticol('() (cfI. 1I 61~) t.hat thlt sysvitl1 (2.1~) liws a

116ll(111V soliitiolit E C (([0. TI: TP2) foi- mly p -'(A;' H and /CL' (0. T; 11P)

nleeded fol. e.8t~abi ising thle weli-posediiess of thle inonliiic'i s-Yst-'in ( 1.4).

Propositioni 2.1. Let. T1 > 0 ) ghe p-in and u(.r. 1) is nisohioi ofn af th sy.stc-ir. (2. 1).
Then..

(2.2) Sill '1d., f)1(11 < ~IkPI,.ýpuI) + / If1,*. r)!IjJ.2,(l 1 )dT.

(2.3) / t A~(t 7)rl (ITIl <- + I T)I nT\

(2.1) Iau(r111 '(Cl). M + iat Y(. l )jf2n 1)117)

Proof. rhl St imalt(i's (2.2)-(2.3) aud (2.4) arle ('stabisl)iS'1 ising t he itsmil veliegv

P roposit !io 2.2. Let T' > 01 hc gm i a. If f (I.I1 (0. 1: L' (0. tI)) a I? (I c) I fl,
Own Ih. sti ,drmt(l (2. 1) hats (I ante/nie .soilation a C:( C(10I) TL ~1-:) far wh~ich.

(2.5)

Proof: It i.esy (,i.11 it) ' d~int 1 I, sitmlves

1, (0. t 0, ?-~( 1 )ý . r, 1) 1) or.-.,1

O (x) =-Rx ) e-

Thleni (stimn!-vH (2.5) is estabishedI~'( inl thme Mftfl' Wily a.s dint. to) obltainl (2,2)-(2J.). It'
f C L"(0.71': U1 ((, I )), fruimi thev c(8jihlat~ion O.r.~.rx(. t f(.r. ) - IL (,) hold tlil hact
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that. lit E L 2 (O.T:IIi'(0. 1) it. follo)Ws that. it E L2 ((0.7,: 1I(.1) holk ('5t-imatc~l

(2.6) follows fromi (2.5).

Now we'111 tu i.)W t'oisidvi' that till' il)ldiiclr. N'stelil (1.A) andt Silhow that. it is

Proposi'tion 2.3. For' alyni (1 their cx uisb tI T = T(llk(/ l: ) > 0) such/ thotU
(I.A) hos a1 lvniqlc *soil-ati()

(2.7) t (7 ('(0. T); 11 ) Cl L 2 (0, T: H1 (0.11)).

Alorcovrrr,, for (my/ 7" < T UIfil' cxnsts aI lic('uh~brohood I of 1" ill Hl:, slich that thc

thel spimcf class yh'flild by (2.7).

Proof. 1L'i

Yr {i ([((.T 1',:1) nl L 2 ((),I: IO I))

which is a iBaiiath spalce llflliftiplpi with the' nIlull

Fol. given k 11:2W

(2.S){ ft)(.'()

11 (0,1)1. ) =- f. ll.,.(1. 1). n 0i 1)

('liliesplilidilig solutfiit 1 of (2.S), *Aplllivig PI'vol)l)itioll 2.1-2.2 to) (2.S) yields that0

.1(I + ,I 1/2 2 '

(2.9) Al 2cjI&.;II Jl:, iand T1 (2cA! 2.

similar~i al'gluiiiitii shiows thatt

art' as (fiosell ill is t-ilt I(l'll.(ie soilit iul tof (1.4). nrut proof, is ('Oii,,~l'.,' Fli
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Noxt 'Nvt cnidovliil vogitltiitY 1)toilekl of' (1.A). lloitghlly spx'tikiiig. we shoiw

Lit hat if is 11 sniootli fiunet ionl, so is Olt, :ionhtiioht, This would Iru it cle(OhIt'tU(ice ol1

illt, Clloiittg pro)posit ion to till' hinlen'l prtoblemIl

(2.1o) ' . f v,)

Prop~osition 2.4. LO T >1 U bc yi-tuf awif 'it , w I. ) c- -,.. 'rhen (2. 10() hais (
iiIniqui1 sofilidio it c Vp far a.ny (,') c~ IIfif, E1~(,T:L r t(.11

Ivtrt > (I dpe'jnds r-iunhitois ityii (~IiII 'I

P~roof: Fo' givven o' and4

1 II4 11
*i 4-'t~ -/. uxt) i

(2.12)
(0, 1) 0. 11( I. f) U. a.'.1. 1) ou,(t. 1)

iIetilics' ]I timpI I'mi10 YT, to Y,.: ti = F(c) tot. Iila I, (- V/- when'v it is tilt
CollTI'sjpolldilg solut-ion of' (2.12). 1 T~iig 14 l~olliht~ol 2.1 ititi 111)vo)4.iliol 22.'ý

Thuts if wl~l ('110t15ts T' 0 suchi t lint

thet , f,(I. 111Y EB C 1- V 'With Ii hhu -li<. 1)

Thuis F' Ila siw1111t(45 tillI lot. -S,, {I v I ) -,~. .. hj Ioi I scif. S'i I I hii I; .- nut'

(2. 10). Notc I lint I' dterml~hinedi by (2.1 1:) only (I( ittls iml w' and. hi Iwot irulia.

hutA till (., and ./1. Thas at st iluidalnI at'gulticent call hb' ili'dt to shiow dull T1' lItlm

Dfeliti -, sonic's of hifhirwitt opnpoiu4ors Q. for A, 0. 1. 2,..

((2A<1) { till )j Q iP)Aj1
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Proposition 2.5. b4~ A > 0 bx, a qityci iutcy'cr. Assuamrr thait

H:'I, o, 1 .... k

Th'n, dtcer' c-xist~s a. T T( jk,'j 1j;, ) > 0 such t/omt thc sys/cmu (1.41) has ai lt1:tqucf

0.1 u Yr. J ý2 0 . ...2. k.

As a1 (oti.5('(/lI.E1.

ii E C(10[, TI: 1 1 3(k+ I ) (G. 1)) n LI2 (0. T: I13(k± 1 (0. 1).

Proof- It: is Priolosit ioi 2.1 if' k = 0. NWe )IIlyA Iflo\'i(IL ai pnifl licen for1 the casc1

(2.15)ll { / -1') 0 . 1, b% 0) Q)'j

It- is fi010 PrI1oposit im 2.4 that Il , c' VI.Y. 1Tlei: fromu ,",. - 11 - lhar it follows

Now we' tilii to show glokill v well-p~osediess of' (1. I) (11Y vabilhlig tI l(

followhig j'obal a jnwrio- cst jnates niw sollid i0118 of' (11A).

Proposition 2.6. LO 7T > it hr gpnn acul a1 l: (I smooth sollial.tlo of (. 1). Victl

(2. 16) /0 o2 )x &rd t <.. -

(..flay 0 < f 7', 1141ei'c is ( I)-. iwilmauga~th' 4id'i cc Wiels .1111clit j)/

Proof: This is a iuau inein versioli of' I~ 0)r1)5 tim i 2. 1 Ibu t vit-h a sim ilanr Imol.

It seemts llnlturl. thlint. the iiext. Stei) shou11ld he4. 1i111i1g a globaul 11' ('Stimatc~t.4

fHowevev, it. turi111 out. beinlg veryN ulifhficiht.. it' it, is I101 J)085i1)le, to) (lbtail, ai globali

[I I or. 112 11, t(,iit of t.11(, solIIIttio IIs of1 tlI Ic sy-st (it1 (1.I).1 hiist.ciI( I, wc 41irckt.1IV t1 dii



fi iqj tither I ~)i 0 (w7 g~(oI) q(11) 1). wu.a

Le un 21 T er xist c.1 >eetn )su .(-i t vy i J (1) 1)cl t~ hat

Lemma 2.2. orw givef'u Posithiic intargrr to. tMcnrc is (I CtV~st.(I"Ii(c>1 ntl c.

foi~~I.. (0,iqE 1'' 1) (111iI)• 10 • it)

Proposition 2.7. LOt T1 > be1 yJiti~t (r assIIII.4( , Oitit.4't -is it (s (i.SIlooth SchluIiun of

Proof: Lct. I, uII. It solvvs (2.15). N liilt~i'lyl vt i~tl sitdi, 4 t lit' cqw llii(01 (2. 15) bY

2cx' 01( fl4zil h tcg1tv owl,) Ow lt ouili,1 (0. 1) x (0, f). 111t~cgriltit)11 by I' )Ikut.5 1t'lls V

(2.2Ax 12(.~~/-( At2)/ '12(~ ).' / t21 c/dT .

(2.149)

c Ax li-.
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(2,23) \3 (A 112 t'2 1.'T +i '( A) /7 (+ l) /u ±Iti,~

Remark 2.1. Als a ousc.%qucneu (t"of nlinuous depieprifdrnc of sobliton oil ifs intllbI
do ine. (,2. 21) is not) onlY IIt uc Jcv sm 01) lb sedot ios bill t151) Iint for (0/5Iy solt) Cl it)

ft(- rlosS, of, C(10. Tj; 11(S)) foi 's '- :3.

'I'll Ii din iiigIrvil itm'o 1,l1gwN h-oiln SiInlidihi'd aýI ~lglorult

Theoremi 2.1. 1,(/T > 1) Ul be v que. F'or (mnl /I,:!1. MITI eVe.Yi.4.s ow im orlf sttlutfoo

it i., Lipst-biz cgotiilitut; s fvoin I[,:, Ito I/o spocc 010. Tj: 1/12 1 IA (U1!0 (. I)

Remark 2.2. Il , fbic. Its in [ 111)] In ctii xbolw Ibeice, Klo ix fgino/tic it iom IbI

As iit n c Iollm-v 41tt the ah oI gg iV til mid att h le P1 i-op~stt ioni 2. 1. wu im;ivt I lic

[ghIowiiig r(gllliil-itY h ICiIII

Corollary 2.1. UtI T It( be -ft quell od k In. (I positilt( filt(.qiipr. IfQ(j. I- /I1:.

1. 2.- .. .V ictn ( I.-) busi (I 111oluqo solu lo/io Oli ot E: jý fo j : U . 1 ... I., Iilit

3. Spectral Properties of' the Operator .1,

Ho IH'Iuti Oe- imlA, tlefilicill scli oihlt I goicnitiIIC :1 sItimiglv iiillhililtiii

Ntiiigitiiip S"(1 ) gml L-, IA, lto. I hi I, t) ,i 0. Fl.it' Work to bc omll~t ill tisO

piilpt'r We' Ic'iplil-v Vt'l.V' dotauih'iI ilin-liitotioii 1110011 thei 'vip'iv~ihiits ofl A,,g mid itsN

:iljoiilt A:'' which ;liige(' w~ith IiI.8) g'~ir'lI fogi I-cllti~lIo ithe -2,i Nh! Iin{'111Ow,11l
ii'twoisiI A, 1 lic vic's ph , lvi'g 1) ,v U 011141 1 ill Ilit' hoi eiiinlu ,v ctilit~g ilttll . Silii'( A, , hiti

I 1 I is ;k ilissipiltivc i t' Vill h ii'I i opit'iitlor. it lO11h voilliIpitt n'Noeill'iI midt t Ivie'ig'tg

it U.otr ±1. ii- ()'ui±2.lltliolml ig~vlmsAwihM A ,


